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Abstract—Balanced sequences and balanced codes have
attracted a lot of research in the last seventy years due to their
diverse applications in information theory as well as other areas
of computer science and engineering. There have been some
methods to classify balanced sequences. This work suggests two
new different hierarchies to classify these sequences. The first
one is based on the largest £ for which each ¢-tuple is contained
the same amount of times in the sequence. This property is a
generalization for the property required for de Bruijn sequences.
The second hierarchy is based on the number of balanced
derivatives of the sequence. Enumeration for each such family
of sequences and efficient encoding and decoding algorithms are
provided in this paper.

Index Terms—Balanced sequences, de Bruijn sequences,
de Bruijn graph, Knuth’s balancing algorithm, derivatives of
sequences.

I. INTRODUCTION

A BINARY sequence in which the number of zeros equals
to the number of ones (or the latter number is larger by
one than the former number if the length of the sequence
is odd) is called a balanced sequence. It is known that
the redundancy of this family of sequences of length n is
0.5logn+O(1) [28]. Knuth [28] designed an efficient encod-
ing algorithm with linear time complexity which encodes an
arbitrary binary sequence of length n to a balanced one using
logn + ©(loglogn) redundancy bits. In the following years,
various generalizations of the family of balanced sequences
and Knuth’s algorithm were studied, e.g., [1], [2], [24], [42],
[44], [45], [48], [49], [50], [52].

Classifying balanced sequences was done throughout the
years based on their properties. The first classification was
suggested by Golomb [21] in his definition of three ran-
domness postulates. His hierarchy was further generalized
in [9] and [20]. Later, balanced sequences were classified
based on their spectral-null order, e.g., [42], [45], [49]. This
classification is important in the context of magnetic record-
ing [25]. Another classification of balanced sequences can be
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done by their linear complexity [8] which is also related to the
depth of a sequence [4], [13] and its derivatives [39]. More-
over, there has been a particular interest in the classification
of de Bruijn sequences, see for example [8], [34].

In this paper, further classification of balanced sequences
is considered and as a consequence, a hierarchy of these
sequences is provided. The first hierarchy is based on an
integer ¢ for which each /-tuple appears the same number g
of times as a window of length £ in a cyclic sequence. If the
length of the sequence is ;2¢, it contains each binary /-tuple
as a window of ¢ consecutive symbols exactly p times. When
1 =1 this family of sequences coincides with the well-known
family of de Bruijn sequences. This motivates some compar-
isons of these sequences with de Bruijn sequences.

The binary de Bruijn graph of order ¢, Gy, was intro-
duced in 1946 by de Bruijn [6]. His target in introducing
this graph was to find a recursive method to enumerate the
number of cyclic binary sequences of length 2¢ such that each
{-tuple appears as a window of ¢ consecutive symbols exactly
once in each sequence. These sequences were later called
de Bruijn sequences. It should be mentioned that in parallel
also Good [22] defined the same graph. The vertices of Gy
are represented by the binary (¢ — 1)-tuples, and the edges
are associated with the binary /-tuples. The edge u — v is
associated with an /-tuple  when v is associated with the
(¢ — 1)-prefix of = and w is associated with the (¢ — 1)-suffix
from x. Eulerian cycles in de Bruijn graphs, i.e., cycles that
visit each edge of Gy exactly once, are called de Bruijn cycles.
It was proved in [6] that the number of de Bruijn cycles in
Gy is 22/'_174

Each de Bruijn cycle induces a single (cyclic) de Bruijn
sequence of length 2¢, by picking any edge in the cycle as
a starting point, considering its first entry and appending the
first entry of each consecutive edge in the cycle. All sequences
that can be generated in this way from the same cycle are
considered as the same sequence. If we decide to designate a
specific ¢-tuple as the first /-tuple of the cyclic sequence, then

the number of such de Bruijn sequences is 22" gince each
one of the 2¢ distinct /-tuples can be chosen as the first one.
This is the same as to consider these sequences as (acyclic)
words, but /-tuples are also wrapped around from the end
of the word to its starting point. In both scenarios (cyclic or
acyclic), the asymptotic rate of this family of sequences is 1/2,
i.e., the rate of these sequences approaches 1/2 as £ — oc.
One of the first applications of the de Bruijn graph was in
the introduction of shift-register sequences and linear feedback
shift registers [21]. Throughout the years, an extensive number
of papers have studied de Bruijn graph and its sequences.
Several of those include [8], [10], [12], [15], [16], [23], [30],
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[31], [33], [41], [47]. Most recently, DNA storage has brought
fresh interest to this family of sequences; see [3], [26], [46].

The second hierarchy that we provide is based on the
number of balanced derivatives produced by the sequence.
For a cyclic sequence s = [sg, $1,-..,Sn—1), the derivative
of s, &, is defined by s’ = [sp + 51,81 + S2,. -, Sn—1 + S0)-
These sequences and their applications were studied in several
papers, e.g., [4], [13], [19], [31], [39]. The two hierarchies
which are defined are not completely independent. For exam-
ple, we will prove in the sequel that in a sequence each 2-tuple
appears the same number of times if and only if the sequence
and its derivative are both balanced.

Note that throughout the paper, most of the time and unless
mentioned otherwise, the sequences studied will be cyclic
ones, i.e., windows are read cyclically, but the order of their
symbols will be important, i.e., two sequences which are the
same cyclically, but have different order of symbols will be
considered as distinct sequences. For example, the sequences
001010 and 000101 are considered distinct, although that
cyclically they are the same sequence.

The rest of this paper is organized as follows. In Section II,
we formally define the families of sequences studied in this
paper, and review several previous results. In Section III, we
study the set of sequences of length n that contain each
2-tuple exactly n/4 times. We present an efficient encoding
algorithm for this set of sequences. This algorithm which
requires 2logn + ©(loglogn) redundancy bits is based on
Knuth’s algorithm. In Section IV, we present an enumeration
for sequences of length ;2¢ that contain each binary ¢-tuple
as a window exactly p times, for all admissible values of ¢
and p. This enumeration is based on a generalization of the
de Bruijn graph, denoted by Gy ,, which has the same set
of vertices as Gy, and each edge of G, is duplicated p times.
That is, each vertex of G, is associated with a binary (¢—1)-
tuple, and it has two sets of p parallel outgoing edges, each
such set of parallel edges is associated with a different binary
{-tuple. This enumeration implies that the cardinality of this
set of sequences is

22#1 2u—1
(u—l)
Moreover, we derive explicit expressions for the redundancy
and the asymptotic rate of this set of sequences for some
values of ¢ and p. Later, we study a variation of this set of
sequences where two sequences that are identical cyclically
are considered to be the same sequence; it is shown that the
cardinality of this set of sequences is
PR T A
1 ; ( A-1 > '
A=gcd ()
Furthermore, in Section V we present a generic encoding
scheme for this set of sequences for £ = O(loglogn) that uses
2= 1og i+ ©(2¢~tloglog ) redundancy bits. In Section VI,
we study sequences of length n which satisfy the property
that their first k£ derivatives are balanced, for a fixed integer k.
We study the cardinality of this novel family of sequences
for several values of k and present an efficient encoding

2[*1

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 69, NO. 5, MAY 2023

algorithm which requires klogn + ©(loglogn) redundancy
bits. This algorithm is also based on Knuth’s algorithm.
Finally, a conclusion is presented in Section VII.

II. DEFINITIONS AND PRELIMINARIES

For two integers i, k € N such that ¢ < k we denote by [, k]
the set {7,...,k} and use [k] as a shorthand for [0, k — 1]. Let
n € N be an integer, let s = [sp,...,sp—1] € Fy denote
a cyclic sequence of length n, and let y = (yo,.-.,Yn—1)
denote an acyclic sequence of length n. For two positive
integers i, k < n, let s; ;; denote the window (s;, ..., Sitr—1),
where the indices are taken modulo n. Additionally, let
Prefy(s) = Sok, Suffy(s) £ s,_kk denote the k-prefix,
k-suffix of s, respectively, and let wg (s) denote the Hamming
weight of s. The binary compliment of s, is the sequence 5 =
[Soy ..., 8n—1], where 5; = 1 —s; is the binary complement of
s; for every i € [n]. Let p(s) denote the period of s, that is,
the smallest positive integer that satisfies s; = ;4 p(s) mod n
for every i € [n]. If p(s) = |s| we say that s is aperiodic.
Otherwise, we say that s is periodic. The notation sov denotes
the concatenation of s and another sequence v, and s’ denotes
the concatenation of s i times, i.e., s* = s*~!os. For an index
i € [n], let b(¢) denote its binary representation using [log(n)]
bits, where the least significant bit is the last bit. Finally, the
redundancy of a set A C F% is defined as red(A) £ n—log|A|,
where all logarithms in this paper are taken to base 2.

Definition 1: The ¢-th order binary de Bruijn graph G/ is
the digraph (V, E), where V = F5~! and

EZ{((So,Sl,. .

An edge ((so,$1,.-.,S0—2), (51,52, ..
denoted by the ¢-tuple (s, S1,...,80-1)-

Note that the edges of G, are associated with the set of
binary (-tuples, F5.

Example 1: The graph G3 is given by

.,Sg_g), (81752, Ce Sg_l)) |Sz eFy,i € [é]}

., 80—1)) € E is

000

O

Definition2: Let ¢ be an integer and n = 2°. A cyclic

sequence s € F7 is called a de Bruijn sequence of order ¢
if s contains each binary ¢-tuple as a window exactly once.

