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Almost Optimal Construction of Functional Batch
Codes Using Extended Simplex Codes

Lev Yohananov

Abstract— A functional k-batch code of dimension s consists of
n servers storing linear combinations of s linearly independent
information bits. Any multiset request of size k of linear combi-
nations (or requests) of the information bits can be recovered by
k disjoint subsets of the servers. The goal under this paradigm is
to find the minimum number of servers for given values of s and
k. A recent conjecture states that for any k = 2°~! requests
the optimal solution requires 2° — 1 servers. This conjecture
is verified for s < 5 but previous work could only show that

codes with n = 2° — 1 servers can support a solution for
s/2

k=2°"242°5"% 4 L%J requests. This paper reduces this

gap and shows the existence of codes for k = [22°7'| — s

requests with the same number of servers. Another construction
in the paper provides a code with n = 2°t1 — 2 servers and
k = 2° requests, which is an optimal result. These constructions
are mainly based on extended Simplex codes and equivalently
provide constructions for parallel Random 1/0 (RIO) codes.

Index Terms—Batch codes, Simplex codes, codes with avail-
ability, Private Information Retrieval (PIR).

I. INTRODUCTION

OTIVATED by several applications for load-balancing

in storage and cryptographic protocols, batch codes
were first proposed by Ishai ef al. [7]. A batch code encodes a
length-s string « into n strings, where each string corresponds
to a server, such that each batch request of k different bits
(and more generally symbols) from x can be decoded by
reading at most ¢ bits from every server. This decoding process
corresponds to the case of a single-user. There is an extended
variant for batch codes [7] which is intended for a multi-
user application instead of a single-user setting, known as
the multiset batch codes. Such codes have k different users
and each requests a single data item. Thus, the & requests
can be represented as a multiset of the bits since the requests
of different users may be the same, and each server can be
accessed by at most one user.
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A special case of multiset batch codes, referred as primitive
batch codes, is when each server contains only one bit.
The goal of this model is to find, for given s and &, the smallest
n such that a primitive batch code exists. This problem was
considered in several papers; see e.g. [1], [2], [7], [8], [13].
By setting the requests to be a multiset of linear combinations
of the s information bits, a batch code is generalized into a
Sfunctional batch code [18]. Again, given s and k, the goal
is to find the smallest n for which a functional k-batch code
exists.

Mathematically speaking, an F'B-(n,s,k) functional
k-batch code (and in short F'B-(n, s, k) code) of dimension s
consists of n servers storing linear combinations of s linearly
independent information bits. Any multiset of size k of linear
combinations from the linearly independent information bits,
can be recovered by k disjoint subsets of servers. If all the
k linear combinations are the same, then the servers form an
FP-(n, s, k) functional k-Private Information Retrieval (PIR)
code (and in short F'P-(n, s, k) code). Clearly, an F P-(n, s, k)
code is a special case of an F'B-(n, s, k) code. It was shown
that functional k-batch codes are equivalent to the so-called
linear parallel random I/O (RIO) codes, where RIO codes
were introduced by Sharon and Alrod [10], and their parallel
variation was studied in [11], [12]. Therefore, all the results for
functional k-batch codes of this paper hold also for parallel
RIO codes. If all the k linear combinations are of a single
information bit (rather than linear combinations of information
bits), then the servers form an B-(n, s, k) k-batch code (and
in short B-(n, s, k) code).

