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Abstract— Synthetic polymer-based data storage seems to be
a particularly promising candidate that could help to cope with
the ever-increasing demand for archival storage requirements.
It involves designing molecules of distinct masses to represent
the respective bits {0, 1}, followed by the synthesis of a polymer
of molecular units that reflects the order of bits in the information
string. Reading out the stored data requires the use of a
tandem mass spectrometer, that fragments the polymer into
shorter substrings and provides their corresponding masses, from
which the composition, i.e. the number of 1s and Os in the
concerned substring can be inferred. Prior works have dealt
with the problem of unique string reconstruction from the set
of all possible compositions, called composition multiset. This
was accomplished either by determining which string lengths
always allow unique reconstruction, or by formulating coding
constraints to facilitate the same for all string lengths. Addition-
ally, error-correcting schemes to deal with substitution errors
caused by imprecise fragmentation during the readout process,
have also been suggested. This work builds on this research by
extending previously considered error models, mainly confined
to substitution of compositions. To this end, we define new error
models that consider insertions of spurious compositions and
deletions of existing ones, thereby corrupting the composition
multiset. We analyze if the reconstruction codebook proposed by
Pattabiraman et al. is indeed robust to such errors, and if not,
propose new coding constraints to remedy this.

Index Terms— Polymer-based data storage, string reconstruc-
tion, composition errors, insertions, deletions.

I. INTRODUCTION

S WE progress through this digital age, our rate of
data generation continues to rise unhindered, and with
it, so do our storage requirements. Since current data stor-
age media are not particularly advantageous in regard to
longevity or density, several molecular storage techniques
[2], [3], [4], [5], [6], [7], [8], [9] have been proposed. The
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work in [2] involving synthetic polymer-based data storage
systems appears to be especially favorable, given its promise
of efficient synthesis, low read latency and cost. Under this
paradigm, a string of information bits is encoded into a
chain of molecules linked by means of phosphate bonds, such
that the component molecules may only assume one of two
significantly differing masses, which represent the bits 0 and
1 respectively. The stored data can be read out by employing a
tandem mass (MS/MS) spectrometer, which essentially splits
the synthesized polymer at the phosphate linkages and outputs
the masses of the resulting fragments. In this manner, the user
is given access to the masses of all substrings in the encoded
string.

A previous work [10] dealt with the problem of reconstruct-
ing a binary string from such an MS/MS readout, under the
following modeling assumptions:

Assumption 1: Masses of the component molecules are
chosen such that one can always uniquely infer the composi-
tion, i.e., the number of Os and 1s forming a certain fragment,
from its mass.

Assumption 2: While fragmenting a polymer for the pur-
pose of mass spectrometry analysis, the masses of all con-
stituent substrings are observed with identical frequency.

This proposed setting simplifies the recovery of the original
information string into the problem of binary string recon-
struction from its composition multiset. More specifically, the
reconstruction process now involves determining the binary
string from a set of compositions of all of its substrings of
each possible length. It is worth noting that this setup does
not allow for differentiation between a string and its reversal,
since their sets of substring compositions would be identical.

While the authors of [10] primarily focused on string lengths
that ensured unique reconstruction from a composition multi-
set, subsequent works [11], [12], [13] extended this research by
building a code that allows for unique reconstruction of each
member codeword from its composition multiset alone, regard-
less of the string length. It was found that a redundancy propor-
tional to the logarithm of the information length is sufficient to
guarantee unique reconstruction. The authors also considered
the problem of correcting potential errors in composition
multisets. In particular, the error models involved substitution
of one or more compositions in the composition multiset of
a string. Such errors were treated under the ‘asymmetric’ and
‘symmetric’ settings. In the former case, the occurrence of
a substitution error in one of the compositions of a certain
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length, say k, should not accompanied by another substitution
of a composition of length n — k& + 1. The opposite is true for
the symmetric case. A more general setting for composition
substitutions was also considered. Suitable coding constraints
to cope with such errors in the composition multiset were
proposed. Most notably, it was found that a redundancy of
O(logn+t) is sufficient to correct ¢ composition substitutions
in a composition multiset. The work in [14] takes a step further
by dealing with the recovery of multiple strings from the mass
spectrometry readout of a mixture of synthesized polymers.
In order to provide a brief overview of the best known
constructions that allow unique string reconstruction from
composition multisets, error-free or otherwise, we have men-
tioned a few constructions from [11], [12], and [13] in Table 1.

Since the errors introduced during an MS/MS readout are
often context-dependent, we devote this work to the extension
of the error model considered in [11] and [12]. Specifically,
we investigate the impact of inserting and deleting one or
more compositions on the reconstructability of the encoded
strings. This may be motivated by possible shortcomings of
Assumption 2, due to which some compositions may escape
the readout process. While this situation is equivalent to
the deletion of a few compositions, we instead consider a
more severe error model, i.e., deletions of complete multisets.
This is done on account of the fact that all compositions
in a multiset are not equally valuable to the reconstruction
algorithm (more details in Section II-B), and most of them
can be inferred directly from other multisets corresponding to
greater substring lengths. As a consequence, the deletion of a
few compositions from a single multiset is equivalent to the
deletion of a complete multiset, under certain circumstances.
Moreover, having a stronger code capable of correcting such
a severe error allows for fast reconstruction.

For these reasons, we focus on error models that cause
the deletions of complete multisets, under asymmetric and
symmetric settings, similar to how substitution errors were
categorized in [11]. We also propose new coding constraints
to enable the correction of such errors. Specifically, we derive
that redundancies of O(logn + t) and O(tlogn) are suffi-
cient to correct the deletion of ¢ asymmetric multisets and ¢
symmetric multisets, respectively.

We also establish an equivalence between codes that correct
composition insertions and composition deletions. A special
kind of substitution error, namely a skewed substitution error is
also studied. This category of errors is motivated by imperfect
fragmentations of a given polymer during the MS/MS readout
process, as a result of which the observed molecular mass
of a shorter monomer chain is lower than what the true
mass of its perfectly fragmented version would have been.
In this scenario, errors occur only in one direction, i.e., the
measured mass can only be lower than the true mass, not
higher. We prove that a code that corrects the asymmetric
deletion of ¢ multisets, can also correct t-asymmetric skewed
composition substitutions. A summary of the constructions
proposed in this work has been included in Table I.

The organization of this work is as follows. Section II
introduces relevant terminology, notations and some pre-
liminary results to be exploited subsequently. The error
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models considered previously, are also briefly discussed, while
Section III describes the error models pertaining to inser-
tions, deletions and skewed substitutions of one or multiple
compositions and also briefly summarizes error-correcting
codes to deal with the same. We demonstrate the equivalence
between codes correcting deletions and insertions of multisets
in Section IV. Sections V and VI delve deeper into the con-
structions capable of correcting deletions of multiple multisets.
We also talk about skewed substitution errors and related
coding constructions in Section VII. Finally, we conclude with
Section VIII, where a few open problems are discussed.

II. PRELIMINARIES

Let s = s152...5, denote a binary string of n bits. Any
substring s; ... s; where i < j, may be indicated by s]. The
composition of this substring, denoted by c(sg), is said to bf;
071", where z and w refer to the number of Os and 1s in s}
respectively, such that z+w = j—i+ 1. We also define Cy/(s)
as the multiset of compositions of all length-k substrings in s.
Evidently, Cj(s) should contain n — k + 1 compositions.

Example 1: Consider s = 001010111. Then, the multi-
set of compositions for substrings of length 7 is given by:
Cr(s) = {0%13,0%14,021°}.

Upon combining the multisets for all 1 < k& < n, we obtain
the composition multiset of s:

C(s)= J Cu(s).

ke(n]

where [n] = {1,...,n}. As stated earlier, [10] determined
string lengths for which unique reconstruction (up to reversal)
from such sets is possible. For the remaining string lengths,
the authors exploited a bivariate generating polynomial repre-
sentation, to find strings that are equicomposable with a given
string. Here, two distinct strings s, € {0,1}" are said to be
equicomposable if a common composition multiset is shared,
ie., C(s) =C(¢).

A code C is called a composition-reconstructable code if for
all s,t € C, it holds that C(s) # C(t). For all n, denote by
A(n) the size of the largest composition reconstructable code.
Since composition multisets are identical for a binary string
and its reversal, it holds that

n 1 n n
A(n) < Q(EW + 5(2” _ 2(7—‘) — 9n-1 + 2[5—‘_17

where the term 2/Z | describes the number of palindromic
strings of length n, and [10] determined string lengths n where
it is possible to achieve this bound with equality. Specifically,
it was shown that binary strings of length < 7, one less
than a prime, or one less than twice a prime, are uniquely
reconstructable up to reversal. It is worth pointing out that a
better bound for A(n) is not known.

A. Unique Reconstruction Codes

For values of n where it is not possible to achieve the
aforementioned bound, it is necessary to formulate a code,
as done in [11] and [12].

The first major coding-theoretic problem concerning
polymer-based data storage involved designing constraints in
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TABLE 1
SUMMARY OF CONSTRUCTIONS
Upper bound
Code Symbol on redundancy Proof
Composition- Sr(n) Llogyn +5 (11, 12]
reconstructable code 2 7oz ’
Single composition Llog,(n—2) +8 (11, 12]
substitution-correcting code 27702 ’
t composition
substitution-correcting code Ollogn +1) (11, 13]
t-asymmetric multiset S® (n) Llog, (n— 26— 2) + 26+ 7 Th. 2
deletion code pa\" 210827 '
2-symmetric multiset (2) 1
deletion code Sps(n) zlogan+8 Th. 4
t-symmetric multiset SY.(n) 3tlogyn + 4t + 3 logy(n — 4t — 2) Th 5
deletion code Ds —log,(t+1)+6 '
f-asymmetric skewed llog,(n—2t—2)+2t+7 |Th.2+Th. 6
composition code 2

order to guarantee unique reconstruction for codewords of a

fixed length, i.e., to formulate a composition-reconstructable

code. To this end, [12] introduced the following composition-

reconstructable code for even codeword lengths.
Construction 1 [12]:

Sr(n)={s€{0,1}" : 51 =0,s, =1, and
ar c {2,...,n — 1} such that
forall i € I,8; # Sni1_i,
forall i ¢ I,s; = Spy1-4,
S[n/2)n1 is a Catalan-Bertrand string. }

(D

In this context, a Catalan-Bertrand string refers to any binary
vector wherein each prefix contains strictly more Os than 1s.
When n is odd, the codebook Sgr(n) is defined as:

n—1)/2 n n—1)/2 n
Sr(n) = U {Sg )/ 0 80041720 Sg )/ 1S(n+1)/2}'
s€Sr(n—1)
(2)

The number of redundant bits can thus be upper-bounded
in terms of n as 1/2log(n) + 5 [11]. Alternatively, [12] also
states the following.

Theorem 1: [12, pg. 3] There exist efficiently encodable
and decodable reconstruction codes with k£ information bits
and redundancy at most 3 log(k) + 6.

From the definition of A(n), we can also deduce that,

[Sr(n)| < A(n).

For each s € Sr(n), this construction sets s; = 0 and s,, =
1 to avoid confusion among reversals, while the remaining bits
are chosen such that the weights of a prefix and a suffix of

equal length are unequal if the said prefix includes a Catalan-
Bertrand string, i.e.,

_ n—1 e _
wh(si) 4~ Wt(Sn,,iJrl)’ if [4] O‘I =0,
< wt(s;,_;4,), otherwise,

3)

where i < [%], wt(-) denotes the Hamming weight of the
argument and [ is defined as in (1). The latter inequality
stems from the fact that if s;)n; has strictly more Os than 1s,
then s, _;41,....n—1}n7 contains strictly more 1s than Os, thus
causing a weight mismatch. Here, we note that the embedded
Catalan-Bertrand string may begin from index 2 at the earliest.

B. Reconstruction from Error-Free Composition Multisets

The decoder of the composition-reconstructable code Sg(n)
recovers a string from its composition multiset by employing
the approach outlined in [10] and [11]. Since the underlying
principles of this process help us in formulating coding con-
structions for the newer error models involving insertions and
deletions, we briefly discuss it in this subsection. For further
details, the reader is referred to [10] and [11].

The algorithm begins by deducing the following sequence
that characterizes the string to be recovered, say s € Sg(n),

05 = (0—11"

3 On/2])s
where 0; = wt(s;8,—411) for i € {1,...,|[n/2]}. When n is
odd, we set o[z = wt(s(%w), i.e., the weight of the central
element.

Example 2: For s = 001010111. the sequence of o;’s is
o, =(1,1,2,0,1).

These values can be computed by exploiting some inherent
properties of composition multisets. In particular, we make
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use of cumulative weights, which are defined for each multiset

Cr(s) as:
wi(8) = Z w.
071% €Cy(s)
Example 3: For instance, the multiset Cr(s) =

{0%13,031%,0%1°} has a cumulative weight w7 (s) = 12.
It is easy to see that for all £ < [%], these weights obey
the following relations.

(5]
wi(s) =Y o, “4)
i=1

k [n/2]
wg(8) = Zioi +k Z o (5)
i=1 i=k+1
k—1
= kwi(s) = > _ioh_. (6)
i=1

We also observe a symmetry relation for any given set of
cumulative weights:

wi(8) = wp—p4+1(8), Vk€E|[n] @)

In light of this, the multisets C; and C;,_;,1 are henceforth
said to be symmetric. For notational convenience, we also
define

61(8) = Cl(S) U Cn,i+1(3).

Now to demonstrate how the reconstruction algorithm func-
tions, we consider the following example.