The connection between Eulerian cycles in G and de Bruijn

sequences of order ¢ is as follows. In order to generate a

sequence from a cycle, we pick any edge in the cycle to start
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from and consider the first entry of each consecutive edge in
the cycle.
Example2: Let £ = 3,n = 8. Then,

s =[00010111]

is a de Bruijn sequence of order ¢ (in subsequent examples,
we sometimes omit the parentheses from s). The sequence s
can be generated from G5 using the Eulerian cycle

00 2200 2 01 22 10 2 01 2 11 % 11 = 10 12 00.
O

Definition 3: Let n € N be an integer and let s € 3 be a
sequence. We say that s is balanced if wy(s) = [n/2].
Note that Definition 3 is applicable for both even and odd
sequence lengths. When n is even, it is required that the
numbers of zeros and ones are identical. When n is odd, the
bit one appears one more time than the bit zero. Additionally,
we define for s its imbalance, denoted by J(s) = [n/2] —
wp(8). Note that s is balanced if and only if d(s) = 0.

The redundancy of the set of length n balanced sequences is
0.51logn 4+ O(1) implied directly from Stirling’s central bino-
mial approximation [38] (see [28] for an accurate calculation).
In [28], Knuth designed an efficient encoding algorithm that
balances a sequence x € F3 using logn + O(loglogn) bits.
The algorithm first finds a balancing index i of x, which sat-
isfies that flipping Pref;(x), that is, replacing it with its binary
compliment, results in a balanced sequence. Then, the binary
encoding of the index ¢ is encoded as a balanced sequence
using logn 4+ ©(loglogn) bits and it is appended to x after
flipping the i-prefix of . Let £k denote this encoder which
will be utilized in several encoding algorithms in this paper.

Example 3: Let n = 16. Then, the sequence

s = 1011000000000111

is not balanced since its imbalance is d(s) = 8 — 6 = 2.
In order to balance the sequence, we follow Knuth’s balancing
algorithm and iterate 7 = 0, ..., n—1 until we find that flipping
the ¢-prefix of s balances the sequence. This is satisfied by
i = 8, and after flipping Pref;(s) we obtain

5 =0100111100000111.

Next, in order to be able to decode s, we need to append
to § a balanced binary encoding of the index ¢ = 8 using
logn + ©(loglogn) bits. There are several known methods
to do so, we use for this example a simple approach that
requires exactly logn + 2loglogn redundancy bits. We take
the binary encoding v = b(i) = 1000 of length logn and
balance it using the same method. We obtain the balanced
sequence ¥ = 0110 and the balancing index j = 3. Then,
we take the binary encoding w = b(j) = 11 of length
loglogn and concatenate it with its binary compliment to
receive 4 = w o u = 1100, a balanced sequence of length
2 loglog n. Finally, we concatenate these sequences to receive
a unique balanced sequence,

§"=8o0vowu=010011110000011101101100.
(]
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We define the main family of sequences discussed in this
paper, which induces a hierarchy of balanced sequences.
This hierarchy classifies balanced sequences based on the
multiplicity of the appearances of ¢-tuples in the sequence;
it will be shown that this property has a strong connection to
de Bruijn graph of order 4.

Definition4: Let ¢, ;i be integers, and n = p2¢. A cyclic
sequence s € F3 is called an (¢, u)-balanced de Bruijn
sequence, or an (¢, u)-BdB sequence in short, if s contains
each binary /-tuple as a window exactly  times, i.e., for every
v € FY, there exist exactly p distinct indices io, . . ., 7,1 € [n]
such that s;, o, = v for every j € [u].

Example4: Let £ = 3, = 2,n = 16. Then, the sequence

s = 0000100101101111

is a (3,2)-BdB sequence, since it contains each binary 3-tuple
as a window exactly twice. g

We denote the set of all (¢, u)-BdB sequences over Fo by
B(¢, 11). We also define the asymptotic rate of B(¢, i), R(u),
as a function of the multiplicity p by

R(u) £ limsup w.
£— 00 /-‘QZ
Observe that when p = 1 the set B(¢,1) is exactly the set
of de Bruijn sequences, and hence R(1) = 1/2. On the other
hand, for ¢ = 1, the set B(1, 1 = n/2) is the set of balanced
sequences of length n, and thus

red(B(1,n/2)) = 0.5logn + O(1).

Next, we present the useful definitions of the derivative
sequence and the integral sequence. These mappings were
defined before by Lempel [31] as the D-morphism and its
inverse D!, respectively, and have since been applied in
various papers, see for example [4], [5], [8], [13], [14], [17],
[18], [19], [39], [40].

Definition 5: Let s € F} be a cyclic sequence. Its derivative
sequence, denoted by &', is the cyclic sequence

/ mn
s = [80+81551 + S2,...,8p—2 + Sp—1,5n—-1 +50] 6}F2~

The derivative of an acyclic sequence y € 5 is an acyclic
sequence of length n — 1,

y, = (yO +y1,y1+ Y2,y Yn—2+ yn71)~

Notice that for every cyclic sequence s € 5, the Hamming
weight of s’ is even, since
n—2

wp(8') mod 2 = Z(Si‘f’Si.{.l) mod 2+ (8,—1+80) mod 2
i=0

n—1

= ZZ s; mod 2
i=0

= 0 mod 2.

Additionally, note that s, the binary compliment of s,
satisfies that (s)’ = s’, and no other sequence of F} shares this
derivative. The same holds for any acyclic sequence (we use
later the notation s for acyclic sequences as well).
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TABLE 1
TABLE OF DEFINITIONS AND NOTATIONS

Notation Meaning Remarks

n Sequence length Sec. IT

F, The binary alphabet {0, 1} Sec. 1T

[k] =10,k —1] The set {0,...,k—1} Sec. IT
S =[50,---55n-1] A cyclic sequence of length n Sec. 1T
Y =0s--->Yn-1) An acyclic sequence of length n Sec. II
Sik An acyclic window of s Sec. IT

Prefy. (s), Suffy (s) k-prefix, k-suffix of s Sec. IT
wH (s) Hamming weight of s Sec. I

p(s) Period of s Sec. 1T

b(i) Binary representation of index i Sec. IT
red(A) Redundancy of set A Sec. IT

Gy The ¢-th order binary de Bruijn graph Def. 1

S(s) Imbalance of s Sec. 11

Ek Knuth’s balanced sequences encoder Def. 3

B, u) The set of (¢, u)-BdB sequences Def. 4

R(u) Asymptotic rate of B(¢, u) Def. 4

s’ Derivative sequence of s Def. 5

/ (s, o) Integral sequence of s, o Def. 6
Geop Generalized de Bruijn graph Sec. IV

r The all-zero vertex of Gy Sec. IV

T A reverse spanning tree of Ge Sec. IV

D(n, k) The set of k-order balanced sequences  Sec. VI

Definition6: Let s € Iy be a cyclic sequence where its
Hamming weight is even, and let ¢ € [F5 be a symbol.
The integral sequence derived from s, o, denoted by [(s,0),
is the sequence

/(s,a) — Bo...,3n1] € FL,

where ) = o and for every i € [1,n — 1], §; = s;—1 + S;—1.
Notice that s = [(s’, s9). Moreover, notice that every cyclic
sequence of length n with even Hamming weight is the
derivative of two unique cyclic sequences of length n.

Example5: Let n = 12 and s = 100001000001. The
derivative sequence s’ is

s’ =100011000010.
Additionally,

/(s', 1) = 100001000001 = s,
and,
/(s’,O) =011110111110 = s.

O

Finally, for the convenience of the reader, relevant notations

and terminology referred to throughout the paper are summa-
rized in Table 1.

III. ENCODING (2,n/4)-BdB SEQUENCES
USING KNUTH’S ALGORITHM

First, we present an encoding algorithm for (¢, u)-BdB
sequences of length n = 4 with £ = 2, which is based on the
connection of this set to the family of balanced sequences.

We seek to extend Knuth’s algorithm [28], which encodes
an arbitrary binary sequence to a balanced one using logn +
O(loglogn) redundancy bits, for the case where each 2-tuple

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 69, NO. 5, MAY 2023

appears exactly n/4 times. The following lemma characterizes
this set of sequences.

Lemma7: If s € FY, then s is a (2,n/4)-BdB sequence if
and only if s is balanced and s’ is balanced.

Proof:  First, assume that s € B(2,n/4). Since each
2-tuple in F% = {00,01,10,11} appears n/4 times in s,
it follows that s is balanced. Moreover, this implies that each
2-tuple of s yields n/2 occurrences of the bit zero in s’ and
n/2 occurrences of the bit one in s’. Hence, s’ is balanced.

For the other direction, assume that s and s’ are balanced,
and let agp,ap1,a10,a11 be variables such that for every
y € F3, a, denotes the number of occurrences of the 2-tuple
y as a window of s. First, notice that for any sequence we
have that

ap1 = aio- (1)

Since s is balanced, it has an equal number of zeros and ones.
It follows that

2 ago + ap1 + a10 = 2 a11 + ap1 + a10 = apo = a11-  (2)

Additionally, since s’ is balanced, it has an equal number
of zeros and ones as well. Derivating the 2-tuples 00 or 11
induces an occurrence of zero in s', and similarly derivating
the 2-tuples 01 or 10 induces an occurrence of one in s'.
Therefore, we have

apo + a11 = ag1 + aig- (3)

By combining equations (1), (2), and (3) we have agg = ag1 =
a0 = a1l = n/4 ||

Notice that by flipping some i-prefix of a sequence s,
the new derivative is changed by exactly two bits compared
to s’ (at positions ¢ and n) unless ¢ € {0,n}. Thus, the
imbalance of the new derivative is changed by at most 2
compared to s’. Additionally, denote the sequences w_; =
0111,wp = 0011,w; = 0001 and notice that §(w_1) = —1,
5(&)0) = 0,(5((4)1) = 1.