The value FP(s,k), B(s,k), FB(s,k) is defined to be the
minimum number of servers required for the existence of
an FP-(n,s, k), B-(n,s, k), FB-(n, s, k) code, respectively.
Several upper and lower bounds can be found in [18] on
these values. Wang ef al. [14] showed that for k = 2571,
the length of an optimal k-batch code is 2° — 1, that is,
B(s,k = 2°71) = 2% — 1. They also showed a recursive
decoding algorithm. It was conjectured in [18] that for the
same value of k, the length of an optimal functional batch code
is 2° — 1, that is, FB(s,k = 2°71) = 2° — 1. Indeed, in [16]
this conjecture was proven for s = 3,4, and in [18], by using
a computer search, it was verified also for s = 5. However, the
best-known result for s > 5 only provides a construction of
FB_(QS o 17 s, 2572 4 25*4 + \‘%J) codes [18] This paper
significantly improves this result and reduces the gap between
the conjecture statement and the best-known construction.
In particular, a construction of FB-(2° —1,s,[3-2°71] —5)
codes is given. To obtain this important result, we first show
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an existence of F'B-(2° —1,s, [2.2°71]) code. Moreover, we
show how to construct F'B-(2° + [(3a—2)-2°72] — 1, s, |-
2571]) codes for all 2/3 < a < 1. Another result that
can be found in [18] states that F'P(s,2%) < 25t — 2,
In this case, the lower bound is the same, i.e., this result
is optimal, see [5]. In this paper we will show that this
optimality holds not only for functional PIR codes but also
for the more challenging case of functional batch codes, that
is, FB(s,2%) = 2571 — 2 Lastly, we show a non-recursive
decoding algorithm for B-(2%, s,k = 2°71) codes. In fact, this
construction holds not only for k single bit requests (with
respect to k-batch codes) but also for k£ linear combinations
of requests under some constraint that will be explained in
the paper. All the results in the paper are achieved using a
generator matrix G of an extended Simplex code [3] of length
2% and dimension s, where the matrix’s columns correspond
to the servers of the F'B-(n, s, k) code.

There are three reasons we consider the conjectured case
k = 2% — 1 for functional k-batch codes. First, this case has
already been solved for PIR codes, functional PIR codes, and
k-batch codes. Second, it provides a construction for parallel
Random I/O (RIO) codes. Third, this is the case in which
every linear combination of the s information bits is stored in
one of the servers.

The rest of the paper is organized as follows. In Section II,
we formally define functional k-batch codes and summarize
the main results of the paper. In Section III, we show a
construction of FB-(2%+ [(3a—2)-2°72] —1,s, [a-2°71])
for @ = 2/3. This result is extended for all 2/3 < o < 1 in
Section IV. In Section V, a construction of FB-(QSJr1 —
2,5,2%) is presented. In Section VI, we present our main
result, i.e., a construction of FB-(2° — 1,s,[2 - 2°71] — )
codes. In Section VII a construction of B-(2° —1,5,2°71) is
presented. Finally, Section VIII concludes the paper.

II. DEFINITIONS

For a positive integer n define [n] = {0,1,...,n — 1}.
All vectors and matrices in the paper are over Fo. We fol-
low the definition of functional batch codes as it was first
defined in [18].

Definition 1: A functional k-batch code of length n and
dimension s consists of n servers and s information bits
Zgo,T1,...,Ts_1. BEach server stores a nontrivial linear combi-
nation of the information bits (which are the coded bits), i.e.,
for all j € [n] exists ¢; such that the j-th server stores a linear
combination

Yj = Tip + Tiy +"'+$i,_;7,1,

such that ig,41,...,7¢,—1 € [s]. For any request of k linear
bit combinations vg, v1, ..., vg—1 (not necessarily distinct) of
the information bits, there are k& pairwise disjoint subsets
Ro,R1,...,Ri—1 of [n] such that the sum of the linear
combinations in the related servers of R;, i € [k], is v;, i.e.,

> v =vi

JER;
Each such v; will be called a requested bit and each such
subset R; will be called a recovery set.
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Equivalently, a functional k-batch code is a linear code with
an s X n generator matrix

G= [QOaglv v agnfl]

in F5*™ in which the vector g; has ones in positions
10,01, - - ,%¢,—1 if and only if the j-th server stores the linear
combination x;, +x;, +- - -+x;, _,. Using this matrix represen-
tation, a functional k-batch code is an s x n generator matrix
G, such that for any k request vectors vy, v1,...,Vr—1 € 5
(not necessarily distinct), there are k pairwise disjoint subsets
of columns in G, denoted by Ry, Ry, ..., Ri_1, such that the
sum of the column vectors whose indices are in R; is equal to
the request vector v;. The set of all recovery sets R;,i € [k],
is called a solution for the & request vectors. The sum of the
column vectors whose indices are in [2; will be called the
recovery sum.