Example 4: In this example, we reconstruct the string s =
001010111 from its composition multiset C'(s), which is stated
below:

C(s) ={0,0,1,0,1,0,1,1,1,0% 0'1*,0'1%,0' 1", 01",
1303110212, 0212, 0212. 0113, 0113, 0312
0%1%,0%1%,0%1%,0'1%,0*1%,0%1%,0°1*, 071"
0%13,0%14,0%15,0%14,0%1%, 011°}. (8)

The reconstruction process involves the following steps.

1) Firstly, we deduce its o sequence from (4) and (6):

o, =(1,1,2,0,1).

2) We create a multiset 7 to include all compositions that
can be determined from o,. More explicitly, one can
infer the compositions c¢(s5), c(s$),...,c(s]) by noting
that for any i < [n/2],

02, if o; =0.

01, if oy = 1.

12, if g; = 2.

T = {1,0%1,0%13,0%1*,0%1°}.

c(siSn—it1) =

3) The process now assigns the bits of s pairwise, in an
inward manner, starting with bit pair (si,sg). Since
o1 = 1, we could set s; = 0 and s9g = 1 or vice-versa.
Due to (1), we opt for the former, i.e. (s1,89) = (0, 1).
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4) Using the reconstructed prefix and suffix, we update 7 :
T ={0,1,1,0%1,0%13,0%1%,0%15,031°, 0*1}.

5) The two longest compositions in the multiset C'(s)\7
are {0%1%,0%15}. These denote the compositions of
substrings s{ and s$. Conversely, their complements
{12,0%} correspond to compositions c(s?) and c(s?).
Combining this with the knowledge of bits s; and sg,
we reconstruct s up to its prefix-suffix pair of length 2,
ie. (s?,s3) = (00,11).

6) To recover the remaining bits, we simply repeat
steps 4 and 5.

C. Previous Error Models

We now turn our attention to the problem of reconstruc-
tion from erroneous composition multisets. Substitution errors
were considered in [11] under the asymmetric and symmetric
setting. In this error model, some compositions in C(s) are
arbitrarily altered. If the errors occur such that each multiset
C; includes at most one substituted composition, then they
are said to be asymmetric. On the contrary, a pair of sym-
metric substitution errors would occur in the multisets C; and
Cp—it1, for any i € [n].

Definition 1: A composition multiset C'(s) of the string s €
{0,1}™ is said to have suffered an asymmetric substitution
error, if for some ¢ € [n], a single composition of the multiset
C;(s) is modified, but its symmetric counterpart C,,_;1(s)
remains unaffected.

Definition 2: If a composition multiset C(s) is corrupted
by having one composition substituted in each of the multisets
C;(s) and C,,_;11(s) for some i € [n] such that 2i #n + 1,
then two symmetric substitution errors are said to have
occurred.

To exemplify this, we consider the following.

Example 5: Let s = 001010111. The symmetric multiset
pair C5(s) and Cr(s) is given by

Cs(s) = {0%1,0%1,012,0%1,012,012, 13},
C7(s) = {0%13,0%1*,0%1°}.

For instance, an asymmetric substitution error is said to have
occurred if Cr(s) is corrupted to

Ch(s) = {0*13,0%1%, 031},

On the contrary, if C(s) is also corrupted in addition to C7(s)
as follows,

Ch(s) = {1,0%1,01%,0%1,01%,012, 13},

then two symmetric substitution errors are said to have
occurred.

For multiple asymmetric and symmetric substitution errors,
the aforementioned definitions are extended as follows.

Definition 3: A composition multiset C'(s) of the string s €
{0,1}™ is said to have suffered ¢t asymmetric substitution
errors, if for some Z € [n] where |Z| = t, a single composition
in each of the multisets C;(s) for ¢ € Z, is modified, but
the symmetric counterpart of this multiset, i.e., Cp,—;+1(8),
remains unaffected.
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Definition 4: If a composition multiset C(s) is corrupted
by having one composition substituted in each of the multisets
Ci(s) and Cy,—;41(s) for some i € T C [| 2], where |Z| = ¢,
then ¢ pairs of symmetric substitution errors are said to have
occurred.

Besides introducing two distinct constructions aimed at cor-
recting asymmetric and symmetric substitutions respectively,
the authors of [11] and [13] also investigated a more natural
error setting for composition substitutions and proposed a code
capable of correcting t substitutions in a composition multiset.
Formally, a code is said to be a t composition substitution-
correcting code, if for any s, v that belong to the code, it holds
that |C(s)\C(v)| > 2t. A known instantiation is stated in
Table 1.

III. NEwW ERROR MODELS

The subsequent sections explore error models that involve
corrupting a valid composition multiset via the insertion or
deletion of one or more multisets.

Definition 5: An asymmetric multiset deletion is said to
have occurred in the composition multiset C(s) of a string
s € {0,1}", if for some i € [n], the multiset C;(s) is entirely
missing, while C,,_;+1(s) is uncorrupted.

Definition 6: A pair of symmetric multiset deletions is
said to have occurred if the composition multiset C'(s) of a
string s € {0,1}", if for some 7 € [n] such that i # n—i+1,
the multisets C;(s) and C),_;11(s) are entirely eliminated.

Example 6: Let s = 001010111. If the composition multi-
set C(s) is corrupted to

C'(s)= |J Cils),
i€[n]\{3}
={0,0,1,0,1,0,1,1,1,0%, 0*1*,0*1%, 0" 1%, 0" 1",

0111 12 12 0311 0212 0212 0212 0113 0113
0312 0312 0213 0213 0114 0412 0313 0214
021%,0%13,0%1%,0%1°,0*1*,0%1°,0%1°}.

then an asymmetric multiset deletion is said to

have  occurred.  More  specifically, the  multiset

Cs(s) = {0%1%,0%1%,0112,0%11,0112,0'12,13}  has
deleted. On the other hand, if

U as),
i€n)\{3,7}
={0,0,1,0,1,0,1,1,1,0% 0*1*,0*1*, 0* 1%, 0' 1",
0'1%,12,12,0%1%,0%12,0%12,0%12,0'13, 0% 13,
0312, 0312’ 0213,0213’01147 0412’ 0313’ 0214’
021%,0%1%,0%15,01°}.

been

C'(s) =

we say that a pair of symmetric multiset deletions has
occurred. Here compared to C(s), we are missing the mul-
tisets Cy(s) = {0%11,021%,0112,021,0%12,0'12, 13} and
C+(s) = {0%13,0314, 0215},

Definition 7: A composition multiset C(s) of a string s €
{0,1}" is said to have suffered a composition insertion error,
if for some i € [n] the multiset C;(s) is replaced by C/(s),

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 69, NO. 7, JULY 2023

such that C;(s) C Ci(s) and |Ci(s)] = n — i+ 2, ie.
an unknown and invalid composition has been registered.

Example 7: Once again, let s = 001010111. If C7(s) has
been altered as follows,

Ch(s) = {0*13,0%1%,0%15,01°}.

we say that a composition insertion error has taken place.

The main contribution of this work consists of studying
the aforementioned error models and proposing new coding
constraints to combat the same. We also establish an equiv-
alence between codes that correct composition insertions and
composition deletions. Consequently, we restrict our attention
to the latter for the remainder of this paper.

To this end, we first propose the following composition
reconstruction code that allows for the correction of ¢ asym-
metric multiset deletions. Specifically, a code is termed as a
t-asymmetric multiset deletion code, if for any s, v that belong
to this code, there exists no Z C [n] with |Z| < ¢ such that,

Ci(s) # Ci(v),
Cr—it1(8) = Cp—ita1(v) VieTI,
Cj(s)=Cj(v) Vje[n\T

We suggest the following instantiation for a ¢-asymmetric
multiset deletion code.
Construction 2:

S (n) ={s € {0,1}" : 51 = 0,s,, = 1, and
17 {2,...72}, 17| > t, such that
Viel, s; 7é Sn41—i, and Vi ¢ 7, s;i= Sn+1—i,

(3%75%+1) # (L 0)7
S[n/2)nz 18 a string wherein each

prefix has at least ¢ more Os than 1s.} 9)

The corresponding proof follows behind Theorem 2. Evi-
dently, this construction is inspired from Sg)(n) [11], in that
it requires at least ¢ Os in s’fﬂ and at least ¢ 1s in s, ,,
however their locations are not necessarily restricted as in
S}({f) (n). The extension to odd codeword lengths is similar
to (2).

Following this, we investigate the case of symmetric multi-
set deletions, and discover that when two or more symmetric
multiset pairs are missing, additional constraints are needed
to bolster the code Sr(n) so as to guarantee unique recon-
structability. In this context, a code is termed as a t-symmetric
multiset deletion code, if for any s, v that belong to this code,
there exists no Z C | [3] with |Z] < ¢ such that

Ci(s) £ Ci(v),VieT
Cy(s) = Ci(v) VieHgH\I.

For the elementary case of two deleted symmetric multiset
pairs, we propose the following code.
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Construction 3:

SH(n) ={s € Sa(n) :
(51

2 wils)

Theorem 4 proves that this code can indeed correct the
deletion of two symmetric multiset pairs. We also generalize
this construction to accommodate for the deletion of any ¢
symmetric multiset pairs, where ¢ > 2.

Construction 4:

S (n) ={s €{0,1}" : 51 = 0,5, = 1,
EIIC{Q, ftfl}, |Z| > t where
VieT,s; 7é Sn—it1, and Vi ¢ T,s;i= Sp—it1,

S[njnzis a string where each prefix

Yymod 7=ua, a € {0,1,...

;611 (10)

has at least ¢ more Os than 1s,

o s € 3t-erasure-correcting code,

Vi € {ﬁ ﬁ}, (8iy8n—it1) # (1,0).}

5~ t,... 5
1D

where ¢ > 2, n is even and n > 6¢. For odd values of n,

a similar construction ex1sts EV1dent1y, Sp ® 5(n) C Sg% (n).

Theorem 5 proves that S! D S( n) is capable of correcting the
deletion of ¢ symmetric multiset pairs.

Definition 8: A composition multiset C(s) of the string
s € {0,1}™ is said to have suffered an asymmetric skewed
substitution error, if for some i € [n], a single composition
of multiset C;(s) is replaced with one of a lower Ham-
ming weight, such that the symmetric counterpart Cy,—;41(s)
remains unaffected.

Example 8: For instance, if an erroneous measurement cor-
rupts the composition 021%, the measured compositions could
be 0313 or 0*12, but not 011°.

To formally define a t-asymmetric skewed composition code,
we first define the t-asymmetric skewed error ball of a string
s € {0,1}" as

By(s) ={C'(s) = |J Ci(s): T Cn], |7 <t,
i€[n]
ICi(N\Ci(s)[ =1, Y w< > w Viel,
017’[[71’[[’ Z*QU]"(U
Gcg(s) GCi(S)

C)(s) = Cy(s) V j € M\T}.

We can now define a code as a t-asymmetric skewed
composition code, if for any s,v that belong to this code,
it holds that B;(s) N B(v) = 0.

We subse?uently prove in Lemma 6 of Section VII that
the code SD ’+(n) (Construction 2) can correct t skewed
asymmetric substitution errors in its composition multiset.

These results, along with some of the earlier constructions
proposed in [11], [12], and [13], have been summarized in
Table 1.
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IV. CODE EQUIVALENCE: INSERTION AND
DELETION OF MULTISETS

In this section, we demonstrate how codes which can correct
the deletion of a group of ¢ multisets, can also correct the
occurrence of insertion errors in those ¢ multisets.

Lemma 1: A code can correct the deletion of ¢ composition
multisets, if and only if it can correct any number of compo-
sition insertion errors in those ¢ multisets.

Proof: We prove this by contradiction. Let there be two
binary strings s,v € Sg(n), such that

Dt(S) N Dt(v) 74 @

where D;(s) is termed as the ¢-multiset deletion ball of s, and
constitutes all possible versions of the composition multiset
of s, or C(s), after corruption by the deletion of up to any ¢
multisets. To put it more explicitly,

Dy(s) = {C'(s) = | Ci(s)

i€[n]\T

12)

Cn],|Z) <t} (13)

Similarly, we also define a ¢t-multiset insertion ball I;(s),
as the set of all corrupted compositions multisets of s, that are
formed from C(s) through insertion of compositions in up to
t multisets, i.e.,

UU

Ii(s) ={C"(s)
[l

Ci(s) C Cé( ) VieT,Ci(s)=

Cnl, 171 <t

Ci(s) Vi € [n]\T}.

Equation (12) implies that at least n — ¢ composition multisets
of s and v are identical. In other words, when a specific group
of t multisets disappears from the multiset information of
s and v, they become indistinguishable. Let these differing
multisets correspond to substring lengths 41,%9,...7;. This
allows us to write that:

U agge= U
JEMN\{i1,. i} jem\{i1,...i+}

If we perform a set union operation on both sides of the
previous equation with |J i1 Ci(8) U Cj(v), then we

get:
u lJ Gi(s)
JEn]

ulJ ¢iw)
J€[n]

This effectively means that if the multisets C;, (s),...C;,(s)
are corrupted by the insertion of some specific erroneous
compositions, then the multiset information may correspond
to both s and v, and vice-versa. This lets us write that

It(S) n It(’U) 7& @

Cj(v).

’iE{il,...