Algorithm 1 receives an input sequence s € F;~ ” where
p = 2logn + O(loglogn), and outputs a unique sequence
x € B(2,n/4). The algorithm first uses Knuth’s algorithm
to balance s’ and obtain a sequence (s*)" as a result. Then,
Knuth’s algorithm is applied on the integral s* = [((s*)’, so)
and receives S as a result. The balancing indices of s’
and s* are concatenated to construct the indices sequence
v of length! 2logn. Then, the process is repeated with v
as an input to create ¥ and its indices sequence u of length
2log(2logn). Since w is relatively a short sequence, it can be
transformed to a balanced sequence with a balanced derivative,
u, using a fixed encoding lookup table, denoted by LT;,, with
92log(2logn) — Q(log?n) elements. It will be proved that
for every wu, 2loglogn + O(logloglogn) bits are sufficient
for u. Later, we set £ = wg o S o ¥ o U to receive a
balanced sequence that starts with a zero and its derivative
has a constant imbalance. Finally, the derivative of x, =,
is balanced manually to receive a sequence ' by appending
a sequence of constant predetermined length mi. Then, the
integral Z = [(&’, ) is balanced manually by appending

For simplicity, in the rest of this paper we omit some of the ceiling
notations.
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a sequence of constant predetermined length mg. The lengths
mo, m1 are known in advance independently of n as explained
later after Lemma 12. The result & is a balanced sequence
with a balanced derivative of length n and hence belongs to
B(2,n/4) by Lemma 7.

Remark I: Throughout Algorithm 1, when applying the
integral operation [(y, o), for a sequence y and a symbol o,
y is always balanced and its length is a multiple of 4; therefore,
the Hamming weight of y is even and it is a valid input for
the integral operation as discussed after Definition 5.

Algorithm 1 Encoding (2,n/4)-BdB Sequences

Input: A sequence s € Fy ™"

Output: A sequence & € B(2,n/4)

Additional Ingredients: Knuth’s algorithm £y, redundancy
p = 2logn + O©(loglogn), lookup table LT, sequences
w_1,wp,wi, constant predetermined values mg, m;.

1: Derivate s to receive s’.
2: Use &k to find i1, the balancing index of s’. Flip the ;-
prefix of s’ to receive (s*)" and obtain s* = [((s*)’, s0).

3: Use £k to find 7g, the balancing index of s*, and flip its
1g-prefix to receive s.

4: Construct the indices sequence v = b(ig) o b(i1) of length
2logn.

5: Repeat Steps 1-4 with v as an input to receive ¥ and the
indices sequence u of length 2log(2logn).

6: Use the lookup table to receive & = LT, (u), a balanced
sequence with a balanced derivative of length 2loglogn +
O(logloglogn).

7: Let € = wgoS8ovouU.

8: Derivate x to receive ', and let g = d(x’).

9:if g > Q then

10:  Set ' =a' 0129(01)"= 9.

11: else

122 Set & =’ 0 02l91(01)"

13: end if

14: Obtain Z = [(Z',20), and let h = §(Z).

15: if A > 0 then o

16: Setz==%o wﬁl ow,*

17: else o

18: Setﬁziow‘lhloonf‘hl.

19: end if

20: Return .

—lgl

Example 6: Let n = 184, p = 44. The input sequence for
Algorithm 1 is

s = 18080152
of length n — p = 140. Its derivative sequence is computed in
Step 1,
s’ =0710710%.
Notice that both s and s’ are not balanced. At Step 2, the

algorithm finds the balancing index of s’, 71 = 70, and flips
the i;-prefix of s’ to receive the derivative of s*,

(S*)/ _ 1701620171052.

2927

TABLE 11
LOOKUP TABLE OF ALGORITHM 1

n lw| |u| Table size
nel22+1,28 8 12 256
ne28+1,2%] 12 16 409
ne22+1,2%1 12 16 4096
ne2+1,2128] 16 20 65536

Then, s* is constructed from (s*)" and sq,

st — /((S*)/, 50) _ (10)4(01)31018152.

At Step 3, the algorithm finds the balancing index 7o = 123
and flips the igp-prefix of s* to get

3 = (01)*(10)**1180%5117.
This induces an indices sequence v, computed at Step 4,
v = b(123) 0 b(70) = 01111011 0 01000110.
Next, at Step 5 the process is repeated for v and we receive
v =1001101101000110, and = = 00110000.

Then, at Step 6, u is encoded into a balanced sequence with a
balanced derivative of length 12 according to its lexicographic
order in the fixed encoding lookup table LT;, (see lookup table
sizes in Table II),

u = 001001110011.

Then, at Step 7 we have
a= 00110 (01)*(10)311'80%51'7 6 1001101101000110 0 001001110011

=0%12(01)*(10)3'1'803°1'80212012010%120%10%130%12,
and derivatives it at Step 8 is

x' = (01)*1701°%0"710%*10"(10)*101%0%(10)%01%010% (10)*1.
Next, manual balancing is done at lines 9 through 20 of the
algorithm. For this example, we can take mg = 8, m; = 4
(the actual computed values of the constants mg, m; are given

in later). Since g = §(x’) = —2 is computed at Step 9, the
algorithm appends 0% to =’ at Step 12 and hence

' = (01)*1701°%0'710**10"(10)*1%01%0%(10)?01%0107 (10)0®.
At Step 14 we have, T = f@/, x0) and therefore,

Z =0%1%(01)*(10)*'1'%0*1"%0%1%01%010°10°10°1°0%1°0".
Finally, Z is manually balanced at Step 16 by appending
w2, = (0111)2 since h = §(Z) = 2, and the result is
& = 0212(01)*(10)3111803%1180212012010%120%102130%2120°13013.
One can verify that each of {00,01, 10, 11} appears n/4 = 46
times as a window of . O

The following auxiliary lemmas will be used to prove the
correctness of Algorithm 1.

Lemma8: Lety € Iy, z € F3' be sequences with balanced
derivatives. If yo = 2o, then (y o z)’ is balanced.
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Proof: We have

(yoz)'=Prefr_1(y') o (yn—1 + 20) o Pref—1(2') 0 (zm—1 + v0)
=Pref,, _1(¥') o (Yn—1 + 90) o Pref,_1(2") 0 (zm—1 + 20)

/ /
=4y oz

Since y’, z’ are balanced, if follows that ¢y’ o 2’ = (y o 2)’ is
a balanced sequence. ]
Claim 9: Let y € F3, z € F5'. Then,

0((y o 2)")| < [6(y")] + [0(z")] + 2.
Proof: Similarly to the proof of Lemma 8, we can write
(yoz) =Pref,—1(y') o (Yyn—1 + 20) o Prefy—1(2') 0 (2m—1 + %0)-

If yo = zp, it follows immediately that (y o z)’ = y’' o 2’
and the claim holds. Otherwise, if yy # 2, by observing all
possible values of yg, yn—1, 20, 2m—1 We have the weight of
(y o z)’ might differ by 2 from the sum of the weights of y’
and z’, and the claim holds as well. [ |
Lemma 10: At the beginning of Step 9 of Algorithm 1,
x is balanced and the imbalance of its derivative satisfies
6(=')] < 8.
Proof: First, € = wg o 8 o v o u is balanced since
it is a concatenation of the balanced sequences wy, S, V,u
(the sequences S,v,u were obtained in Steps 3, 5 and 6
respectively). Next, notice that at Step 3, the imbalance of &
satisfies |6(8")| < 2 since flipping a prefix of 3 changes the
imbalance of its derivative by at most 2. Similarly, at Step 5,
the imbalance of @' satisfies |§(v')| < 2 . The deriative 4’ is
balanced since it is obtained from the encoding lookup table
at Step 6. Notice that at least two out of S, v, u start with the
same bit. By Claim 9 we have

[6(2")] < [6(wp)| + 163" + 16| + |o(@)] + 2
+24240+2-2

<
<0
< 8.
|
Lemma 11: At the beginning of Step 15 of Algorithm 1, &
satisfies that |0(Z)| < mq and its derivative is balanced.
Proof: First, by appending to x’ at Step 10 or 12 a
sequence of length m;, the imbalance of Z = [(2',z0)
satisfies

6(x) = [z[/2 — wu (2)
< (J&] +m1)/2 = (wi (®) +m1)
=4(x) + ms.

Since by Lemma 10 before these steps x is balanced, we have
6(@)] < ma.

As for the derivative, we have that if g = 6(«’) > 0, and
by Lemma 10 that g < 6 , then if m; > 2g, the imbalance
of ' is

§(@)=g+06(129001) 719y =g—g=0.

Similarly, 2 is balanced if g < 0. [ ]
Lemma12: At Step 20 of Algorithm 1, Z and ' are
balanced.
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Proof: Remember that 6(w1)=1, §(wp)=0,d(w_1)=—1.
If h=46(x) > 0, by Lemma 11 we have that h < m;. Then,
if mg > 4h, the imbalance of Z is

5(&) = h+ 6w, owyt "y = h—n =0.

Similarly, Z is balanced if & < 0.

Next, notice that o = x¢g = 0. Since Z, w1, wp, w_1 have a
balanced derivative and start with 0, it follows from Lemma 8
that 2" remains balanced after the concatenation at Steps 16
or 18. [ ]
It follows from the proofs of Lemmas 11 and 12 that the
constants mg,m; should satisfy mo > 4h and m; > 2g.
Therefore, by Lemmas 10 and 11 the values m; = 16 and
mg = 64 are sufficient for every n.

Theorem 13: Algorithm 1 returns a sequence Z € 3(2,n/4)
that can be uniquely decoded to its input sequence s. The
algorithm uses p = 2logn + ©(loglogn) redundancy bits
and its time complexity is O(n).

Proof: The correctness of the output of the algorithm
follows from Lemma 7 and Lemma 12. As for the redundancy,
the algorithm adds 2logn redundancy bits at Step 4, and
additional 2loglogn + O(logloglogn) redundancy bits at
Step 5. At Steps 7 to 20, the algorithm adds mi +mgo +4 =
O(1) redundancy bits.

The time complexity of the algorithm follows from the
time complexity of Knuth’s algorithm, O(n), and the time
complexity of the derivative and integral operations, ©(n).
The rest of the operations invoked throughout the algorithm
have constant time complexity.