U (@Ci)\Gi(s)

i€{i,...is}

= U

i€{i,...is}

(C;(s)\C;(v))

]

Owing to this result, we deem it sufficient to focus on

multiset deletion-correcting codes. The subsequent sections

examine how multiset deletions affect the reconstructability

of an encoded string drawn from Sg(n). Similar to [11],
we categorize such deletion errors into two major settings.
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V. ASYMMETRIC MULTISET DELETION CODES

We begin by considering an error model where a complete
multiset C(s) can be deleted from the composition multi-
set C'(s). This is formally referred to as a single asymmetric
multiset deletion [see Definition 5]. We investigate whether
the composition-reconstructable code [see Construction 1]
guarantees unique recoverability under this model. To proceed
in this direction, we first introduce a definition that is relevant
to the results that follow.

Definition 9: Consider any two binary strings s,v €
{0,1}"™. The length i-prefix-suffix pair of s is the vector
(si,s!_;11), where 1 < i < [%2]. The longest prefix-suffix
pair shared by s and v is said to be of length [, where 1 <
L< [5],0f (sh.sp ) = (Wi, 07 _p0), and (si41,80—1) #
(vz+1, ’Un—z)

Next, we consider the following lemma, which results from
a specific case of [11, Lemma 4].

Lemma 2: Let s,v € Sg(m) share the same o sequence
and satisfy |C;(s)\C;(v)| < 2 for all j € [m]. If the longest
prefix-suffix pair shared by s and v is of length ¢, then their
corresponding composition multisets C,,_;—1 and Ci,—;_o
each differ in at least 2 compositions.

Example 9: To shortly highlight the implications of this
lemma, we consider the strings s = 001011101 and
v = 001110101. Clearly, they are both specified by o =
(1,0,2,1,1). Since the longest prefix-suffix pair shared by
them is (001, 101), i.e., of length 3, their respective multisets
C4 and C5 differ by at least 2 compositions.

Lemma 3: Sgr(n) is a single asymmetric multiset deletion
code.

Proof: To prove the statement of the lemma, we intend
to establish that for any s € Sg(n), if one is given
C"(8) = Uiep)\(xy Ci(s) where k € [n], then s can be fully
recovered.

Case I: n is even

From the steps of the reconstruction algorithm as described
in Section II-B, it is evident that we only require the com-
position multisets Cy,(s),...,Cn(s). Hence, if k < 7, the
reconstruction of s is straightforward. On the contrary, if k >
5, one can still infer the cumulative weight of the missing
multiset Cj(s) from (7). Consequently, o can be obtained
accurately.

In the absence of Cj(s), the prefix and suffix can be
constructed up to s7 ¥~ and sp, - When o, 41 € {0,2},
there remains no ambiguity concerning the bits s,_j and
Sk+1. However, when o,_ry1 = 1, one can either have
(Sn—k,Sk+1) = (0,1) or (Sp—k,Sk+1) = (1,0) if both of
these possibilities guarantee weight mismatch between s’f*k
and sj, ,, as mandated by the constraints in (1). Now since
s € Sg(n), Lemma 2 tells us that choosing the bits s,
and sy incorrectly, will lead to an incompatibility with the
multiset Cj_1(s). Thus, there exists only one valid choice for
these bits, implying that s is uniquely recoverable.

Case 2: n is odd

Similar to the previous case, it can be argued that for any
missing composition multiset Cy.(s), where k # [5], s can
be easily and uniquely determined. The more interesting case
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| [ 1] [1-5] sfsree |

o oo o] T |

. . -2 ,

Fig. 1. Strings s and v are such that (s;? 8T o)
1 F31+2
217 —

(v ,’UF%-‘+2), where vy =1 —wv_.

occurs when k = [3], since the absence of Crzq(s), and
thus wr=1(s), prevents us from computing o211 and ora1.

However, their sum is known from (4), i.e.
[31-2

-2 o

Since Oray-1 = Wt(S[%],ls(%]+1) € {0,1,2} and o[z =
wt(srz1) € {0, 1}, these values can be inferred directly when
orzy-1 +orz1 € {0,3}. However, an ambiguity arises when
Oray-1 + orz1 € {17 2}.

Let v € Sg(n) be a string with which s becomes equicom-
posable when the multiset C’(n /2] is deleted, i.e.,

U ae= U
i€\ {731} ie[n\{I31}

Also, let v be specified by o, = (o1,...
consequence of (15), we can write:

oral-1 +U[n]—w1 (14)

Ci(v). (15)

, O 2))- As a

7

oi=0o. V¥ 1§i§[g—‘72

U[%‘l_l—FU"%] :O’?%-‘il +UT—L2L-‘ (16)

To verify whether the reconstructability of s is affected,
we simply check if there exists a suitable v that satis-
fies (15) and (16). We also note that (15)n directly implies
the equality of the prefix-suffix pairs (s[fm_Q,S?ﬂ] L) =
[21-2 ’
(017" " va40).

We Jomtly depict the specific subcases in Fig. 1, wherein
we allow for on1_; +0pnq € {1,2} since for both s and v,
we have:

Orz)-1 +O'[g] =2-—0.
where b € {0, 1}. To proceed with the proof, we try to deter-
mine the conditions under which Crzy_1(s) = Ciny_1(v)
holds. This would require the following set equality:
-2

{e(s1®17%),1 -0}, {e(s1¥17%) 04},
{e(sy¥ 172 01— 0h | J {e(sn® %) 0,1 — 0,
{e(sTyy2) 1= b}, [ | {e(sTuyy0) 1~ vs),

{c(s %1 5) 0,1 =0} {c(s”%}1 o)1 —vy,1—b}

By checking the above relation exhaustively for all pos-
sibilities of (b,vy) € {0,1}2, we conclude that the
multisets Cfy,/21-1(8) and Cp,,/97-1(s) can never match.

Therefore, v does not exist and s retains its unique
reconstructability.

d

As a second step, Sg(n) is now generalized to Sg)A(n)

[see Construction 2] to allow correcting the deletion of ¢
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k n—k—1 n
‘ S7 ‘ 0 ‘ Sky2 ‘ 1 ‘ Sn—k+1 ‘
k n—k—1 "
Lot [ epfo] v |

Fig. 2. Strings s and v are related such that (S’f, 32—k+1) = (’Ulf: ’UZ,;QJA)
and o5 = 0.

asymmetric multisets. To prove why this construction works,
we first make the following observation.

Remark 1: Consider any s € {0,1}", whose composition
multiset C(s) suffers ¢ asymmetric multiset deletions and is
thereby modified to some C’(s) = U,¢(,)\z Ci(s), where
T = {i1,42,...9)7} such that for all j € [|Z]], it holds that
n—i;+1 ¢ Z. Since at least one multiset from each possible
symmetric multiset pair is preserved, the cumulative weights
w1(8), wa(s),...,wrn(s) can be uniquely determined by
virtue of (7), and in turn, o5 can be uniquely recovered
through (4) and (6).

Lemma 4: For even n, let s,v € Sg)A (n) be specified by
an identical o sequence, such that the longest prefix-suffix
pair shared by them is of length k.! Then their correspond-
ing multisets Cp,—x_1,...,Crh_k—¢—1 differ by at least two
compositions.

Proof: Given that (sf,s"_, ) = (v}, v"_, ), 05 =
o, and Sgi1 # Vk41, it must hold that ox41 = 1. Addi-
tionally, as a consequence of oy = o,, we can infer that
c(sps™h) = c(vZ;gfl). Now, without loss of generality,
we assume (Sk41,Vg+1) = (0,1). This situation is depicted in
Fig. 2.

The approach of this proof essentially centers around the
constraints imposed by Sgg(n), to which s and v belong,
and the aforementioned relations between s and v. In the
following, we seek to establish that when s and v are
characterized as in Fig. 2, the mismatch between (Sg4+1, Sn—k)
and (vg41,vn—k) Will guarantee that the corresponding mul-
tisets Cp,—k—1,Cr—k—2,- .., Cn—r—¢—1 cannot match for any
realization of s and v. Most crucially, this is a consequence
of the fact that for any u € Sg%(n) that is characterized by
the index set 7 = {i : i € [§],u; # un_it1}, each prefix of
the subsequence uz (with length greater than ¢) contains at
least ¢ more Os than 1s.

To proceed with the proof along this line of reasoning,
consider the set of indices 7 = {i1,142,...471} C {2,..., 5 —
1} for s € Sgl‘(n), such that for any ¢ € Z, we have
8i # Sn—it1, or equivalently, o; = 1, and iy < iz < ... <i|z.
Owing to the construction of Sgll(n), it evidently holds that
17| > t.

By virtue of the constraints of Sg)A(n), we know that
V{2, k+1}nz Must have at least ¢ more Os than 1s. Also due
to (Vk41,Un—k) = (1,0), we have k + 1 € Z. Thus, it can be
deduced that vy . 1~z must have at least £+ 1 more Os than
1s. This lead us to

(Siys Sn—ir+1) = (Siny Sn—in+1) = -+« = (Siy 15 Sn—ip1+1)
= (0,1). (17)

IFor details, refer to Example 9.
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Evidently, i;41 < k. Since (s¥,s?_, ;) = (v}, v"_, ),
we can also write

(Uiuvn—ir‘rl) = (Uizv Un—i2+1) == (Uit+1 ) Un—it+1+1)
= (0,1). (18)

Also it must hold that k+1 > 4,41 > t+2,1e., k> t+2,
since otherwise, (Vk+1,vn—r) = (1,0) would not be a valid
choice according to (18).

Furthermore, we have k < § — 2 since § is the maximum
length of a prefix-suffix pair of s, and ¥ = 5 — 1, would
lead to (vz2_1,v242) = (1,0), which is prohibited by the
construction of SS)A (n).

It is evident that |Cp,_k—1(s)\Cn—r—1(v)| = 2. For the
remainder of this proof, we strive to find if C,,_;_;(s) =
Cn,k,j('v)2 might hold for any 2 < j < ¢+ 1 < k. When
n—k—j > k+1, the satisfaction of Cy,_;_;(s) = Cp—g—;(v)
essentially requires that

{e(s5),0,c(si s )}

{e(55), 0,575 )},

{c(s5),0,c(sp 57N},
{C(szflwrl)v 17 C(SZ—:;:ll)}?

_ —k—
{C(Szfllga}l)a 17 C(SZJFJ‘ 1)}7

n—j+1 n—k—
{C(sn—?cil)717c(sk+§ 1)}

n—k—j
{c(vlf)a17c(vk+2 j)}a

n—k—j+1
{C(vg)alvc(vk-i-Q i )}a

{c(v]), L, e(vp 3™},
{e(up 1), 0, (v oD [
n

{e(vnZs0), 0, c(wi i)},

19)

—j+1 n—k—
{C(v:i,iil),(),c(vwrg 1)}

since one can surmise from Fig. 2 that any composition of s
in Cp_i—;(s), say c(sp~F=9tP=1) such that p < k + 1 and
n—k—j+p—1> n—Fk, will be identical to c(v;}’k*j“’*l).
The proof for the case when n — k — j < k runs in a similar
fashion, and is thus ignored in this analysis. By setting a =
wt(s?) = wt(v} ) and b = wt(s}]) = wt(v},{).* and
additionally exploiting (s%,s"_, ;) = (vf,v"_, ), we can

2Cp—k—j(8)\Cn—g—j(v)] = 1 is not a possibility due to
Wp—k—;(8) = wp_p—;(v) which is a consequence of os = oy
and (6). Therefore C,,_j_;(8) # Cp—j—;(v) automatically implies that
|Cr—k—j ($)\Cr—k—; (v)] > 2.

3The expression Wt(s;};f ) = wt(v?;f) follows from s¥ = v* and
—k —k
e(sir) = c(viiy): , A
“The expression wt(sp ) = wt(vy{) follows from s7_, , =

—k —k
v, and c(sz+1) = 0(024—1 ).
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transform (19) into an equivalent representation in terms of

Hamming weights.

j —k—1
a+wt(s]) — Wt(827k7j+1) -1,
) e
a+ wt(s}) — Wt(sz,k,;ﬁ) -1,
a+ Wt(sg_l) — Sp_p_1— 1,
a+s;—1,
b+wt(s?_ . ) — wt(shT)
n—j+1 k+2/>
- kt+j—1
b+wt(spZj 1) —wt(s;jh ),
b+ Wt(sz:gﬁ) — Ska2,
b+ Sn—j+1
, e
a+wi(s]) — wt(vn 57,
a+ wt(s}) — wt(vr i),
a+ wt(s] 1) — Un—k—1,
a—+ S;j,
= o kg » 20
b+ wt(sy_j1) — wt(vpis) — 1,
- ktj—1
b+ Wt(sZiH) — wt(vk_é ) —1,
b+ wi(spJ11) — vksz — 1,
b+ Sn—j+1— 1

Due to (17) and (18), we may deduce that for all p €
[7], it should hold that s, < s,_p41 and v, < Vy_pi1.
In particular, we define a set of indices KC as

JINT

This set essentially contains all p € [j] for which o, €
{0,2}, ie., s, = Sp_pt1. Since j < k and (sf,s"_, ;) =
(v’f,vzikﬂ), it also holds that for all p € K, v, = vp—p41.

Finally, we require the following observations, which follow
directly from the constraints of SSA(n).

K=1{2...

wi(vp_p) > wi(vst) +¢,
= wh(v)_pp1) 2 wh(of) + 1+ 2,
= wt(s),_py1) > Wt(s’f) +t+ 2.