A decoder for Algorithm 1 recovers & from Z by revers-
ing Step 16 (or 18) and Step 10 (or 12) and trimming
the last mg, m; bits of &, respectively. After that, the
decoder extracts 8,v,u from x, corresponding to Step 7,
and recovers uw from the fixed encoding table LT,. Next,
it recovers v from v using the balancing indices of u and
similarly it recovers s from § using the balancing indices
of v. This process has the same time complexity as the
encoder, O(n). [ ]

Remark?2: It will follow from Section IV that the redun-
dancy of B(2,n/4) is logn + O(1); therefore, the length
2loglogn + ©(logloglogn) is sufficient to encode u from
w using LT, at Step 6. Due to its small size, this encoding
lookup table can be generated efficiently before invoking the
algorithm, using an exhaustive search. Table II presents the
lengths of w,u and the size of LT, for different values of n.

Unfortunately, it is not possible to generalize the ideas
presented in this section for larger values of ¢ since the identity
presented in Lemma 7 does not hold for £ > 2; this subject
will be discussed extensively in Section VI. Nonetheless,
in Section V we present an encoding algorithm that uses a
different technique and is able to efficiently encode (¢, 11)-BdB
sequences for any £ = O(loglogn).

IV. ENUMERATING BdB SEQUENCES USING A
GENERALIZATION OF DE BRUIIN GRAPH

In this section, we use a generalization of de Bruijn graph,
in order to enumerate and encode the set of (¢, u)-BdB
sequences, i.e., B(¢, u).
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Let 41, ¢ be positive integers and denote n = u2¢. We con-
struct a digraph Gy, = (V, E,,) based on de Bruijn graph G.
As in Gy, the set of vertices V contains 21 vertices rep-
resented by the binary (¢ — 1)-tuples. The set E,, has u2°
edges represented by the binary ¢-tuples. The edges are the
same as in Gy, but between any two vertices which have
an edge in Gy, E, has p parallel edges. Note that each
Eulerian cycle in Gy, is associated with a unique (¢, u1)-
BdB sequence. Therefore, in order to enumerate the number
of (¢,1)-BdB sequences we present next an algorithm that
generates Eulerian cycles in Gy ,; this algorithm follows a
known technique of generating an Eulerian cycle in any graph,
see [27], [36], [37], [43].

Let » = 0°~! denote the all-zero vertex of the graph Gy, u
for the rest of this section. We say that an ordinary spanning
tree of Gy, is a graph that contains all the vertices of G .,
and has a unique directed path from 7 to each of its vertices.
Similarly, a reverse spanning tree of Gy, is a graph that
contains all the vertices of Gy, and has a unique directed
path from each of its vertices to . Note that in any graph,
if we change the direction of the edges of a reverse spanning
tree in the graph, we receive an ordinary spanning tree, and
vice versa.

Lemma 14: For every {,pn > 0, the number of reverse
spanning trees of Gy, is 22 —C.

Proof: Clearly, the number of reverse spanning trees of
Gy, is equal to the number of reverse spanning trees of G/.
It is known from [36] and [51] that the number of ordinary
spanning trees of Gy is 22—,

For an {-tuple y = (80,81 ...,80—2,580-1) € F%, we define
its reverse by y® = (s;_1,5¢_2...,51,50). Additionally,
for a set of edges S C E (E are the edges of Gy) its
reverse is given by S® £ {uf — vf | v — u e S}. Note
that (sg,...,8¢—2) — ($1,...,80-1) € FE if an only if
(se—1,...,81) — (S¢—2,...,80) € E. For simplicity,
we assume that ordinary and reverse spanning trees are defined
by their edges.

Let T be an ordinary spanning tree of Gy, and consider
the set TF. Let v € V be any vertex of Gy. The vertex v’
belongs to V' and has a unique directed path from » in 7T,
r— U] — -+ — U, — v Therefore, the pathv — U —

- — w1 — r (note that r® = r) is a unique directed
path from v to 7 in TP, It follows that the set T stands
for a reverse spanning tree of G,. Similarly, if we take any
reverse spanning tree of Gy and reverse its edges, we receive
an ordinary spanning tree of G. Therefore, we obtain that the
number of reverse spanning trees of Gy is 22£_1’£, equal to
the number of ordinary spanning trees. ]

Algorithm 2 is applied to G, and a reverse spanning
tree T of Gy,,. All the edges of 1" are notated as starred.
The algorithm is nondeterministic and generates numerous
different paths that visit each one of the edges of G, ,, exactly
once. First, all the edges are set to be unmarked at the
beginning of the algorithm. When a vertex v of Gy, is visited,
the edge on which v is left changes its status from unmarked to
marked. In order to guarantee that a path can not be generated
by two different trees, the algorithm leaves a vertex v on a
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Algorithm 2 Generating a Sequence in B(¢, ) From T

Input: A reverse spanning tree 7" of Gy,
Output: A sequence s € B(¢, j1)
1: Place a star on all the edges of 7'. All the edges of Gy,
are set to be unmarked.
: Set the current vertex v := 7.
: while there is an unmarked edge going out of v do
if v has an unstarred unmarked outgoing edge then
Pick at random an unstarred edge ¢ = v — w.
Leave v on the edge e to its endpoint u. Set v := u
and change the status of the edge e to marked.
else
Leave v on the starred edge, to its endpoint u. Set
v := u and change the status of the edge v — u to marked.
9: end if
10: end while
11: Construct the output sequence s by considering the first
bit of each edge of the path.

A i

® 3

starred edge only if it is the last unmarked edge left going out
of v. Finally, for each generated path, the algorithm constructs
its associated BdB sequence.

Example7: Let £ = 3, u = 2. The graph Gy, is

where the starred edges correspond to the reverse spanning
tree T" with the edges

{010,110, 100}.

One of the paths generated by Algorithm 2 when invoked with
T is
00 %% 00@00@01%9101&900@01%11 F1
10 2 01 & 11 2 10 2 01 "2 10 '8 00,
which corresponds to the (3,2)-BdB sequence
s = 0000100111101101.

O

The next few lemmas and corollaries describe the connec-
tion between paths generated by Algorithm 2 and sequences
of B(¢, ). Lemmas 15 and 16 are proved similarly as related
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results in [36]; we give those lemmas here for the completeness
of the paper.

Lemma 15: The path generated by Algorithm 2 ends at the
root 7.

Proof: From the construction of Gy, ,, the in-degree
of each vertex is the same as its out-degree. Therefore,
throughout the algorithm, when a vertex is visited it has
one more unmarked outgoing edge than unmarked incoming
edges. Hence, when a vertex is visited it has an outgoing
edge which was not marked yet. The vertex r is the only
vertex that after the algorithm starts has in-degree greater by
one from the out-degree and hence the path must end at the
vertex r. |

Lemma 16: When Algorithm 2 terminates all the edges of
the graph were traversed, i.e., all the edges of G, ,, are marked.

Proof: Assume to the contrary that there are edges which
remain unmarked when the algorithm terminates. Assume that
w7 is a vertex for which there is an unmarked edge u; — us.
Since the path ends at the vertex » from Lemma 15, we must
have u; # r. W.l.o.g. we assume that u; — uq is a starred
edge, since for each vertex v # r there is exactly one outgoing
starred edge, and it is the the last edge to be traversed out
of v. Let P = w3 — ug2---Upm—1 — Uy — 7 be the path
from w4 to 7 in the reverse spanning tree 7.

Next, we prove using an induction that the starred edge
u; — ug was traversed, which will imply a contradiction
to our initial assumption that it is unmarked. The induction
will be obtained by iterating backwards the edges of the path
P, and proving that each of them was in fact traversed by
Algorithm 2. First, remind that from the construction of Gy ,,
the in-degree of each vertex is equal to its out-degree. Since
by Lemma 15 the algorithm ends at the root r, all its outgoing
edges were traversed, and therefore all its incoming edges were
traversed as well, including the starred edge u,,, — 7. Next, for
the induction step, assume that a starred edge u; — w;41 from
the path P was traversed, where u,,+1 = 7. Since the starred
edge is the last edge traversed out of u;, all its outgoing edges
and therefore all its incoming edges were traversed, including
the starred edge u;—1 — u;. [ |

It follows from Lemma 16 that each reverse spanning tree T’
corresponds to some sequences of length £2¢ in which each
(-tuple appears exactly p times, i.e., an (¢, u)-BdB sequence.
Since the chosen root is 7 = 0¢~1, it follows that every such
a sequence starts with £ — 1 consecutive zeros.

Lemma 17: Each sequence of B(¢,u) which starts with
£—1 consecutive zeros is obtained by Algorithm 2 from exactly
one reverse spanning tree.

Proof: Let s € B(¥, 1) be a sequence that starts with £—1
zeros, and observe the cycle in Gy, that corresponds to s. For
any vertex v # r, its last appearance on the sequence s as an
(¢—1)-tuple, is related to an edge v — w in the graph Gy ,,. Let
S denote the set of these edges; we prove next that S stands
for a reverse spanning tree of Gy .. Let vy, ..., vye—1_; denote
these vertices ordered by the position of their last appearance
in s, and denote vye—1 = 7. It follows from the definition
of S, the ordering of the vertices, and from the fact that the
path corresponding to s ends at the root r (since it starts
with ¢ — 1 zeros), that S contains only edges of the form
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v; — v; where ¢ < j. Thus, given any vertex v;, we can
construct a unique path v; — v;, — vj, - v, — Vj,
where ¢ < j1 < jo < -+ < Jm-1 < Jm, Dy iteratively
traversing the single outgoing edge of each vertex. Since S
contains no cycles, this path must end at the root 7.