This inequality also leads us to

b—a= Wt(sZ;f) — Wt(s;-lflk)
= wt(siy1) — wt(s] ") —wt(sj_j 1) + wi(s])
= wt(sh_g11) — wt(sY) — (7 — IK])

>t+2—-j+I[K = K| +1, 21

where the final inequality follows from j; < ¢ + 1. Next,
we introduce the following notations for all p € [j] to simplify

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 69, NO. 7, JULY 2023

the exposition.

T(8) = wi(sy~F-iHr1)
forwats) — il ) <1 g
a+s;—1, ifp=yj
n+1-—
Wn—pt1(8) = Wt(skij+§—p)
_ o wisi i) —wi(s 3T, ifp<j—1
b+sn_j+1, if p=7j.
and similarly for . Additionally, let CM(s) =
{71(8),...7j(8)} and CP(s) = {wn(8),...,wn_j+1(8)}.

We define C)(v) and C(v) analogously. This lets us
rewrite (20) in short, as
cH(s)uCc®(s)=CcW(v)uC®(v).

Now since for all p € [j] \ K we have s, = v, = 0 and
Sp—p+1 = Up—pt1 = 1, it is possible to infer the following
bounds for any « € [j],

Wnoat1(8) 20+ 1— K\ [a— 1]| + wt(sK\[a—1])
Wn—a+1(v) 2 b= [\ [a — 1][ + wt(sk\[a—1))-
Ya(8) < a— 1+ wt(si\[a-1]),
Ya(v) < a+ wt(sk\[a—1]),

From the preceding inequalities along with (21), it is
possible to deduce that there exists no ag,as € [j], for
which 74, (V) = wn—a,+1(8). Similarly, there exists no
aq, g € [4], for which 74, (8) = wp—a,+1(v). Thus, in order
for Cy——;(8) = Ch_k—;(v), or alternatively (20) to hold,
we require

{(r1(8),---7(8)} = {n(v),...v;(v)}, (22)

{wnls), .., wn—j11(8)} = {wn(v), ..., wn—jt1(v)}, (23)
or more simply put, C(V(s) = CM(v) and CP(s) =
C®@)(v). In the following analysis, we strive to establish that

any additional conditions on s and v that allow the satisfaction
of (22), prohibit equality in (23).

Lokt Lkt
Case 1: 8; 5 =) 1. . "
_ Jo_ J
Observe that on account of o5, = o, Spin = Vpin also

implies that SZZQZ;H = vZ:Z:;H.

We begin by attempting to find any conditions on s that
allow (22). To this end, we reiterate (22) more explicitly.

a+wt(s]) — Wt(SZ:Z:;H) -1,
a+wt(sd) — Wt(SZ:Z:;JrQ) 1,
C(l)(s) —

a+wt(sj_y) — sn—p-1—1,
a+s;—1

a+wt(s]) —wt(vl f 1)),

a+ Wt(s%) — wt(vZ:],z:]lH),

= cW(v),

a-+ Wt(sg_l) — Up—k—1,

a—+s;
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Next, we try to match the composition of weight a + s; to
any composition in C'!)(s). To facilitate this, we let

Ya(s) = a+s; =7;(v)
— wi(sh ) —wi(sh i i) =1 (24)

Furthermore, we assume that there exists no p € {a +
1,...,7 — 1} for which ~,(s) = a + s;. In other words, for
all p € {a+1,...,j — 1}, we require y,(s) < a+s; — 1.
This leads us to infer that

wi(s) ) < wi(spZi7)L ),
where p € {a+ 1,...,j — 1}. Additionally, due to the fact
that we always have |y,11(s) —7,(s)| < 1 forany p € [j—1],
we can deduce that v,41(8) = a + Sj — 1. This observation,
coupled with (24), gives us wt(s a+1) = Wt(sZ:ﬁ:;JraH)
and (Sq,Sn—k—j+a) = (1,0). These relations in turn cause
Ya(v) = a + s; + 1. Trying to match this composition of
weight a + s; + 1 to any element in C'(!)(s) will once again
lead to some element in C'®)(s) to be equal to a+ s; +2 and
so on. Thus, in effect, (22) cannot hold. Alternatively, we say
that Cy, j( )#Cn = ;(v) always holds.

Case 2: sk 7 £ vk

Earlier, we had deﬁned a set IC as the set of all indices
p € [j] for which s, = s,,_,+1. We now denote the elements
of this set as KK = {my,my,...,mx}, where m; > my >

. > myk|. Recalling that for all p € [j] \ K, we have
(8psSn—pt1) = (VpyUn_pr1) = (0,1), we restate C(M(s)
more explicitly as follows.

—k—1
a+Smy + oot S wt(sz_k_jﬂ) 1,
—k—1
a+Smy oot Smp — Wh(sp T 0) — 1,
+ Sy + oot — wt(spZ)Z) -1
a Sml Sm‘;q w (sn7k7j+m|)q*1) )
n—k—1
A+ Smy + oot Sy — wt(snfkfjerm) -1,
n—k—1
a+Smy oot Sy — wt(sn_k_HmmH) -1,
n—k—1
@+ Sy + Smy —WH(Sp T ) — 1,
n—k—1
a+ Smy + Sm, — Wt(sn_k_j+m2) 1,
n—k—1
a+ Sm, —wt(s) i~ ]+m2+1) 1,
n—k—1
a+ Sm; — Wt(sn—k—j+m1—1) 1,
n—k—1
a+ Sm, — Wt(snfkfjﬂnl) -1,
—k—1
a_Wt( n—k— ]+m1+1) L,
a— Sp—k—1 — ]-7
a—1
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Similarly, C")(v) may be restated as
n—k—1
a+Smy + .ot Smye —WHUL T ),
n—k—1
a+ Smy .ot Sy —wt(v, i~ J+2),
+ Sy et t(vl ! )
@+ Smy ot Sy — WO T T ),
n—k—1
a+Smy + .t Sy — wt(v, TP m“q),
n—k—1
a+Smy + oot S, — Wt(vn_k_]+m‘,c‘+1),
a+ Smy, + Smy — wt(v"F! )
mi ma w n—k—j+mo—1/ (25)
n—k—1 .
a+ Sm, + Sm, — Wt(vn_k_]_wu)7
n—k—1
a+ Sm, — Wt( n—k—j+ma+1/7
n—k—1
a+ Sm, Wt(,unfkfjerlfl)’
n—k—1
@t Sy — w0l ThE ),
n—k—1
a— Wt( n—k—j+mi+1/
a4 — VUp—k—1,
a

We wish to match the composition 7,(v) with weight a
to any element in C(M)(s). To this end, we set y,,,(s) =
a—+ Sm, — Wt(sZ:£:;+ml) — 1 = a, while ensuring that for
any p € {m1+1,...,j}, we have y,(s) < a—1. Again, since
for any p € [j — 1] we have |y,41(s) — vp(s)| < 1, it must
hold that 7,,,+1(s) = a — 1. These impositions essentially
translate to

Sn i jem; = 0,
Smy; = 1,
vw(s)=a—-1 Vpe{mi+1,....j}. (26)

Under these conditions, C(Y)(s) = C(M)(v) reduces to

IK|
n—k—j+mi—1
a + E Sm,; —Wt s, _ k‘ij+11 )’
I’C\

n—k—j+m1—1)
n—k—j+2 ’

a+ Z Sm; — Wt(s
i=2

—wt(s]_

n—k—j+mi—1
a+ Smy n—k—j+m2—1)7
n—k—j+mi—1
@+ Sm, — Wt(snfk—jerg )s
—k—j -1
a—wt(sh It

n—k—j+mo+1/

a — 571,—k—j+m1—17

a’
a—1,
a—1,
a—1
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K|
at+ 1+ s, —wtrFTh ),
i=2
K|
A+ 14+ sm, —wtIFTl ),
i=2
n—k—1
at1+sm, —wt(opZTyTo ),
a+14 sm, — Wt(UZ:£7}+m2),
=<a+1-— Wt('vz:ﬁ:}ﬁ_m2+1 , 27
—k—1
a+1—wt(vn 5, 1)
k-1
a+1-— wt(vz_k_j+7n1),
—k—1
a— Wt(vsz7j+m1+1)’
@& — Un—k—1,
a

Since 7, (s) = a—1forallm;+1 < p < j, we need j — m;
entries in C'M(v) to be equal to a — 1. We wish to achieve
this by setting the elements 7, _1(v),v;—2(v), ..., Ym, (V) to
a — 1. We prefer to pick these entries due to their adjacency
to v;(v), as this implies fewer constraints.” Now in order to
set ¥j—1(v) = vj—2(v) = ... = Ym, (v) = a — 1, we require

Vp—k—1 =1,

n—k—2 _
Un—k—jtmi+1 = 0,

Un—k—j+m; = 1. (28)

Consequently, (27) becomes

|K]
n—k—j+mi—1
a+ E Sm; — Wt(snfkfjJrl ! )?
=2
K]
n—k—j+mi—1
a+ E Sm; — Wt(sn—k—j+2 )7
=2

n—k—j+mi—1
n—k—j+m2—1)7
n—k—j4+mi—1
n—k—j+ma )’
n—k—j+m1—1>
n—k—j+meo+1/7

a+ Spm, — wt(s
a+ Spm, — wt(s

a — wt(s

a — Sn—k—j+m1—17

a,
a—1,
a—1,
a—1

5 Any alternative assignment leads to the same conclusion.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 69, NO. 7, JULY 2023

n—k—j+mi—1
a—1+ Zsmi —wt(v, T ),
=2
||

n—k—j+mi—1
a—1+ E Smy; — vx/‘c('l,vTL7,€7j~+2 7,
=2

a—1 + Sy — Wt(,un—k—]-‘rml—l)’

_ n—k—j+ms—1 — C(l)(
- n—k—j+mi—1 - ’U)'
a—1+ Sma Wt(”n—k—%—&-m; )7
n—k—j+mi—
a—1-— Wt(UWL—k—j+m2+1)7
a—1-— Un—k—j+mi—1,
a—1,
a—1,
a—1,
a
Now observe that, if we additionally set
(Sn—k’—j+m1—1a Un—k—j+m1—1) = (L 0)7
n—k—j+mi—2 _  n—k—j+mi—2
Sp—k—j+1 =Up_k—jt+1 (29)

then C(M)(s) = CM(v) definitely holds. Now to see how the

conditions imposed on s impact the satisfaction of C'(?)(s) =

C®@ (v), we note that on account of oy = o, the following

relations are automatically implied by (26), (28) and (29).
(Sk+2, V42) = (1,0)

Sk+j—m1 _ o kti—ma
k+3 - Yk43 ’

(Sk+j—M1+1a vk-‘rj—mrl-l) = (la 0)7

(8k-+j—my+25 Vk+j—m+2) = (0, 1),
k-t ket
Sktj—mi+3 = Vk4j—mi+3° (30)

Now as done previously for C(!)(s) and C")(v), we first
restate C'®)(s) and C'®) (v) to deduce the conditions that lead
to C®)(s) = C(v). To this end, we first express C'?(s)
as

K|
b+ — K+ sm, — wt(s13),
=1
K| '
b+j— Kl =14 sm, —wt(sii3 ),
. =1
) - k+j— +2
b+]—m|IC|_‘K|+2+Zsml—wt(3k+; K] )7

i=1

IK]

. k+j— +1
b+j—my — Kl +1+ E Sm; —wt(ské mkith

o1
. ktj—

b+j—my —|Kl+1+ Z Sm, — Wt(skJrj2 D,

i—1
2 )
b+j—ma+ Zsmi - Wt(sZié—mriﬂ)’
i=1
b+j—mg—1+ Z Sm,; — Wt(szig_mQH),

i=1 .
b+j—mg—148m, — wt(szfz_"”),

3

bt —ma 1 s, —wi(sy ")
b +] —mi + Sma ; Wt(skiéiml+ )7
b+j—my —wt(sp 13 ™),

b+2—8k+2,
b+1
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Next, we restate C'?)(v) as

K|
btj— Kl =14+ sm, —wt(vyl),
=1
K| _
b+j—|K| -2+ Zsmi - Wt(inéfl)v
=1

K|
. k+j—m x| +2
b+j—my — |K:|-|—1+ZSmi _Wt(vk+]2 TRy

i=1

K|

. ketd—m ) +1
b+j— mig| — Il + E Sm; — Wt(vk+; e ),
=1

|Kl-1

. k45—
b+j—myx — K|+ Z Sm; —wt(kar; iy,
i=1

2
btj—ma—14) s, —wt(opis "),
i=1
2

b+jfm272+25mi7wt(v
i=1

b+j—ma—24 5m,,

k+j*m2+1)
k+2 ’

k+j—
_Wt('vkié m2)7

bt j —my+ Sm, — wt(vj 3 ™),
b+j—mg — 14 sy, — Wt(vzg_mlﬂ),
b+j—mg—1— wt('vzig_ml),

b + 1 - Uk+27

b

Note that (30) further suggests that wt(sy "3 "™ ?) —

wt(vzig—mﬁ?)kf 1. Combining this with s,,, = 1 and
J

k+j _ ; ; 2 _
8j sy +8 = Vp i) _m, 43, We are able to simplify C*)(s) =

C®)(v), using the preceding expressions, to

b+j—mi+1- Wt(sﬁig*mﬁl)7
b+j —my —wt(s; 57,
b+2— spyo,
b+ 1
b+j—my — Wt(vzg_mlﬂ),
b+j—mi—1—wt(v) ™),
b+1-— Vk+2,
b
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Now observe that the remaining element b in C'?) (v) cannot
be matched to any of the remaining elements in C'®)(s). Thus,
once again Cy,_j_;(s) = C,,_;—;(v) does not hold, since we
have C(?)(s) # C®) (v).

O

Remark 2: Observe that whenever we have two codestrings
s, v € SSA(n) such that o, = o, s = 0,57, = 1,
(S’%Sﬁ_kﬂ) = (vlfva—k+1) and sp41 # g4 for any

t+2 <k < |5], we deduce that for all 1 < j < ¢+ 1,

Chr—j(8) = Cp_i_;(v) never holds, since s7 = v} = 0,

in turn implying that C(V)(s) = C(M(v) is always untrue.®
Since s,v € S}(%tﬂ)(n) [11], we conclude that Sgﬂ)(n) is
also a t-asymmetric multiset deletion code.

The preceding lemma now helps us establish that the code
Sgl‘ (n) is robust to the deletion of any ¢ asymmetric multisets.

Theorem 2: Sgg(n) is a t-asymmetric multiset deletion
code.

Proof: In the following, we wish to establish that for any
s € Sgl&(“)’ if one is given C'(8) = U;epup iy,..iry Ci(S)s
i.e., the multisets Cj,(s),...,C;, (s) are deleted, such that
no two of the deleted multisets are mutually symmetric, then
s can be uniquely recovered. As pointed out previously in
Remark 1, o, can be uniquely recovered from the corrupted
composition multiset.

Case I: The deleted multisets are consecutive.

This case is directly implied by Lemma 4.

Case 2: Not all of the deleted multisets are consecutive.
Since the reconstruction algorithm functions in an outside-in
manner, the missing multiset encountered first, corresponds
to that of highest substring length. In the following analysis,
we assume that 4; > 431 > ... > iq.

If i, = n, we can directly infer C,,(s) from the cumulative
weight of C(s). Alternatively when i; < n and additionally

it,...,%—;41 are consecutive, we have (s’f_”_l,sZH) =
(vp "1 ol ,) since for j € {n,n—1,...,i,+1}, it holds

that C;(s) = Cj(v). Now, an incorrect assignment of the bit
pair ($p—i,, Si,+1) Will certainly cause an incompatibility with
the multiset C;, .., 1(s) = Cj,_;(s), as Lemma 4 suggests.
Thus, the backtracking algorithm can detect the mistake and
accurately reconstruct the string up to (sfﬂtﬂ,sz_j 41)-
Absence of the other missing multisets C;,_,,...,C;, can be
dealt with similarly, by successively applying the aforemen-
tioned argument.
O

We also bound the number of redundant bits required by
SSL (n) as follows.

Lemma 5: The code Sgg(n) requires at most 1 log(n —
2t — 2) 4+ 2t + 7 bits of redundancy.

Proof: We refer to (9) and additionally recount from
[11] that %(2:) indicates the number of all strings of length
2h wherein every prefix of which contains strictly more Os
than 1s. For odd lengths 2h + 1, this term serves as a lower
bound. Similarly, to count all strings s € {0, 1}? wherein each
prefix (of length exceeding ¢) contains at least ¢ more Os than
1s, we simply note that such strings satisfy sﬁ_l = 0 and

©As w;(v) cannot be matched to any element in C(1)(s).
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s should be a standard Catalan-Bertrand string. By virtue of
this, we derive a lower bound on dimension of the codebook
n—2

for even values of n.
- -1 1—t+1
>3 2 . .
! Z () (S
After some algebraic manipulation of this expression, we con-
clude that the maximum number of redundant bits necessary
is 5 log(n — 2t —2) + 2t + 7. It is easy to see that this

bound on the number of redundant bits also holds for odd
values of n. O

S84 (n)

VI. SYMMETRIC MULTISET DELETION CODES

As mentioned in Section III, errors under this category
occur in such a way that the affected multisets occur in pairs.
We begin directly with the case when two symmetric multisets
are inaccessible.

Theorem 3: The code Sg(n) is a single symmetric multiset
deletion code.

Proof: In the following, we wish to prove that for any
s € Sg(n), if we are given C(s) = U;epnp gn—rt13 Ci(8)
for some 1 < k < [%], then s can be fully recovered.

Case 1: n is odd.

Since the deleted multisets Cy(s) and C,_xy1(s) can
never be consecutive when n is odd, we can infer from [11,
Lemma 4] that any attempt to substitute C,_x1(s) with
another multiset, say le_ k41> that may or may not preserve
the value of oj_1(s), will surely cause a disagreement with
Cr—k(8). Hence, there exists no valid alternative choices for
the multiset pair {C(s), Cr—k+1(8)}, thus implying that s is
uniquely reconstructable.

Case 2: n is even.

As in the previous case, we can argue that for any
k # {%,% + 1}, ie.,, when the missing multisets are non-
consecutive, s remains unique reconstructable by virtue of
[11, Lemma 4]. The only case left to be analyzed is when
the deleted multisets are adjacent, i.e., Cz (s) and Cz 11(s).
More specifically, we examine the existence of any v € Sg(n),

such that
U aw= U

ieln\{5,5+1} ieln]\{5,3+1}

This directly leads to the following relations:

Ci<8)

n/2—2 s n22
(1/ n/2+3):( 1/

o, =0, Vlgigg—?

"
n/2+3)7

[

o !
on1+02 =0n_;+0n.
where the sequence o, = (0},...,0
Subcase (i): o5 = 0y
We only study this subcase for when oz_; = =0h_; =

7./2) describes v.

L and (sz_1,8n42) # (vn_1,vn49), since the alternative
involves C,/211(8) = Cp/241(v) and as a result of this,
Lemma 3 precludes the existence of v, since C(s) and C(v)
cannot differ by a single multiset alone. This situation is
illustrated in Fig. 3.
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L _92 n

o R e ]
I D\ (1
. . 53— 52
Fig. 3. Strings s and v are such that (s; ’s"+3) = (v 7'03 +3),
where vy +v_ =54 +s5_.
n_o § 3
o P[] s ]
T2
Il O 2 (2 e
. n %72
Fig. 4. Strings s and v are such that (s? sn_‘_3) = (vy ,v%+3),
where s +s_ =vy +v_ =1.

We now proceed to ascertain if there exists some v for
which Cy, /5_1(s) = C}, /21 (v) holds. Alternatively, we need
the following set equality relation to hold:

{c(s{ 7),0}, {e(wi %), 13,
{c(s57%),0,54}, {c(v] ), 1,0},
{e(s37),0,50,5- 1 [ ) {e(wi ), 100,003,
{e(s% 1),1}, {c(v} 13), 0},
{c(s%:}g) 1,s_}, {c(v%]_lg) 0,v_},
{e(s573), 1,5} {e(73),0,04,v-}

€1y

Due to the weight mismatch property between prefix and suffix
of equal lengths, we note from Fig. 3 that v must uphold:

Wt(Sn/2_2)+1 < wt(s
( n/2— 2)

n/2+3)

= wt +3 < wt(sy/ais)- (32)
Now to prove that (31) never holds, it suffices to show that
the composition {c(s% by 3), 1} can never be matched to any
two elements on the RHS in (31), even when (32) holds
with equality. It is easy to see this when vy + v_ < 2.
On the contrary, when vy + v_ = 2, the compositions
{C(’UF_Q),l} and {0(05_2),1,14} become identical, and
cannot be matched simultaneously to the components of RHS
in (31). Therefore, v does not exist.

Subcase (ii): 05 # 0y

All of the possible combinations of (oz_1,02) and
(0% 1, O'n ) that comprehensively cover this subcase are:
(1,2b) and (0%71,03) (2b,1).
(2,0) and (0 _;,0%) = (1,1).
(0,2) and (o _,0%) = (1,1).
where b € Fo. For the sake of brevity, we only prove the first
instance. The remaining proofs run in a similar fashion.
To reiterate our objective, we check for the existence of a string
v € Sg(n), for a given s € Sg(n), which are characterized
as per the depiction in Fig. 4. Since s and v may only differ
in their respective composition multisets of substring lengths
2 and % + 1 alone, we endeavor to find the conditions that

2
allow for the set equality of C'z _;(s) and C» _;(v). More

(02_1,0'")
(] (O’ﬂ_l,an)
(] (0%_1,0'%)
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explicitly, we require:

{e(sf %) 54}, {e(vi™?), 0},

{c(s5 %) 54,0}, {c(vs ™),b,v4},
{e(s3 %) s0,0%), | _ J{e(wi ™), 0,01),
{e(s5 45).1 — 54}, {e(v} y),b},
{e(s374),1 — 54, b}, {e(vy7h),b,1 — vy,
{e(s573),1 — 5. 0%} {c(v373),b,01}

When s; = vy = 0, we may proceed under the assumption
that wt(s, n/2= %) = wt(s n/2+3) to account for the worst case.

In this situation, either {c(s} 2), sy} or {c(s%+3), 1—s4}
fails to be matched, depending on the chosen value of b.
Else, when either s; or vy equals 1, we infer that (32)
holds true. Again, we choose to proceed with the worst
case, i.e., wt(s, n/2- *) 4+ 3 = wt(s n/2+3) and an exhaustive
examination of each possibility reveals that the previous set
equality cannot be satisfied. Thus, we conclude that v does
not exist.

O

Consequently, if a single composition is substituted in C(s)
where s € Sg(n), then there occurs a mismatch between the
cumulative weights of the specific multiset affected, say C;(s),
and its symmetric counterpart C,_;1(s). Now if both C;(s)
and C,,_;+1(s) are deleted, Lemma 3 tells us that s is still
uniquely recoverable. Thus, we conclude that Sr(n) is capable
of correcting a single composition error just like S(C1 )(n)
[11], [12].

We now investigate further along this direction and seek to
determine if the absence of multiple pairs of such multisets
impacts reconstructability. The deletion of two or more pairs
of symmetric multisets, as shown in Lemma 9 (Appendix),
no longer guarantees unique reconstruction of codewords
drawn from Sg(n). To remedy this, we propose the code
Sg;(n) [see Construction 3], capable of correcting deletions
of two pairs of symmetric sets.

Theorem 4: The code Sgg(n) is a 2-symmetric multiset
deletion code.

Proof: To prove the statement of this theorem, we intend
to show that for any s € Sg;(n), if we are only given the com-
position multisets ;e\ 1y ko1 +1,n—kst13 Ci(8), where
1<k, ke < L%J , then s can be uniquely recovered. We prove
this by contradiction, i.e., we attempt to find some s,v €
Sg;(n), such that

U aw=- U

{k1,k2,n—k1+1, {k1,k2,n—k1+1,

e\ PN k1)
Additionally, we let o, = (01,...,0,/2) and o, =
(01,---07,0)-

Case 1: n is even and the deleted multisets are neighboring,
i.e., {Cn/2—1(8); ey Cn/2+2(8)}.

Since the cumulative weights wi(s), ..., wz _2(s) are still
accessible, one can unambiguously deduce (o1, ...,02 _3) by

4397

applying (6). We thus have
n
V 1<i<=-3
<isg

7
g; = 0y,

o ’ /
0%72“!_0%7]"’0%—0%72“!_0—%714'0'%7 (33)

where the second equation follows from a combining its
predecessor, wi(s) = wi(v) and (4).

The difference of the sum of their respective cumulative
weights for composition multisets containing substrings of
lengths from 1 to %, can be simplified to the following,
by means of (5) and (33).

n/2 n/2
> wils) =Y wilv)
i=1 i=1
n/2 n/2
= ) wils)— Y wiv)
i=n/2—1 i=n/2—1
= 3(‘7;z/2—2 - Un/2—2) + (U’;L/Q—l - Un/271)~ (34)
The above difference is maximized when either:
(U%—Qaag—lva%) = (0)172)7
! ! ! _
(0'%72,0'%7170'%) = (2,1,0)
or:
(0—%7270%7170%) = (0a272)7
/ / / _
(O—%—Zv O—%—lv U%) - (25 27 O)

In either case, (33) is upheld. Hence, we can write that:

n/2 n/2

Zwi(s) - sz(v) <6
i=1 i=1

Thus, an additional constraint of E"/ 2 w;(s) mod 7 will be
sufficient to fully recover o . This implies that o3 = o,
Now since C;(s) = C;((v) for n/2 +3 < i < n,
it immediately follows that
= (@7
by virtue of how the reconstruction algorithm works and the
fact that s,v € Sg;(n) C Sgr(n). Following this, we seek to
determine whether C),/5_2(s) = C},/2—2(v) can hold.
Subcase (i): Sy /22 7 Vnj2—2
Without loss of generality, we assume (s,,/2_2,Vp/2-2) =
(0,1). Since 0,/9-2 = o), 22 it must hold that
(8n/2+435Vns2+3) = (0,1). This has been illustrated in Fig. 5.
Moreover, on account of the Catalan-Bertrand constraint
imposed by Sg;(n), we note that for some Z C {2,...,
5 — 2}, such that for any i € 7, v; # v,_;41, We can write

( n/2—3

S1 ) 32/24-4) (35)

”2/24-4)7

7] — wt(vz) > wt(vg) + 1,
= wt('vf) > Wt(’vz) + 1,

where Z = {n —i+1:i € I}. Since for any i € (5 —2]\Z,
v; = Un—i+1, the preceding equation can be restated to

wt(v"7 k) > w(vl/ 27 + 1,

/2+3

n/2— 3)

— wt(vn/2+4) > wt(vy + 3,

= wi(s? 5. 4) > wi(s]/P7?) + 3, (36)
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Fig. 5. Strings s and v are such that (slf_

and o5 = Oy.

where the second inequality follows from (vi,v,) =
(Vnj243,Vnj2—2) = (0,1), while the final expression is
implied by (35).