Thus, s can be obtained by Algorithm 2 using the reverse
spanning tree S. This tree is uniquely defined by the
sequence and therefore s it is obtained exactly once by the

algorithm. [ ]
Lemma 18: From each reverse spanning tree 7', there are
SN2t .
2(2”7 1) distinct sequences which are constructed by
pn—1

Algorithm 2.

Proof: By Lemma 16, each vertex v of Gy, is visited 2u
times during the algorithm, one time for each of the 2y edges
going out of v. On the last visit of each v # 7, the algorithm
leaves the vertex on the unique starred edge going out of v.
Let v — u1, v — ug be the two types of edges going out of v,
where u; # uo. W.l.0.g. assume that v — wu is a starred edge.
Hence, on the first 2;4 — 1 times when v is visited, p— 1 times
the traversed edge is of the type v — w; and p times the
traversed edge is of the type v — wus. Each different order
in which these two types of edges are traversed, will form a
different sequence since each edge corresponds to an /¢-tuple
and each such different order of traversed edges, induces a
different order of the associated ¢-tuples in the sequence. There
are (2:’__11) different orders for these two types of edges to be
traversed. When v = r, all the 2, edges going out of r are not
starred, and hence there are (25) = 2(2,7:11) different orders
for its edges to be traversed. Finally, there are 2/~! vertices
in the graph which implies the statement of the lemma. ®

Combining Lemmas 17 and 18, and since by Lemma 14
the number of reversed spanning trees rooted at r in Gy, is
227"~ the following result is immediately inferred.

Corollary 19: The total number of distinct sequences of

£—1
B(¢, 1) formed by Algorithm 2 is 22" —+1(24- 1)

By Lemma 17, the enumerated value of Corollary 19
accounts only for sequences of B(¢, i) that start with £ — 1
zeros. The next theorem gives the exact size of B(¢, ).

Theorem 20: For every integers /£, u, the size of B(¢, u)

is
£—1
S 2u—1\?
— 92
el =2 (7))

Proof: Let « € B({,u) be a sequence that starts with
¢ — 1 zeros, and consider its period p(x). By the definition of
a BdB sequence, the period p(x) is A2¢ for some integer \ that
divides p. Note that there are exactly 2\ sequences which are
cyclic shifts of x, start with £ — 1 zeros, and are generated by
Algorithm 2 by Lemma 17. These 2\ sequences are associated
with exactly A\2¢ sequences of B(, i), since choosing each
starting point in the A2¢-prefix of & corresponds to a different
sequence. Therefore, multiplying the number of cyclic shifts of
x that are outputs of the algorithm by \2¢/2\ = 2/~ yields
the number of its cyclic shifts in B(¢, u). Sigcei by Corollary 19

. 0— _1\27T
the algorithm generates 22 Buas 2:‘_11) sequences that

start with ¢ — 1 zeros, it follows that the number of sequences
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in B(¢, ;1) is multiplied by 2¢~L. Thus,
2/,—1
(—1 2[L —1
0. u)| = 22° .
e =2" (271
|

Corollary21: Let 1 € N be a constant integer. The asymp-
totic rate of B(¢, i) is

B 1+ log (2“_1)

R p—1
(1) 2
Proof: We have,
1 12
R(p) = limsup W (Definition of R(x))
£—00 1%
=19, 1 2/,—1
log <22 (:‘_1) )
= lim sup oL (Theorem 20)
L— o0
2@—1 + 2@—1 10g 2pn—1
= limsup 7 (“*1)
L— 00 Mz

(Algebraic manipulation)

p—1

1+10g (2[1,—1)

(Algebraic manipulation)

|
Next, we use the result of Theorem 20 in order
to derive the redundancy of B({,u) for different values
of ¢, .
Theorem 22: The redundancy of B({, u1) satisfies

1
red(B(, p)) = 2°71 <0,510g,u+0.510g7r—10g(1 - M)> ,
1

where 8 < ¢, < 9 . In particular, for a constant £ € N and
n = p2¢ for some integer y, the redundancy of B(£,n/2¢) is
red(B(¢,n/2%) = 2°"2logn + O(1).
Proof: Using Stirling’s central binomial approximation
formula [38], we have that
(2#) oo a Ly
1 VET S epp’

.o . 2u—1 2
for 8 < ¢, <9 . Additionally, since (:‘_1) = %(;), we can
write

2 —1 1
10g< K )—2/1— 1-0.5logu — 0.5log w+log(l— —).
p—1 Culh
4)
Thus,
red(B(¢, 1))
= p2" —log |B(¢, )|

2/,—1
-12u—1
= 12° — log <22£ ' ( K ) ) (Theorem 20)

w—1
1
o)
my

(Eq. ()

(Definition of redundancy)

= pu2t—2t1 <2p—0.5 log jt—0.5log 7+log(1—

2931

TABLE III
ASYMPTOTIC RATES OF B(¢, y1) FOR FIXED p

Multiplicity Rate
p =1 (de Bruijn) 0.5
pu=2 0.646
u=4 0.766
u=38 0.853
u=16 0.911
p=32 0.947
u =64 0.971
1 - .
0.9 N
0.8 B
3
07| 1
0.6 - B
0.5 .
! ! ! !
0 20 40 60
u
Fig. 1. Asymptotic rate of B(¢, ) for fixed .

1
=21 (0.510gu+0.510g7r—10g(1——)> .
Cutt

(Algebraic manipulation)

|

Table III and Figure 1 summarize the asymptotic rate results
of B(¢,u) for some chosen values of u, compared with
the known rates of de Bruijn sequences. Observe that when
1 increases beyond p = 1, which coincides with de Bruijn
sequences that have a rate of 1/2, the asymptotic rate grows
quickly and approaches 1.

Throughout this paper, it is assumed that the sequences of
B(¢, 1) are cyclic where two sequences that are cyclic shifts of
each other are considered distinct. For a sequence s € B(¢, i),
the number of its distinct cyclic shifts in B(¢, i) is a divisor
of u, and is based on the period of s. Let CB(¢, 1) denote
the set of (¢, u)-BdB sequences where two sequences that are
cyclic shifts of each other are considered the same sequence,
and let PB(¢,u) C CB(¢, ) denote the set of (¢, n)-BdB
sequences with a period of ©2¢. In the sequel, we analyze the
cardinality of these two sets. We use in our analysis Burnside’s
Lemma [7] and M&bius inversion formula [35], quoted next.

Lemma 23 (Burnside’s Lemma): Let G be a finite group of
operators that acts on a set S. The number of equivalence
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classes into which S is partitioned by G is
I(g
Ep>
9€g

where I(g) is the number of elements of S that are left fixed
by the operator g.

Lemma 24 (Mébius Inversion Formula): If g and h are
arithmetic functions satisfying

n) =Y h(d)

d|n

for every integer n > 1,

then

=> u(d)yg

d|n

n .
(E) for every integer n > 1,

where the sums extend over all positive divisors d of n
(indicated by d|n in the above formulas), and p is the Mobius
function, defined by

1 n=1
pn)=1< 0 a?|n for some a > 1
(—=1)" n has r distinct prime factors.

Theorem 25: For every integers ¢, pu,

ot=1_y m 9f—1
220 —1
e > () e
A=gcd(p,)
22[ 1_y 2_!" 1 of—1
[PB(L, )| > u(d) (g_1> . ©
d

d|p

Proof:  First, we analyze |CB({, )| using Burnside’s
Lemma. We apply the lemma on the sequences of B(¢, ),
where G consists of the p2° cyclic permutations on the
sequences of B(¢, u). The number of equivalence classes into
which B({, 1) is partitioned by G corresponds to the size
of CB(¢, ). Notice that sequences are left“fixed” only by
permutations which are multiples of 2¢. Hence,

2g2| gi)|

where g; is a shift of i2¢ symbols. It follows that the period
of the sequences of I(g;) is A2¢ where A\ = ged(u, ), and in
fact these sequences correspond to the sequences of B(¢, \),
concatenated repeatedly p/A times. Thus,

ICB(L, p)| =

j2

=1
A=ged (1,)
1 - 1 (20— 1
= 92
= 2 (00)

i=1
A=ged (%)

ICB(L, ) 1B, M| (I(ga)] = [B(L, A)D

u2t

2(—1

(Theorem 20)

g Z oa—1 2
o pat A—1

A= cd (pe,2)

(Algebraic manipulation)
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TABLE IV
SETCB(2,2)
Sequence  Period
00010111 8
00011011 8
00011101 8
00100111 8
00110011 4

Second, we analyze |PB(¢, 11)|. Notice the following con-
nection between |CB(¢, u)| and |PB(¢, )|,

CB(C, )| =Y X2 |PB(L, ).

Alp

of
-1 (2 —1
Denote g(p) = [CB(¢, p)| = 22" < K 1) and h(p) =
-
u2¢|PB(L, 11)], and then by Mobius inversion formula,

ST
p2 [PB(L, )| = u(d)2? (l_L 1) :

d|n

and (6) follows by algebraic manipulation. [ ]
Example 8: Let £ = u = 2. By Theorem 20,

|B(¢, )| = 36,
and by Theorem 25,
(CB(¢, w)] = 5 and [PB(Z, p)] = 4.

The sequences of CB(¢, i) are shown in Table IV along with
their periods.

Each sequence of CB(¢, i) contributes to B(¢, ) an amount
of sequences which is equal to its period. Hence, we have

1B(2,2)| =8-4+4-1=36,

as expected. d

V. ENCODING BdB SEQUENCES BASED ON THE
GENERALIZED DE BRUIIN GRAPH

In this section, we present an encoding algorithm that uti-
lizes Algorithm 2 in order to generate (¢, ) -BdB sequences
of length n = u2¢, for £ = O(loglogn).

By Lemma 18, given a reverse spanning tree T of Gy ,,

Algorithm 2 forms 2(2“ 1) distinct sequences of B(¢, 11).
This value corresponds to ( ) possible orders to traverse the
outgoing edges of the root r, and (25 1) possible orders to
traverse the outgoing edges of each v # r. This immediately
yields an efficient enumerative encoding algorithm [11] for
these sequences for a given reverse spanning tree 7. The
series of choices to traverse the outgoing edges of r can
be represented by a balanced edges-choice sequence z of
length 2p, and weight p. Assume that the outgoing edges of r
are e, e1, then at the ¢-th visit of =, the algorithm picks to
traverse eg if z; = 0, and e; if z; = 1. Similarly, the series
of choices to traverse the outgoing edges of any v # r, with
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outgoing edges eq (for edges parallel to the starred edge) and
e1, can be represented by a balanced edges-choice sequence
z of length 20— 1 and weight . In this case, the starred edge
is traversed at the last visit of v, otherwise the chosen edge
is picked depending if z; = 0 for ey or z; = 1 for e;. Each
of these balanced sequences can be encoded using Knuth’s
algorithm [28] with log i + ©(loglog i) redundancy bits.

Algorithm 3 receives an input sequence s € Fy~” for
redundancy p = 27! log 1+ ©0(2~ ' loglog ). The algorithm
first identifies a reverse spanning tree 7" from the first 2¢=1 —¢
bits of s. The rest of the input sequence s is partitioned to
2¢=1 disjoint sequences and each of them is balanced using
Knuth’s algorithm to a corresponding edges-choice sequence.
Then Algorithm 2 is invoked to generate a unique sequence
in B(¢, i) associated with the tree 7" and the balanced edges-
choice sequences.

Algorithm 3 Encoding (¢, 1)-BdB Sequences

Input: A sequence s € F;, 7 where n = p2°

Output: A sequence x € B(¢, )

Additional Ingredients: Knuth’s algorithm £, with redun-

dancy p = 2" log i + ©(2¢  loglog ).

1: Extract an integer 7 such that b(7) equals the (27! — ¢)-
prefix of s. Let T be the i-th reverse spanning tree of Gy.

2: Partition the rest of s to 27! sequences of equal length
{yv}ye]f‘gfl'

3: Use &k to encode y, to zp, a balanced sequence of
length 2.

4: For every v € Fgfl, use £ to encode y; to z;, a sequence
of length-(2p — 1) and weight p.

5: Apply Algorithm 2 with the tree 7' and the sequences
{ZD}UE]Fg—l as follows:

a: For every i € [2u], at the i-th visit of r, if (2,.); =0
traverse the self loop 7 — 7, and if (z,); = 1, traverse the
other outgoing edge of 7.

b: For every i € [2u — 1], at the i-th visit of v # r,
if (z,); = 0 traverse the outgoing starred edge of v, if
(2y)i = 1, traverse the outgoing unstarred edge.

6: Return the unique sequence that is associated with the path
generated at Step 5 by Algorithm 2.

Example 9: As in Example 7, we continue with ¢ = 3,
i = 2. The corresponding graph G32 was presented in
Example 7. Notice that G52 has only two reverse spanning
trees (which we denote only by their edges for simplicity),

T, = {011,110,100} and T} = {010, 110, 100}.

Indeed, the tree can be encoded using 261 _ ¢ =1 bits.

For the application of Algorithm 2 at Step 5 we need
|zr] = 2p0 = 4 and |z,| = 2u — 1 = 3 for every v # r.
Thus, we require |y,| = 1 for every v € V' and support input
sequences of length |s| = 5. For simplicity, we use in this
example a naive encoding £ of balanced sequences, instead of
Knuth’s encoding £x. Assume the following naive encoding
of balanced sequences of length 3,

£(0) = 011,&(1) = 110.
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A balanced sequence of length 4 is generated by £(o) =
00&(0).

Let s = 10001 be the input sequence. The tree 77 is induced
from so = 1 at Step 1. Then, the rest of s is partitioned into

Yoo = Yo1 = Y10 =0,y1; = 1.

At Step 3, these sequences are encoded to balanced
edge-choice sequences

Zoo = 0011,201 = Z10 = 011,211 =110.

Next, at Step 5 Algorithm 2 is invoked with the edge-choice
sequences 2o, 201, 210, 211- For example, the outgoing
edges of » = 00 are traversed in the following order:
000,000,001,001. The outgoing edges of v = 01 are
traversed in the following order: 010,011,011,010, since
from 73 the starred edge going out of v is 010. Similarly,
the outgoing edges of v = 10 are traversed as the fol-
lowing: 100,101,101,100, and for v = 11 the order is
111,111,110, 110. The path generated from these edge-choice
sequences is the same path generated in Example 7, and the
output BdB sequence is

z = 0000100111101101.

O
Note that it is necessary for Algorithm 3 to generate any
of the 22"~ reverse spanning trees of G . Unfortunately,
there is no enumerative encoding algorithm for these spanning
trees for large ¢, and they can only be generated using
exhaustive search [16]. Therefore, in order to have linear time
complexity, the algorithm is applicable only for small values
of ¢ that satisfy £ = O(loglogn).
Theorem 26: For every s € Fy~”, Algorithm 3 returns a
unique (¢, 1)-BdB sequence. The algorithm uses

p =2 logu+ 0(2 oglog 1)

redundancy bits and its time complexity is O(n).

Proof: Tt follows from Step 5 and by Lemma 16 that
Algorithm 3 outputs an (¢, 1)-BdB sequence. The uniqueness
of the generated sequence follows from the uniqueness of
the tree T' that was induced at Step 1 and the uniqueness
of the balanced sequences generated by Knuth’s algorithm at
Steps 3 and 4. The redundancy of the algorithm follows from
the redundancy of Knuth’s algorithm multiplied by 2¢~'. The
time complexity of the algorithm follows from the complexity
of Knuth’s algorithm and since ¢ = O(loglogn). [ |

An efficient decoder for Algorithm 3 simply reverses the
encoder. First, it identifies the path in the graph that corre-
sponds to the sequence x, and finds the tree T' according to
the last outgoing edge in the path for every vertex in V'\ {r}.
Next, the decoder travels the path and reveals the sequences
Zg,...,%29e-1_1 according to the series of outgoing edges
chosen at every visit of each vertex. Finally, it decodes the
sequences Y, - .., Yqe-1_; using Knuth’s algorithm decoder
and combines with the binary representation of the tree 7' to
construct the input sequence s € Fy 7.

Remark 3: The balancing encoder used in Algorithm 3,
Knuth’s encoder £k can be replaced with any other balanced
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sequences encoder £ (like in Example 9). In this case, the
redundancy of the algorithm will be 2¢7! - redg(p), where
redg is the redundancy of £.

VI. A HIERARCHY OF BALANCED SEQUENCES
BASED ON THEIR DERIVATIVES

In this section, we study the family of sequences with
balanced derivatives; these sequences are highly related to
balanced de Bruijn sequences. For a sequence s and an
integer k, let s(*) denote its k-th derivative, defined recursively
by sb) £ (s(kfl))/ and s(0) = s.

Definition27: A sequence s € F7 is called k-order bal-
anced, for k£ > 0, if s(9, s ... s* 1) are all balanced.
Let D(n, k) denote the family of k-order balanced sequences
over [F5. The following lemma presents a connection between
k-order balanced sequences and (¢, u)-BdB sequences.
This lemma uses a similar technique as the one used
in [8, Theorem 8&].

Lemma 28: For all admissible integers ¢, u, if s is an (¢, u)-
BdB sequence, then it is /-order balanced.

Proof: First notice that if a sequence x contains an equal
amount of each t-tuple for some integer ¢ > 0, then x is
clearly balanced. It follows immediately that s is balanced
since it contains each /-tuple exactly p times. Second, note
that from the definition of the derivative sequence, if s; ¢ = v
then s; , ; = v’ (note that v is acyclic). Notice that every /-
tuple v € F4 satisfies that v’ = @’ (and no other /-tuple shares
this derivative), and both v, v appear exactly p times in s;
therefore, each (¢ — 1)-tuple appears exactly 2 times in s'.
By using an induction, we get that for every ¢ € [¢ — 1], s(*)
contains an equal amount of each (¢ — t)-tuple, and therefore
it is balanced. ]

Lemma 28 gives an upper bound on the redundancy of
D(n, k), using the results presented in Theorem 22.

Corollary 29: For every k > 2, the redundancy of D(n, k)
satisfies

red(D(n, k)) < 2872 log(n) + O(1).

By Lemma 7, when k = 2 the converse of Lemma 28 holds
as well and thus the bound is tight.
Corollary 30: The redundancy of D(n,2) satisfies

red(D(n,2)) =logn + O(1).

However, when k& > 2 the converse of Lemma 28 no longer
holds; see the following example.
Example 10: Let { = 3, u = 3,n = 24 and denote

s =000101111101001110010010.
Note that s is balanced, and similarly

s’ =001110000111010010110110
and

s"” =010010001001110111011010

are balanced as well. Therefore, s € D(n,3). However, the
3-tuple 111 appears four times as a window of s and hence

s & B(3,3). O
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In the rest of this section, we study tighter bounds for
red(D(n, k)) for different values of k, in order to improve
the bound presented in Corollary 29. Next, we present a
tight bound for the case of £k = 3 that is obtained by exact
enumeration of 3-order balanced sequences.

Assume w.l.o.g that s starts with zero, and denote s as a
series of runs,

s = Q% 1b00a1 1b1 .. Qam—1 1b7n710a'm.’ (7

where for every ¢ € [m], a;,b; > 0 and the last run of zeros
satisfies a,, = 0 . We denote the first 2m runs of zeros and
ones as the primary runs of s, i.e., all the runs besides 0%™
(which can be empty).

Lemma 31: The sequence s € [Fy is 2-order balanced if and
only if s is balanced and has n/4 primary runs of zeros and
n/4 primary runs of ones.