Next, we observe that for any 6 < ¢ < n/2 — 2,
c(sT/278 c(v*73) . Hence, for Crjaa(s) =
Cp/2—2(v) to be upheld, we simply require that

To proceed with the proof, we assume that (36) holds with
equality. When this is not the case, the proof will follow
similarly. We let a = Wt(s1 3), and rewrite the preceding
set equality in terms of Hamming weights, i.e.,

«,
o+ Sz—1,

a —l—wt(sg 1) — 82,

a+wi(s3 ")) — wi(sd),
a+wi(s5 ) — wi(sd),
a+4,

a+3+sn49,
a+3+wt(sn+1) Sn—1,
a+3+wt(s2 3 )—Wt(sZ:é),
a+3+wt(si ') —wi(sh7})
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a+1,
a+1l+wvz_q,
a+1+ wt(u?l) — U2,
a+1 +wt(v§i) — wt(v3),

S 1 —|—Wt(v§ﬁ) — wt(v3), 37)
a+ 3,
a+2+vsio,
a+24 wt(v%ﬁ) — Up—1,
a+2+wt(vi ) - wi(v]}),
a+2+wt(v§+f) wt(vp3)

Naturally, the variable a can be removed from every element

in both sets. Upon exhaustively searching for a suitable vector
4 n—1 _n/242  n/242y 4 n—1 n/242 n/242
(82,8,~ 30 8n/2-1 Unya— ) = (v3,v,” 30 8ny2-1 Vnyo- 1) in

the space {0,1}'4, we find no solution that satisfies (37)
while also upholding the Catalan-Bertrand constraint. Thus,
Crj2—2(8) = Cpja—2(v) cannot hold.

Subcase (ii): $y,/2_2 = Vn/2-2, Spj2—1 # Unj2-1

We assume  without loss of generality that
(8n/2-1,Vn/2—1) = (0,1). As done previously, we investigate
whether C,, /2_5(s) = C),/2—2(v) can hold, while

n/2—3

n/2—3 n n
(31/ 7Sn/2+4) = (v; ”n/2+4)7
(sn/271,vn/271) =(0,1),
(Sn/2+27vn/2+2) = (1,0),

Sn/2 T Snj24+1 = Unj2 + Unjoti-

These equations have been summarized in Fig. 6. Again,
since for any 5 < ¢ < n/2 —1 as well as for ¢ € {1,n},

itn/2—3 i+n/2-3 .
c(s; ) = c(v; ), Cnja—2(s) = Cpja_s(v) is
equivalent to

(els 0 fe(ws )1}
{ (3;72),0,5%}7 {0(03?72),171;2},
(el 00l | el ) 1ed ™),

{e(v} 74,0,
{C(3n+3) L sz}, {C(”%fg)aowgﬂ}a

{e(s33),Le(sE ™Y [ [ {eiid),0,c(0i "))

(38)

Akin to (36), we can use similar arguments to reach the
following inequality.

wt(s? 5 5) > wt(s]/* %) + 3.

Once again, we assume that the above expression holds with
equality, and let oo = wt(s; n/2- 2) Now transforming (38) into
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Fig. 6. Strings s and v are such that (slf_2

and o5 = Oy.

its corresponding Hamming weights representation, we arrive
at

a,

a—i—sﬁ—sz,

a+wt(sz+ ) — wt(s3),
a+ 3,
a+3+ 8,241 — Sn—1,

a+3+ Wt(s?rl) — wt(s"”3)
a+1,
a+1+ vz — Vg,
a+1+ Wt(’Un ) — wt(v3),
- a+ 2,
a+2+ vn/Q_H — Un_1,
a+2+ Wt('u H ) —wt(v"73)
Upon searching for a suitable vector (s3,s"”3,
:g“, Z;;H) in the space {0,1}® that satisfies the

preceding set equality as well as sz + s241 = vz + vz
along with the Catalan-Bertrand restriction, we find no viable
solutions. Hence, no suitable v exists.

Subcase (iii): s n/2-1 vzg ; Snj2 # Unj2

n/2-2
By adopting the approach employed in earlier subcases,
we obtain

wt(s 5 ) > wi(si/2 ") + 3. (39)

We also observe that C, /,_5(s) = C), /2_2(v) is equivalent

{C(S:?_l)’()}, {C(’U;? ) }’
{{c(sﬁ+22),1} } {{c(v? 2),0} }, (40)

3]\(3, 3+

to

since c(s/ %) = c(v?/*T ) for any i € [%vL

2}. Evidently, (40) is upheld only when

which clearly contradicts (39). Consequently, C,,/5_2(s) =
Cp/2—2(v) cannot hold.

Case 2: n may be odd/even and the deleted multisets are
not all consecutive, ie., k+1<n—k+ 1.

In the following, for s,v € Sg;(n), we define o; and o
as

0; = Si + Sn—i+1,
41)

!
0; =V + Up—it1,

4399

for any 1 <4 < [n/2]. When n is odd, we define oy, /97 =
S[n/2] ANd 0T, 157 = Vp 21

Subcase (i): k = 2

When the multisets C1(s), C2(s),Cr—1(8) and C,(s) are
missing, s can be uniquely recovered only if there exists no
other v such that

U ae= U

1€{3,...,n—2} 1€{3,...,n—2}

Ci(v). (42)

For the purposes of this proof, we assume that such a v
indeed exists.

Firstly, since Sg;
(81, 8n) = (vi,v5) =

(n) C Sr(n), we immediately know that
(0,1). Next, since ws(s) = ws(v),

w3 (8)= 3wy (S) — 09 — 201
= 3wi(s) —o2 —2 = 3wy (v) —oh —2
(43)

= 3(w1(s) — w1 (v))= o2 — d5.

Now since o0;,0; € {0,1,2}, it can only be that wi(s) =
v and oy = o). As a result, we have C;(s) = Cy(v) and
Co(5) = Cu(v).

Once again, we may exploit (s1,$,) = (v1,v,) = (0,1)
in order to further determine C,,_1(s) = C,,—1(v) from the
knowledge of C,,(s). Thus, (42) can be rewritten to

U aes= U aw.

ie{1,3,...,n} ie{1,3,....,n}

Since this expression reflects the case of a single multiset
deletion, we conclude from Lemma 3 that C(s) = C(v).
We infer this directly from the fact that s,v € Sg;(n) C
Sr(n). Thus, s = v.

Subcase (ii): k =3

When k& = 3, multisets Cs(s),Cs(s),Cp_2(s) and
Cp—1(s) are deleted. Again, since (s1,s,) = (0,1), we can
promptly determine C,_1(s) from C,,(s).

If there exists some v such that

U Ci(s) = U Ci(v), (44)

i€{1,4,....n—-3,n—1,n} i€{1,4,....n—3,n—1,n}

then clearly w4(s) = wy(v) and o1 = o. We can thus deduce
from (6) that

209 + 03 = 20§ + og,

2(og — 0h) = 04 — 03. (45)

Now using the following expression for any 6 < i <[],
Qwi, 1 (S) (46)

- wi72(3) - wz(s) = 05—1,

we can uniquely deduce (05,...,0[%],1). We can also
recover o, 91 by exploiting (5) as follows.

wrzy(s) —wrzy—1(s) =
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Since for 4 < i < [§], wi(s) = w;(v), it naturally follows

that
(05,...,07n7) = (O’é,..‘,di—%-‘).
Now since wi(s) = wi(v) and the vector (05, ...,0727) is
known, it must be due to (4) that
0'2-|-0'3-|-0'4:O'é—|—0'é+0'£1. (G

Next, to compute the difference between the sum of cumu-
lative weights of s and v,

[n/2] [n/2]
S wils) = 7 wi(v) = wals) + ws(s) —wa(v) — ws(v)
=1 i=1

= ws(s) —w3(v)=0h — 09,

where the second equality follows from w,,—1(s) = wy,—1(v)
and (7), while the final equality is a consequence of (6) and
Due to the constraint on the sum of cumulative
weights in Sg;(n), it must hold that o5 = .

Equations (45) and (47) further lead to (02,03,04) =
(04,04, 07)). Now if 09 = 04, = 1 and s9 # vz, then Lemma 2
allows us to infer that C,,_3(s) # C,_3(v), which is not
possible according to (44). Thus, no suitable v exists.

Subcase (iii): k > 4

From the proof of Lemma 9, we note that when the multisets
{Cr-1(8),Cr(8), Cro—k+1(8), Cr_i1+2(s)} are deleted, there
may exist an alternate v such that:

= ( ]f 3 Z—k+4)
Viel

! ! /
o+ 2051 + 30),_,

o1 = 0.

k— 3 "
(81 n—k+4)
/

g, = O0;

ok + 201 + 302 =

! ! / !
Ok+1+ 0k + O0k—1+0k—2 = Opyq + 0, +0p_1+ 0k o

where I = [[2]]\{k — 2,...,k + 1}. As before, we bound
the difference of the sum of cumulative weights of s and v.

[n/2] [n/2] k k
j{: w;(s) — j{: wi(v) = j{: w;(s zz: w;(v)
=1 =1 i=k—1 i=k—1

= (0h_1 — Ok—1)

+3(0)_5 — 0p_2). (48)

We find through numerical verification that this quantity
cannot exceed 5, and it precisely occurs when:

(0,2,0,0),
(1,0,1,0).

(Uk7270—k7130—k70-k+1) -

/ / / /
(Uk'—an-k'—laO-ka'k—&-l) =

2 .
Therefore when s € Sj(l)g(n), the constraint on

Z("/ 2l w;(s) helps us recover o completely. The next

logical step is to investigate whether there exists some v €
SDQ;(n), for such an s, such that for any ¢ € [n]\{k—1,k,n—

k+1,n—k+ 2}, where k > 3,
Ci(s) = Ci(v),
Os = Oy,
(8777 80 ppa) = (0777,
Note that since oy = o, we can infer that c(s} ) =
c(v}y). In the following, we denote c(skJrf) as c.

Uy jora)-
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k-3 n—k n

Lot Jof [ [t [ [ 1] siews |
k=3

Lo [l [ et ] Jof o |

Fig. 7.

k—3 k—1 —k—1
(Wi % v)_phy) and c(sp iy ) = clvg s )

Strings s and v are related such that (31_3,3

n—k+a)

Let sp_o # vi_o. Without loss of generality, we assume
($k—2,vk—2) = (0,1). We illustrate this in Fig. 7. As done
previously in (36), we infer that

Wt(s!_pia) > wt(sh %) + 3.

It is assumed that this expression holds with equality, since
in other cases, the proof will follow similarly. For notational
convenience, we let a = wt(sh %) = wt(vF3).

Now for C,_i(s) = C’n_k( ) to hold, we essentially

require that

_1); c, 5n—k‘+1}7

(
(
{e(s577),0,c(sh_1) s e(sh i i)}
{e(sh_ppa)s Le(sn i), ¢}
{e(snhpa)s Lelsn i), eomi s
{e(snhia)s Le(snitD) eoe(sion)}
{e(v}™?), 1, ¢vii_y), e},
{e(573),1,e(vF_ ), ¢, vn_ri1},
) R R e =)
{e(vh 1), 0, c(op 1) o ’
{C("’Z:llc+4)a 0, C(”Z:Zﬁ)a ¢ vkt
{e(v =5 0)s 0, clop D), e e(vi_p)}
since (s ) = (PR ) forany i € {4,..., k—2}.
By recallmg that s;, = v1 = 0 and s, = v, = 1,

eliminating ¢ from all elements in both sets and transforming
the preceding set equality into its corresponding Hamming
weights representation, we acquire

a + Sg—1 + Sk,

O+ Sgp—1+ Sk + Sn—k+1,

-+ Skp—1+ Sk + Sn—k+1 + Sn—k+2 — S2,
a+4+sp—k+1 + Sn—k+2,

o+ 3+ Sp_gt1 + Sp—k+2 + Sk,

a+ 3+ Sn—k+1 + Sp—kt+2 + Sk + Sk—1 — Sp—1
a+1+vg_1 + v,

a+1l+vg 1+ vk +Vnpy1,
a+14+vp_1+ V% +Vp—gg1 + Vn_ky2 — V2,
o+ 3+ Up_gt1 + Un_ga2,

-+ 2+ Vy_gy1 + Un—ky2 + Vg,

O+ 2+ Uy g1+ Up_gy2 + Uk + Vg1 — Up_1

Next, we search for a possible solution for the vector (so =

_ k k n—k+2 _ n—k+2\ :
V2,81 = Un—1,85_1,V%_1,8,_j11>Un_ji1) in the space
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{0,1}19, such that the preceding set equality as well as the
following constraints, as mandated by os = o, are satisfied.

Sk—1 + Sn—k+2 = Vg—1 + Un—k+t2,

Sk + Sp—k+1 = Vk + Un—k+1-

We find only one possible solution, which requires
(s2,8n—1) = (1,0). Evidently, this is prohibited by the
Catalan-Bertrand constraint in S(Dz;(n)

When sj_o = vg_o and $x_1 # vk_1, Lemma 2 implies
that C,,_(s) # Cp—_x(v). The same applies for the case when
sy~) = vF~1 and s, # vy. Thus, an appropriate v does not
exist, and s can be recovered uniquely.

Case 3: n may be odd/even and deleted multisets are
Crys Choy Cr—ky+15 Cr— iy +1, Where ko > k1 + 1.