Proof: By Lemma 7, s is 2-order balanced if and only if
it is an (2,n/4)-BdB sequence. Every transition from a run of
zeros to a run of ones induces an occurrence of the 2-tuple 01,
and vice versa; similarly, every transition from a run of ones
to a run of zeros induces an occurrence of the 2-tuple 10, and
vice versa. Hence, s is a (2, n/4)-BdB sequence if and only if
has n/4 primary runs of zeros and n/4 primary runs of ones,
which proves the lemma. [ ]

Lemma 32: The sequence s € [Fy is 3-order balanced if and
only if s is 2-order balanced and has exactly n/4 primary runs
of length 1.

Proof: First, assume that s is 3-order balanced. By the
structure given by (7) and by Lemma 31 (since s is
2-balanced), we have that

g = 0—l1gbo—1l1gm—11gbi—1...Qbn/a—1—11(%n/4, (8)

Since s is 3-order balanced, s’ is 2-order balanced. Hence,
by Lemma 31 s’ is balanced and has exactly n/4 primary
runs of each ones and zeros. Therefore, it follows that n/4 of
the n/2 runs of zeros in s’ are empty. In other words, n/4
of the n/2 variables ay, . . «» by sa—1 should be
equal to 1.

On the other direction, assume that s is 2-order balanced
and has exactly n/4 primary runs of length 1. Similarly,
by the structure of s’ given by (8), n/4 of the n/2 variables
ag; -+ -, 0n/4—1,b0,...,by 4—1 should be equal to 1. There-
fore, s’ is balanced and has exactly n/4 primary runs of each
ones and zeros. By the other direction of Lemma 31, s’ is
2-order balanced and hence s is 3-order balanced. [ ]

Theorem 33: The redundancy of D(n, 3) satisfies

red(D(n,3)) = 1.5logn + O(1).

-y Qn/4—1, bOa .

The proof of Theorem 33 is given in Appendix A.

The next theorem gives an upper bound on the redundancy
of D(n,k) for any fixed k¥ € N. This bound significantly
improves the upper bound given in Corollary 29.

Theorem 34: Let k € N be a constant integer. The redun-
dancy of D(n, k) satisfies

red(D(n, k)) < klogn + ©(loglogn).

The proof of Theorem 34 is given by an explicit encod-
ing algorithm, presented next. The correctness of this
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encoding algorithm which also validates the correctness of
Theorem 34, is given by Theorem 41. This algorithm gener-
alizes Algorithm 1 and uses Knuth’s encoder, £k, in order to
efficiently encode k-order balanced sequences for any fixed &
while its redundancy is

p = klogn + ©(loglogn).

Algorithm 4 receives an input sequence s € Fy~” where p =
klogn + ©(loglogn), and outputs a sequence & € D(n, k).
This algorithm follows a similar structure as Algorithm 1.
First, Knuth’s encoder is used %k times in order to generate a
sequence S and an indices sequence v of length & logn, such
that S is balanced and each of its first k — 1 derivatives has a
constant imbalance. Then, the process is repeated with v as an
input to create ¥ and wu, a second balancing indices sequence of
length & log(klogn). Since w is short, it can be transformed to
a k-order balanced sequence, u, using a fixed encoding lookup
table, denoted by LT, which has 2#1°e(klogn) — Q(logn)
elements. Moreover, from the upper bound on the cardinality
of D(n, k) that follows from Lemma 28, it follows that the
length klog(klogn) + ©(logloglogn) is sufficient for u
for every n. Later, 8,v,u are concatenated with zeros to
construct @, a sequence which itself and each of its first
k — 1 derivatives has a constant imbalance. Finally, manual
balancing of « is performed, and %, a k-order balanced
sequence of length n is obtained.

Algorithm 4 Encoding k-Order Balanced Sequences

n—p

Input: A sequence s € F,
Output: A sequence & € D(n, k)
Additional Parameters: Knuth’s algorithm E£x, redundancy
p = klogn + O(loglogn), constant predetermined values
mo, ..., Mkg—1.
1: Compute s, ... s*=1 and denote s;_1 = s*~1).
2fort=k—-—1,k—2,...,1,0 do
3:  Use &k to find 4, the balancing index of s;, and update
s; by flipping its i;-prefix.
If t > 0 obtain 8,1 = [(s4, sétil)).
5: end for
6: Denote s = sg and construct the indices sequence v =
b(ig) o -+ -0 b(ir—1) of length klogn.
7: Repeat Steps 1-6 with v as an input to receive ¥ and the
indices sequence u of length k log(klogn).
8: Use the lookup table to encode u = LT%(u), a k-order
balanced sequence of length & loglogn + ©(logloglogn).
9: Letx =0"1oSo0vou.
10: Compute (©, ..., 2*~1 and denote zj_; = x*~.
1m:fort=k—-1,k—-2,...,1,0 do
12. Append at the end of x; a sequence y, of length m;
such that:
a: Prefr,_1_1(y,) =0,
b: &, oy, is balanced,
¢ y; is (k — ¢ — 1)-order balanced.
13 Ift > 0 obtain x;_1 = f(wt,a:(()tfl ).
14: end for
15: Return Z = x.
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First, we have the following useful lemma, which general-
izes Lemma 8 what was presented in Section III.

Lemma 35: Let y, z be sequences such that their derivatives
are k-order balanced for some integer k > 1 . If Pref(y) =
Prefy(z), then (y o z)’ is k-order balanced as well.

Proof: Let |y| = n,|z| = m. We prove the statement
using an induction. The case of £k = 1 was proved in
Lemma 8. Assume that this statement holds for £ — 1 > 0.
Since Prefy(y) = Prefi(z), the derivatives y’ and 2z’ satisfy
that Prefy_;(y’) = Prefi,_1(2’) and in particular yo = zo.
Therefore, (y’ 0 2’)" is (k — 1)-order balanced. Next, we have

(yoz)'=Prefn_1(y) o (Yyn—1 + 20) o Pref—1(2") 0 (zm—1 + o)
= Pref,—1(y') © (yn—1 + o) o Pref,—1(2") o (2m—1 + 20)

/ ’
=Y oz.

It follows that (y o z)’ is k-order balanced and the statement
holds for k. [ ]

Next, we provide explanations and lemmas that prove the
correctness of Algorithm 4. The loop of Steps 2 to 5 receives s
and its first k—1 derivatives, where s(*=1 is denoted by sk—1.
For t = k — 1,...,0, the algorithm iteratively uses £k to
balance the current sequence s; and sets s;_; as its integral.
The result of this process is a sequence 8 = sq that is balanced
and each of its first £k — 1 derivatives has constant imbalance,
as shown in the following lemma.

Lemma 36: At Step 6 of Algorithm 4, s is balanced and for
every t € [1,k — 1], |6(31)] < 2t+1.

Proof: First, s; is balanced at the ¢-th iteration of Step 4
and therefore S is balanced. Second, observe that flipping a
prefix of a sequence changes at most two bits in its derivative,
and changing any bit of a sequence affects exactly two bits in
its derivative. We can infer that flipping a prefix of a sequence
imbalances its ¢-th derivative by at most 2¢ bits. Thus, we have

8EY) = 8(s) =2 + 271 4 2 <2,

and since s, is balanced, it follows that |§(3")| < 2¢+1.
|
Later, the algorithm repeats Steps 1 to 6 with v (the
indices sequence of s) as an input to receive ¥ that satisfies
Lemma 36, and u, a second balancing indices sequence of
length k log(k log n). Then, w is encoded to a k-order balanced
sequence, u, using a fixed encoding lookup table. At Step 9,
8,v, u are concatenated with zeros to construct x, a sequence
which itself and each of its first £ — 1 derivatives have a
constant imbalance, as shown in the following lemma.
Lemma 37: At Step 9 of Algorithm 4, x satisfies that
§(x) < k— 1 and for every t € [1,k — 1], |6(x®)| <
9i+2 | ot+1 4 [k_;l‘l
Proof: First, from the construction of & we have,

6(@) = 6(0"") +3(8) +6(3) +6(8) = {%W ’

since 3,0, % are balanced and 6(0F~') = [£51] from the
definition of imbalance. Next, by Claim 9, when concatenating
two sequences y, z it follows that

10((y o 2)")| < [6(y")] + [(z")] + 1,
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and since changing a bit of a sequence affects exactly two bits
in its derivative, we have,

[6((y 0 2) )] < 16(y )] +18(=1)] + 27

By Lemma 36, which holds for v as well, and since u is
k-order balanced, we receive,

5(@®)[< 8((0*"H)) + 56| + [55D)| + [5(@?)]| + 2+
— 2t+2 +2t+1 + "ki 1—‘
E1

|
Next, Algorithm 4 performs manual balancing. The loop
of Step 11 receives x and its first k£ — 1 derivatives, where
x*=1) is denoted by x;_1. For t = k— 1,k —2,...,1,0,
the algorithm iteratively balances the current sequence x; by
appending y,, a sequence of constant length m; that satisfies
several conditions, and sets x;_; as its integral. It is shown in
the following lemma that the imbalance of each «; is constant.
Lemma 38: At Step 12 of Algorithm 4, for every ¢ € [k],
6(as)| < 2042 4 2041 4 [E51) 4 35y,
Proof: Notice that when appending a sequence of length

Mmp_1 to Tp_1 = x=* D its integral sequence Ty_o =
k—2)\ - . _ .
f(wk,l, x(() )) is a concatenation of z(*~2) with a sequence

of length my_;. It follows that
16(xp_2) — 06(xF )| < my_1.

Therefore, for every ¢ € [k], at the ¢-th invocation of Step 12
it holds that

k-1
() = (2 D) < D me,

t'=t+1
and therefore by Lemma 37 it holds that

-1
[6(@e)] <2777 + 21 [—k 5 w +

The existence of suitable strings vy, . .., y,_; that satisfy the
constraints mentioned in Step 12 is proven in the next lemma,
as well as an efficient method to generate them. This method
is based on Algorithm 2 which is designed to generate BdB
sequences.

Lemma 39: At Step 12 of Algorithm 4, for every ¢ € [k]
there exists a string y, that satisfies the constraints: (a)

1) Prefy_;1(y,) = 0,

2) .oy, is balanced,

3) vy, is (k —t — 1)-order balanced.

Proof: Let § = [%] — wp(y,) = —6(x;) denote the
required imbalance of y, such that x; oy, is balanced. We also
notate k; = k — t. The sequence y, will be constructed from
some sequences wy 1, wyo,ws —1, that satisfy d(w;q1) = 1,
S(wro) = 0,0(we—1) = —1, start with 0%~ and their
derivatives are (k; — 1)-order balanced.

We use Algorithm 2 that was presented in Section IV in
order to generate a single (k¢,2)-BdB sequence of length
2F+1 that starts with 0%¢~1, which we denote by w; o. From
Lemma 28, w; o is k;-order balanced. The sequence wy ; is
generated by removing a single one from one of the windows
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of wy o that are equal to 1%, and inserting a single zero to
one of the windows equal to 0. Notice that Swe1) = 1,
Prefy, —1(w1) = 0F~! and that its derivative satisfies that
each of the binary (k; — 1)-tuples appears in it as a window 4
times, since (0%t)’ = (1%t)’ = 0¥~!. Hence, from Lemma 28
wi 1 is (ky — 1)-order balanced. Similarly, we generate w; 1
with §(w;,—1) = —1 and Prefy, 1(w;,—1) = 0%*~1. Denote
the length of the sequences wy g, w; 1,w,—1 by ng = 2ket+1,
Thus, we construct

me

5 n(
_ ) wiiow/( 6>0
Y, = 5 me_gs
Wl oo otherwise
t,—1° W0

The sequence y, satisfies constraint (a) since the sequences
wy,0,Wt,1,wWi,—1 start with 0k+—1, Constraint (b) is satisfied
from é(y,) = . Constraint (c) follows from Lemma 35 since
y, 1s a concatenation of sequences that each of them starts with
0%*~1 and has a derivative that is (k; — 1)-order balanced. W

It follows from the proof of Lemma 39 that for every
t € [k], the length m; should satisfy

my = no|o(ae)| = 2576 (xy)].

By Lemma 38,

k—1
16| < 202 4+ 20+ ¢ {%} + S
t=t4+1

Hence, the lengths my, ..., my_1 are constants that can be
calculated in advance independently of n.

Finally, the result of the manual balancing loop is Z = xg
which is k-order balanced, as proved in the next lemma.

Lemma40: After Step 15 of Algorithm 4, Z is k-order
balanced.

Proof: We prove using an induction that for every ¢ =
k—1,...,0, after the ¢-th iteration of Step 12, x oy, is (k—t)-
order balanced. Then, the lemma statement will follow from
applying t = 0 since Z = x¢. For the base case, t = k—1, the
induction statement follows immediately from the fact that y,
satisfies constraint (b), i.e., ; o y, is balanced. Next, assume
that (Y is (k — t — 1)-order balanced. From Step 9 and
from constraint (a), i.e., Pref;,_;_1(y,) = 0, we have,

Prefy,_;—1(y,) = Prefi_¢—1(2¢) = okt
From constraint (c), y} is (k — t — 1)-order balanced and by
Lemma 35 we obtain that (x;oy,)’ is (k—t—1)-order balanced
as well. Combining this with constraint (b), it follows that
xi oy, is (k—t)-order balanced as required and the statement
holds for all . [ ]
Theorem41: Algorithm 4 returns a sequence T € D(n, k)
that can be uniquely decoded to its input sequence s. The
algorithm uses p = klogn + O(loglogn) redundancy bits
and its time complexity is O(n).

Proof: It follows immediately from Lemma 40 that
the algorithm outputs a sequence & € D(n, k). As for the
redundancy, the algorithm adds klogn redundancy bits at
Step 6, and additional kloglogn + O(logloglogn) redun-
dancy bits at Step 8. From Step 9 and forward, the algorithm
adds a fixed number of supplementary redundancy bits, since
mo, ..., Mi_1 and k are constants.
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The complexity of the algorithm follows from the complex-
ity of Knuth’s algorithm, since Algorithm 1 invokes &k a
constant number of times, and from the time complexity of the
derivative and integral operations, which is ©(n). The rest of
the operations invoked throughout the algorithm have constant
time complexity.

A decoder for Algorithm 4 reverses Step 12 by iteratively
trimming the my-suffix of z for everyt=0,...,k—1to
recover *~1_ Then, x is recovered x(*~1) using integrals.
Next, the decoder extracts 5,v, 4 and recovers u from the
fixed encoding lookup table. Then, it recovers v from ¥ using
the balancing indices of w and similarly it recovers s from s
using the balancing indices of v. Note that this process has
the same time complexity as the encoder, O(n). |

VII. CONCLUSION

This paper studied two hierarchies of balanced sequences
that are provided by classifying them based on some prop-
erties. First, we studied the classification to (¢, u)-BdB
sequences, i.e., sequences that contain each {-tuple as a
window of length ¢ exactly u times. For / = 2, an effi-
cient encoding algorithm, that is based on Knuth’s balanced
sequences encoder, was presented. Then, an enumeration of
this set of sequences for all admissible values of ¢ and i was
presented; this enumeration is based on a generalization of
de Bruijn graph of order ¢, where each edge of the graph is
duplicated p times. Using the result of this enumeration, the
cardinality of the set of (¢, 1)-BdB sequences was calculated,
along with its redundancy and asymptotic rate for some
interesting cases. Additionally, a generic encoding scheme
for this set of sequences, which is based on the enumeration
algorithm and is efficient for £ = O(loglogn), was provided.
Moreover, the cardinality of a variation of the set of (¢, ;)-BdB
sequences, where two sequences that are identical cyclically
are considered the same sequence, was induced.

The second classification of balanced sequences is of
k-order balanced sequences, for a fixed integer k. These
sequences satisfy that their first & derivatives are balanced. The
redundancy of this set of sequences was studied for several
values of k, and an efficient encoding algorithm, based on
Knuth’s encoder of balanced sequences, was presented. For
k > 3, only an upper bound on the redundancy of this set
of sequences was given, and a precise result is a subject for
future research.

While this work studied the binary case, most of the results
in the paper can be extended for alphabet of any size g.
Specifically, the results of Section IV can be extended using
the g-ary generalization of de Bruijn graph [51].

APPENDIX A

The goal of this appendix is to provide the proof of Theo-
rem 33, i.e., to show that red(D(n,3))) = 1.5logn + O(1).
First, we have the next claim which is given by the Central
Limit Theorem of binomial variables [29].

Claim 42: For positive integer n and r € [—n/2,n/2],

1 n 2 . —2r2
2n \n/2+r Vor P\ )
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where for two functions f(n), g(n), the notation f(n)
is used to mean that f(n)/g(n) — 1 as n — oc.
Before presenting the proof Theorem 33, we provide a useful
lemma.

Lemma43: For positive integers n and k,

S0 -5 )"
= \v VE \mn

Proof: By applying r = v — n/2, we have by Claim 42,

S (1) -

v=0

~ g(n)

n/2

r:;, /2 <n/ 2n+ r) k

9 k/2 n/2 2
~ 2kn (—) ) .9
™

( —2kr
> e
n
The last sum can be approximated with the following integral,
™

r=—mn/2
e —2ka?
/ exp < v ) dx = o

and the lemmas statement follows from combining equa-
tions (9) and (10). [ |

Proof: [Proof of Theorem 33] By the structure given by (7)
and by Lemma 32, a sequence s that is 3-order balanced and
starts w.l.o.g with zero has the form

(10)

_ @b An/a—11bnsa—10an
s = (%1% ...(0%/4-11bn/a-1() /4,

where n/4 of its primary runs are of length 1. Hence, s has ¢
primary runs of ones of length 1 and n/4 — ¢ primary runs of
zeros of length 1, for some ¢ € [1,n/4 — 1]. We have ("/*)
possibilities to choose the ¢ primary runs of ones of length 1,
and also (nr/’ft) = (”/4) possibilities to choose the n/4 — ¢

primary runs of zeros of length 1. Since s is balanced, we have

/4

S =% an

n/4— )
ijo bj = %

Let ig,...,%;—1 denote the indices of the ¢ runs of zeros

of length greater than 1, and let jo,. .., jn/4—¢—1 denote the

indices of the n/4 — t runs of ones of length greater than 1.
By (11), these runs should satisfy

t—1

E ai, + Anja =
=

n/4—t—1

n
7;0 b]'T = §—t

|3

n
- (Z —1) Veep i @i; 2 2,an/4 20,

V‘re[%—t] tbj > 2
(12)

These two equations have the same number of solutions as

{z:loaz +a,, =t Vel a, > n/4 >0,
ST Y =t Vre[t—1:b) >

(13)
The number of solutions to the first equation is
(t+1:7/”ﬁ;t+1) = ("{4), and the number of solutions to
the second equation is ("/4_]’:”_1) = ("/i_l). After
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multiplying by 2 in order to account for sequences that start
with one, we receive

n/4-1 n/4—1
D(n,3) =2 Y ("/4)3(n/4* 1) —2 3 n— 4t (n/4)47
= ! t — n ¢
where the last transition follows from (”/ ‘i*l) = ("{ 4 ndi,

For simplicity of approximating red(D(n, 3)), we can write

n/4 n/4

S TCORTEn {CUs

By Lemma 43,

n/4 4 1.5
23" nAY gon (B
—\ t ™ ’

it follows that the size of D(n, 3) satisfies

1.5
D(n,3)| ~ a2" (i> ,

™

for some 1 < a < 2 and hence its redundancy satisfies

red(D(n,3)) = 1.51logn + O(1).
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