In this case, every pair of deleted multisets is sepa-
rated by one or more multisets which are uncorrupted.
Without loss of generality, assume that ko < n —
ko + 1. Since the reconstruction process has access to
the multisets Cy,(8),...,Ch_k,+2(8), the prefix-suffix pair
(8172 s 8y _,4+3) can be uniquely determined. Now, there
remains an ambiguity regarding the assignment of bits
(Sky—1ySn—k—142). To verify if an incorrect assignment of
these bits leads to a conflict with the multiset C,,_g, (8),
we assume that there exists some v € Sg;(n) such that for
anyi € {n,n—1,....n— k1 +2,n— ki },

Ci(s) = Ci(v)v

ki—

(Slfl_Q Sﬁfkﬁz) (v}

”kal+3)~

Due to the second relation, it is easy to see that
(01,---,0k,-2) = (01,...,04, _5), where o; and o] obey
their previous definitions in (41). Now since wg,+1(8) =
wg, +1(v), we can infer the following as we did earlier in
(45) using (6).

2(0-’6171 - 0’;@171) = 0’;@1

This leads to two possibilities for (0%, 1,0 _1,0k,,0},)-

® (ak1—1aak1) = (170) and (0';6171,0';61) = (072)

o (Ok-1,0k,) = (2,0) and (0;4:171’0;@1) = (1,2).

For both of these potential solutions, the following holds
due to (4) and w1 (s) = wq(v).

— Ok -

k k
wh(sy, (1) — wi(vp ) = (0 — 07)
i=k1+1
k1
=wi(s) —wi(v) + Y (0] — 0y)
i=1
k1
= Z (o) —0y) = 1.
i=ky—1

Additionally, since we always have o3, = 0 and ‘7;@1 =2,
we may set s, = Sp—k,+1 = 0 and vy, = Vp—p, 41 = 1.
Now similar to the approach in prior cases, we note that
Chn—k, (8) = Cp_p, (v) is only upheld when

{e(s77) e(s5 ™40, elsg, ) (s )}

= {e(v7 ™), e(0y ™), (v 1), (o))

4401

After plugging in the values of (Sk, , Sn—k;+15 Vkys Un—ki+1)
and transforming this set equality into its equivalent represen-
tation in terms of Hamming weights, we obtain

wt(s¥7) F s 1 + wt(s), kl),
)+ sy -1+ wi(sp ),
kats) + Snoki2 + wt(sp M),
a) F Snck2 + wi(sp )

+ Uk, -1 + Wt (v, Ry,

(57

wt(sh1™
t(sh—

t(s)—

=

=

1
k
wt(vh7?)
ky—2
2 )
n
n—
n—
n—

(
_ Wt(’v + Uy —1 +Wt(vzl k1)
wt (v kl 3) + Vny 2 + wt(vp ), [
WV T4 ) T Vn—kg2 + WH(U )

Finally, we attempt to find a possible solution for the vector
(Sky—1 Sn—ky 42, Vky—1>VUn_k,+2) in the space {0,1}* that
satisfies the preceding expression along with the fact that
Ok, —1 — 0}, _, = 1. None of the feasible solutions agree with
the Catalan-Bertrand constraint imposed by Sg(n).

Thus, an incorrect assignment of the bits
(Sky—1ySkys Sn—ky+1s Sn—k;+2) leads to a mismatch with
multiset C,,_y, (s). Consequently, we can recover these bits,
as well as Cy,_,+1(8) uniquely. The absence of multisets
Cp—ko+1(8) and Cj,(s) can also be corrected due to
Lemma 3.

O

We now seek to generalize the coding constraints in
Sp ) 5(m) in (10) by examining how the required redundancy
scales as more multiset pairs go missing. This is accomplished
by Sgg(n) [see Construction 4]. Theorem 5 demonstrates that

ngg (n) is a t-symmetric consecutive multiset deletion code.
The proof commences with the following lemma.

Lemma 6: For an even n, consider any s € Sgg(n) the
composition multiset of which suffers the deletion of up to ¢
symmetric multisets, i.e., for some Z C [§] where |Z| < ¢,
C(s) is modified to C'(s) = [2N\T Ci(s). From C'(s),
o, can be recovered uniquely.

Proof: Let T = {iy,ia,...,
i < ... <i|[|.

Case 1: 11 + 3 < ig,. ..’L'|I‘,1 +3< ’L'|I‘.

Since the reconstruction algorithm has access to the mul-
tisets Cp(8),...,Cr_s,+2(8), we can unambiguously deter-
mine (o1,...,04—2). Now since i1 + 3 < iz, we have
access to the cumulative weights wj, +1(8), w;, +2(s) and
wi, +3(8), which help us evaluate 0,12 by virtue of (46).
Additionally, we can infer the values of 20;,_1 + 0y, and
04y —1+0i, +0;, +1 from the knowledge of w;, +1(8), wi, +2(8)
and (o1,...,04 —2), by exploiting (6).

Subcase (i): ij7) < 5 — 3

In a similar fashion, we can also determine
(0iy43,-..,0i,—2). Repeating this process for each i € Z,
we conclude that the only unknown values in o, are
(Ui1—17 031504141y ,Z'|I‘_1, i|I\ai|IH—1)’ ie. 3‘I| elements
in o have been erased. Since |Z| < t and o belongs to
a code that corrects up to 3t erasures, we can uniquely
recover o .

i€

ij7/}, such that i; <
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Subcase (ii): 17| = 5 —2

Proceeding similarly to the previous subcase, we can
determine (01, 3040 —2,05,425 -+« o'i\1'|—1*2’ Ui‘I‘71+2, ey
aim,g), where 0, o on_4. In addition, we can
also determine o= from the difference between w= (s) and
w%_l(s). However, on_3, 0n_5 and o= _; remain unknown.
Hence, once again 3|Z| erasures in o, need to be corrected,
which is permitted by the construction of Sgé(n)

Subcase (iii): 5 —1 < ij7) < 5.

By employing arguments used earlier, we can infer
that when iz = % — 1, we are unable to deduce
Tiiz—1. Oz and Tijz)+1s in addition to the sub-
vectors (05, —1,04,,04,+1)s (Oiy—1,0iy,0i,+1) and so on,
up 0 (i —1,0iz_ys0ijz_,+1). Similarly, when 47) =
5, the complete list of erasures in o, is given by
0i1—1y041504,4+15 -+ 7Ui|z\71—1’ 0'1"2|71, 0’1“1‘714_1, Ui|z\—1 and
Tiz)- For both situations, the total number of erasures does not
exceed 3|Z|. Hence once again, o can be uniquely recovered.

Case 2: i; + 3 > i;41, for at least one j < |Z] — 1.

Assume there exists only one such value of j.
When multiple such indices exist, the proof follows
similarly.

Consider i; + 3 = 7;4;. Since for 2 < k < j, we have
ix—1+3 < ig, we can easily deduce that none of the elements
in (Ui171»0i170i1+17~
0i;+1) can be recovered.

Additionally, since w;,;13(s) is also inaccessible, we are
unable to compute o042 Oi;41—1, along with oy, 43
and o0;,14. However, due to ij41 +3 = i + 6 < 4542,
we can determine the values (0,15 = 04, , 12, e 1 Oijn—2)-
For the remaining deleted multiset pairs Cj, ,(s),...,
éim (s), the unrecoverable elements of o, are (o4, 1,
Tisyns Tigyatls- s 0ijz—1,Tizs iz +1)- Therefore, the total
number of erasures in o, equals 35 +3+3(|Z| —j—1) =
3|1Z| < 3t.

When i; +1 < 4;4; < 45 + 2, we can similarly establish
that the number of erasures in o, does not exceed 3t.

Consequently, for any configuration of Z, at least § — 3t
elements of o, can always be recovered, and owing to
the constraint on o, imposed by Sg)s(n), we can uniquely
determine each element in o . U

Theorem 5: S(thg(n) is a t-symmetric multiset deletion
code.

Proof: 1In the following, we show that the statement of
the theorem holds for even values of n. The proof for odd
n will run in a similar fashion. In particular, we wish to
show that for any s € Sg)s(n), where ¢ > 2 and n > 6t,
if one is given a corrupted composition multiset C’(s) =
Uie[g]\z Ci(s) where 7 C [%] and |Z| < t, then s can be
uniquely reconstructed.

As suggested by Lemma 6, o, can be fully and unambigu-
ously recovered, despite the deletion of up to ¢ symmetric
multiset pairs. Let T = {i1,42,...,47)}, such that i; <
g < ... < Z"I|, and Z"I| < %

Note that whenever ZN{%5 —t,...
In{g—t,...
any ambiguity since the construction of Sgg(n) ensures

«3045—-15045, 045415+« 70-’i]'7170-’i]'9

, 5} # 0, then for any j €
, 5 }» we can assign the bits (s, 5,,_j11) without
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that o; is known and corresponds to a single possibility of
(855 Sn—j+1)-

It is also worth pointing out that since o is always recover-
able, we can also deduce wy (s) from it using (4), implying that
C4(s) and C,(s) can also be inferred from the knowledge of
o ;. Additionally, since (s1,s,) = (0, 1), C,,—1(8) and in turn
wy—1(8) = wa(s) can be directly determined from C,,(s).’
Thus, in the following analysis, we ignore the cases where
1<d <2

Case 1: 11 +1=1o,... yijz—1 + 1 =147, 91 2 3.

This case corresponds to a burst of symmetric
multiset _deletions. More specifically, the multiset pairs
Ci (8), Ciy+1(8), - - -, Ci 5 (8) are removed.

With the observation that o is known and that only the
multisets C,(s), Cp—1(8),...,Cz(s) are relevant to the
reconstruction algorithm, we recognize that the prefix-suffix

pair (5?72,5272-1 4+3) can be uniquely deduced from
Cn(8),...,Cn_i,+2(s), which are unaffected by deletion
errors.

The next available multiset that the reconstruction algorithm
will be able to access, is Cp,—i; (8) = Cp,—i, —|7141(8). Recall
from Example 4 that for any v € Sg(n), the bits (v;, vp—;+1)
can be inferred from the knowledge of prefix-suffix pair
(v{fl,vzﬁ» 42), together with the compositions ¢(s7) and
c(sp_;+1)s which are extracted from multiset C,—;(s).

Subcase (i): TN{% —t,..., 5} =0.

The absence of multisets Cy—,+1(8), -, Cn—i+1(8)
hinders our ability to immediately determine the bits

iyz1—1  n—iz+2 . T
(55,1 28 i qa ). Now if (09, -1,..., 03, -1) € {0,217,
there exists no ambiguity in the assignment of

iz =1  m—iz+2 . . .
(517", s, _;"/57). But when this is not the case, i.e., there is

at least one j € [|Z]] such that o;, 1 = 1, then on account of
Lemma 4 and the fact that Sgg(n) C SSL (n), we conclude
that an incorrect assignment of the bits (s;,_1,8n—i;42)
will lead to an inconsistency with multiset Cp;, (s).
Thus, the bits (sz'lz_ql, Z:z‘lﬂ'_f) as well as the multisets
Cn—iy+1(8),.. .,Cn,imﬂ(s) can be recovered uniquely.
Following this, the reconstruction algorithm may proceed
normally and s can be fully reconstructed.

Subcase (ii): iy = 5 —t+ 1.

Under this subcase, the multisets 5g—t+17---,ég—t+\z|
are deleted. As argued previously, the prefix-suffix pair

21 .
(s ;8% ;. 9) can be deduced from the multisets
2
Cn(8),...,Cnys11(8). Now since 0y,_¢,...0n are known,

we can directly assign the bits (32473% 41)» thereby com-
pleting the reconstruction of s.

When i; > § — ¢+ 1 or in more general cases of ZN {5 —
t,..., 5} # 0, the proof runs along similar lines.

Case 2:i1+1 =19,... ,Z'j,1+1 = ’ij, ij+1 < ij+1, where
j >1 and ’L'l > 3.

The reconstruction algorithm 1is able to infer the
prefix-suffix pair (s 72, sy _; .3) from the multisets
Cn(8),...,Cn_i,4+2(s), and halts due to the absence of
multisets Cn,ilJrl(S), ey Cn,ij+1(8) = Cn,“,jJrQ(S),

702(3) may still be unknown, but is irrelevant to the reconstruction
algorithm.
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thus interrupting the recovery of bits (sﬁf{_Q,snfiﬁj 13

Now if (04, —1,...,04,4j—2) € {0,2}7, then we can assign
these bits directly and without any uncertainty. On the
contrary, if for at least one ¢; —1 < p < 7; + 5 — 2 we have
op = 1 and the bits (s,,Sp—pt+1) are assigned incorrectly,
then an incompatibility with the multiset C,_;,—;11(8)
occurs, as implied by Lemma 2. Thus, the prefix-suffix pair
(shti=2 Sp_; _j+3) can be uniquely recovered.

By applying this line of reasoning repeatedly for the deleted
multisets C;;,, (8),...,Ci (8), we can arrive at the state-
ment of the lemma.

n—ii+2 )

]
Lemma 7: The code SS)S requires at most 3t logy 1 + 4t +

3 logy(n — 4t — 2) — log,(t + 1) 4 6 bits of redundancy.
Proof: From the specification of Sg)s in (11), we observe
that (s?_t_l,s’éHH) e S, while the substring s?j“
can assume up to 3(¢+1) possible binary vectors. Furthermore,
we re(%uire 3tlogn bits of redundancy to ensure that for any
ses thq, o s belongs to a code capable of correcting up to 3t

erasures.

After some algebraic manipulation of this expression,
we find that the required number of redundant bits does not

exceed 3tlog, n 4 4t +  log,(n — 4t — 2) — log,(t + 1) + 6.
(I

Remark 3: It is possible to correct a combination of sym-
metric and asymmetric multiset deletions by suitably combin-
ing the constructions Sgl‘(n) and Sg?g(n) More specifically,
one can correct 1 asymmetric and to symmetric multiset
deletions with the code

ty,t ti+t t
SpuE (n) =SpaH (n) N S5 (n)
={s€{0,1}" : 51 =0,s, =1,
3T cC {2,...,g—t1—t2—1}, Z| > t1 + ta,

where Vi € 7, s; 75 sn_i+1,and Vi ¢ I,s; = Sp—i+1,
S[z]nzis a string where each prefix has at least
t1 + to more Os than 1s,

o, € 3ty-erasure-correcting code,
Vi € {g —t1 —ta,..., g}v (8iy8n—it1) # (1,0)}.

The proof will follow similarly to that of Theorem 2 and
Theorem 4. Intuitively, the aforementioned code can correct a
combination t; asymmetric and t» symmetric multiset dele-
tions since the constraint of o belonging to a 3t-erasure
correcting code allows the complete recovery of o, and
thereby effectively transforms the reconstruction problem into
that of correcting ¢; + ¢, asymmetric multiset deletions, which
can be corrected due to the constraints of ngh)(n). The
redundancy of this construction will be at most 3¢9 logy n +
Llogy(n — 2ty — 4ty — 2) + 2ty + 4ty —logy(t2 + 1) + O(1)
bits.

However, Sg;{?)(n) does not necessarily correct any
(t1 + t2) multiset deletions.

VII. SKEWED SUBSTITUTION-CORRECTING CODES

In this section, we confine our focus to the correction of
skewed substitution errors [see Definition 8].
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Lemma 8: Consider any s € Sg(n). Given that there
occurs a single skewed substitution error in its composition
set, one can uniquely recover s.

Proof: In the following, we let the corrupted composition
set be denoted by C'(s) = U, ¢, Ci(8)-

Case 1: n is even.

Given C'(s), it is easy to identify the corrupted composition
multiset C}(s), since the following relation only holds for k:

wh < W gy, (50)

If we now delete all elements of C}(s) from C’(s), Lemma 3
tells us that s is still uniquely recoverable.

Case 2: n is odd.

Using the arguments of the preceding case, we can reach
the same conclusion for an odd n, when the affected multiset
is C}.(s), where [n/2] < k < n, because in these cases, there
exists an uncorrupted distinct symmetric multiset C;,_, ., (s),
which gives us the true cumulative weight and thus allows us
to accurately recover o .

If k¥ = [n/2], this is no longer true since the multiset
Cryy21(s) is its own symmetric counterpart. Noting that this
normally helps us determine the bits (sp,/21—1,5n/2]+1)
we recall from Lemma 2 that when these bits are assigned
incorrectly, inconsistencies with the multiset CT,, /211 would
arise, which are not permitted under the considered error
model. Hence, we conclude that s can be recovered
uniquely.

]

We now consider a more general error model involving
multiple asymmetric skewed substitution errors, wherein each
multiset pair C;, for any ¢ € [n], may contain at most one
skewed substitution and the total number of errors does not
exceed t. It is found that any asymmetric ¢-multiset deletion
code is also robust to t asymmetric skewed substitutions.
It is worth observing that in general, it cannot be said that a
t-(asymmetric) multiset deletion code is also a t-(asymmetric)
composition substitution-correcting code.

Theorem 6: A t-asymmetric multiset deletion code is a
t-asymmetric skewed composition code.

Proof: We aim to show that if ¢ skewed asymmetric
substitution errors occur in C(s), where s € Sg%(n), such
that for all 1 < ¢ < n, C;(8) contains at most one skewed
substitution error, then one can uniquely recover s.

Since the error model only allows at most one skewed
substitution in a pair of symmetric multisets, the cumulative
weights of all sets can be determined accurately. This is due
to the fact that if multiset C(s) has been corrupted, we may
write:

Wi < Wp—f41- (51)

As a consequence, all cumulative weights can be correctly
re-assigned and in turn the o ; sequence can be recovered. The
preceding inequality also allows us to identify the affected
multisets, the deletion of which would transform our prob-
lem of correcting ¢ asymmetric skewed substitutions into
reconstruction under the absence of ¢ multisets. According to
Theorem 2, unique reconstruction of s is perfectly possible,
thus concluding our proof. ]
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Consequently, SS)A (n) is a t-asymmetric skewed composi-
tion code.

VIII. CONCLUSION

In this work, we propose and investigate error models
involving insertion and deletion of substring compositions
in the context of polymer-based data storage. In particular,
we examine the robustness of the composition-reconstructable
code introduced in [11] and [12], and identify the situations
which do not guarantee unique reconstruction of codewords
from this construction. For these cases, new codes are pro-
posed. Notably, an equivalence between codes correcting mul-
tiset deletions and insertions is established. We also examine
a special asymmetric variant of substitution errors, namely
skewed substitution errors, which manifest in polymer-based
storage.

Several problems pertaining to string reconstruction under
this data storage paradigm still remain open:

o The error model involving skewed substitutions under a
symmetric setting is yet to be investigated. It would be
interesting to know if there exists a suitable codebook
offering a lower redundancy than that designed to correct
standard substitution errors under the symmetric setting,
as stated in [11].

o The extension of the problem of string reconstruc-
tion from composition multisets, error-free or otherwise,
to larger alphabets, is also a promising direction.

o Though some bounds on the maximum number of mutu-
ally equicomposable strings were stated in [10], it is still
not known if the existing code constructions are optimal.

o This research may be extended to a setting wherein bits
are arranged in a circular fashion, on a ring.

o As pointed out in [10], a polynomial-time algorithm for
the string reconstruction problem is yet to be found.

o Lemma 3 establishes that Sg(n) can correct a single mul-
tiset deletion, while Theorem 3 implies that Sr(n) can
also correct a single composition substitution. However,
more generally, it seems unclear if any ¢-multiset deletion
code is also a t-composition substitution code. A counter-
example could not be found. Hence, finding a proof for
the same is certainly an open problem. It is however
easy to show that any 2¢-multiset deletion code is also a
t-composition substitution code.

APPENDIX

Lemma 9: Consider a string s € Sg(n). Given C'(s) =
UiE[n]\{k—l,k,n—k-‘rl,n—k-{-Q} Cz(s) for any 1<k< ’VnT_l]’ S
may no longer be uniquely determined.

Proof:

Case I: mn is even
{Cn_1(8),...,Cn1a(s)}.

To demonstrate that Sgr(n) does not necessarily
preserve unique reconstructability when the multisets

and deleted sets are:

{Cz_1,...,Cn 12} go missing, we consider two codewords
s,v € Sg(n), such that:
U cae= U Gw). (52)
i€{n,...,5+3} i€{n,.... 5 +3}
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7

o™ [ofo[1]ofofo] <tn |

-3

i [afofofofolo] ®Ea |

Fig. 8. Strings s and v are specified by (53) and (54).

From our knowledge of the reconstruction algorithm
[Section II], we can also infer the following:

n/2—3 n o n/2-3 _n
(51 ’Sn/2+4) = (v a'Un/2+4)’
..n
O’Z‘:O',g. 1<i< = =3,
2

o ’ /
On_g+0z_1+0z2 —J%_2+U%_1+o%. (53)
where o5 = (01,...,0,)2) and 0, = (ai,...,ail/Q) corre-

spond to s and v respectively. Additionally, we set:

2 2

(0%_2’ on_1,0n) =(0,0,1),
(y 2.0y 1.0y = (1.0,0),
Unj2—2 = 1,
Snj2 = 1,
Sp—3 =0,
wi(s3/ %) = wi(s" 7). (54)

The relations between s and v as described by (53) and (54)
are depicted in Fig. 8. Evidently, s and v differ in their respec-
tive multisets C, /242 and C), /241 according to Lemma 2.
Additionally, since their cumulative weights wy, /212 and wy, /2
also differ, as one may verify from (6) and (54), we deduce that
the multisets C), /2 and C),/2_; also do not match for s and
v. We now proceed to examine if C),/5_2(s) = Cy,/2-2(v)
holds:
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(55)

{els 7). 0} {e(wi )1

{elss"),0%) {e(w; ),01)
fe(y ) 001y [ Jewn 2oy 7

fesi). 0] | e, 0%)
Since the construction of Sg(n) requires s; = 0 and (54)
mandates that s,_3 = 0 and Wt(s;/2_3) = wt(82724+4),
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we are led to the following relation:
wi(s]/27%) = wi(s52 %) = wi(sh %) = w(sh h). (57)

This allows us to conclude that (55) indeed holds, and further
bit specifications in s and v can lead us to similar set
equality relations for the multisets C),/5_3,...,C1. Hence,
s and v become confusable under the deletion of multisets
{Cy1(s),...,C31a(s)}.

Case 2: n may be odd/even and the four deleted sets are
not consecutive: {Ci_1(8),Cx(8), Cr—k+1(8), Cr—r1+2(8)},
where k+1<n—k+1.

In the following, we once again proceed by checking if
s is uniquely recoverable, by probing the existence of some
v € Sg(n), characterized by of, ... ,U’[%W such that for all

em\{k-Lk—n—-k+1,n—k+2}:

Ci(s) = Ci(v). (58)

Subcase (i): k=2

This situation corresponds to the deletion of multisets
Cy(s), Ca(s), Cp—1(s) and C,,(s). When this happens, for
any 3 <14 < [n/2] — 1, the following values are recoverable:

Wwi+1(8) —wi(8) = oip1 + ...+ O[n 2]
This can be used to recover the values of oy,...,07,/2)-
In other words,
oi=o0.. VYV 4<i<[n/2] (59)

Furthermore, since ws(s) =
(5) and (59) that:

ws(v), we can infer from

o + 204 + 304
205 + 303.

01+ 209+ 303 =
— 202+303 =

The second equality follows from the construction of Sg(n).
Given the above relation, we conclude that (59) also holds for
i € {2,3}. Moreover, we cannot have (s2, $,—1) # (v2,Vn—1)
even when oy = o), = 1, since the Catalan-Bertrand structure
would automatically imply that (s2,s,-1) = (va,vp—1) =
(0,1). This inference, combined with Lemma 2, lead us to the
conclusion that no suitable v exists.

Subcase (ii): k =3

When multisets
have been deleted,

C5(8),C3(8),Cr_2(8) and C,_1(s)
the availability of cumulative weights

W1, Wy, - .-, Wpy2) allow us to retrieve 01,05, ...,0[,/2] as
in the previous subcase, i.e.
o; =0 vV ie|[[n/2]]\{2,3,4} (60)
We also observe from (6) and (58) that:
wq(8) —wi(s) wy(v) — wy(v)
= 3’11]1(8) — 03 — 20’2 - 30’1,
= 03 +203 = oh+ 20&. 61)

Similarly, since ws(s) = ws(v), we obtain:
09 + 203 + 304 = Jé + 20§ + 304.

As a consequence, (60) also holds for ¢ = 4. This, along with
(4) hints that:

o9+ 03 = 0h + 0. (62)
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Fig. 9. Strings s and v are related such that (Slf_s,sz,k+4) =

k—3 k—1 —k—1
(Wi % v)_phy) and c(sp iy ) = clvg s )

Equations (61) and (62) together insinuate that (o2,03) =
(4, 0%). Hence, we may argue as before, that no suitable v
distinct from s actually exists.

Subcase (iii): k > 4

Similar to the approach used in Case 1, we attempt to show
that there exist two codewords s,v € Sr(n), such that for all

en\{k-Lkn—k+1n—k+2}:

Ci(s) = Ci(v). (63)

To this end, we construct a specific pair of strings s and v as
follows:

v 3 ;l k+4)7

(v}
(o'k 2,0k— 170'k7a0-k+1) (1a15170)
(2001)
Vk+2<i<[7]
(Sk—1, Sk Sk+1, Sk42) = (07 1),
2:17

Vp—2 = 0.

(517°, 81 _psa)

(01%2, kapazw 0k+1) =

o; =

(64)

These relations have been illustrated in Fig. 9. The preced-
ing equalities also imply that:

o, = o, V1<i<k-3
k+1 k+1
/
E g; = E Ui7
i=k—2 i=k—2

Ok +20k—1+ 30k—2 = 0}, + 20}, _, + 30)_o,
n—k—1 n—k—1
(3k+2 )= C(”k+2 )-

In turn, these relations help ensure that:

w;i(8) = w;(v), V1i<i<k-—2
Wi41(8) — We—2(8) = wi41(v) — we—2(v),
Witi41(8) = Wrti(8) = Weit1(v) — witi(v).

for 1 <1i <n—k—1. One may verify this with the assistance

of (4) and (6).

From Fig. 9, it is fairly evident that s and v do not match

in their corresponding multisets C),_x12 and Cp_x11. Now,

as done in Case 1, we check if multisets C,,_x(s) and
_x(v) match:

{C(Slf ?).0M1, ¢}
{c(s573),0%12%, ¢}
{e(s5™ 3) 0*1%, c}
{C(SZ k+4)702137c}
{c(s;— ]1€+4),0313,c}
(87 ya)s 0117, c} {c

n—2 )

{C 8 n—k+4/>
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where ¢ = c(sﬁ;f_l) = c(vﬁ;g_l). By applying (64) to this,

we deduce that this equality is indeed upheld, thus implying
that s and v are confusable under the absence of multisets
Cr-1,Ck, Cn—it1, C—ig2-

O
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