A functional k-batch code of length n and dimension s over
IF5 is denoted by F' B-(n, s, k). Every request of k vectors will
be stored as columns in a matrix M which is called the request
matrix or simply the request.

In Definition 1, we showed both scalar and vector definitions
for k-batch codes, which are equivalent to each other. While
the scalar definition in previous works is the more common
one, the vector definition is used mainly in this work because
of the unique properties of the generator matrices of these
codes.

A k-batch code of length n and dimension s over 35,
is denoted by B-(n, s, k) and is defined similarly to functional
k-batch codes as in Definition 1 except of the fact that
each request vector v; € F3 is a unit vector. A functional
k-PIR code [18] of length n and dimension s, denoted by
FP-(n,s, k), is a special case of F'B-(n, s, k) in which all the
request vectors are identical. We first show some preliminary
results on the parameters of F'B-(n,s,k) and FP-(n,s,k)
codes which are relevant to our work. For that, another
definition is presented.

Definition2: Denote by FB(s, k), B(s, k), FP(s,k) the
minimum length n of any FB-(n,s, k), B-(n,s,k),
FP-(n, s, k) code, respectively.

Most of the following results on FB(s,k), B(s,k) and
FP(s,k) can be found in [18], while the result in (¢) was
verified for s = 3,4 in [16].

Theorem 3: For positive integers s and ¢, the following
properties hold: (a)

1) FP(s,2°7 1) =2°~1.

2) FP(st,2%) <2t(2° —1).

3) For s < 5 it holds that FB(s,2571) =25 — 1.

4) An FB-(2°5 —1,8,2572 42574 ¢ K/;—zJ) code exists.

5) For a fixed k it holds that

. FB(s,k) k
lim > .
log(k+1)

$§—00 S

6) B(s,2°71)=2%—1[14].

7) B(s, k) =s+O(/s) for k =3,4,5 [1], [13].

8) B(s,k) =5+ O(y/slogs) for k> 6 [13].

Note that the result from Theorem 3(d) improves upon the
result of F'B-(2° — 1,5,2°72 + 2574 4 1) functional batch
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codes which was derived from a WOM codes construction by
Godlewski [6]. This is the best-known result concerning the
number of queries when the number of information bits is s
and the number of encoded bits is 2° — 1.

The goal of this paper is to improve some of the results
summarized in Theorem 3. The result in (¢) holds for s < 5,
and it was conjectured in [18] that it holds for all positive
values of s.

Conjecture 1: [18] For all s > 5, FB(s,2°71) =2° — 1.

The reader can notice the gap between Conjecture 1 and the
result in Theorem 3(d). More precisely, [18] assures that an
FB-(2°—1,5,2572 42574+ L%J) code exists, and the goal
is to determine whether an F'B-(2° — 1, s,2571) code exists.
This paper takes one more step in establishing this conjecture.
Specifically, the best-known value of the number of requested
bits k is improved for the case of s information bits and
2% — 1 encoded bits. The next theorem summarizes the con-
tributions of this paper.

Theorem 4: For a positive integer s, the following construc-
tions exist: (a)

1) A construction of FB-(2° —1,s,[2 -2°7!]) codes.

2) A construction of

FB-(2° 4+ [(3a—2)-2°7%] — 1,5, [a- 2°1])

codes where 2/3 < a < 1.

3) A construction of FB-(25%1 — 2 s, 2%) codes.

4) A construction of FB-(2° —1,s,|2-2°71] —s) codes.

We now explain the improvements of the results of
Theorem 4. The construction in Theorem 4(a) improves upon
the result from Theorem 3(d), where the supported number of
requests increases from £2571 42574 4 L%J to [2-2571].
Note that by taking o« = 2/3 in the result of Theorem 4(b),
we immediately get the result of (a). However, for simplicity
of the proof, we first show the construction for (a) separately,
and afterwards, add its extension. The result of Theorem 4(d)
is based on the result of Theorem 4(a) and improves it to
|2 - 2°7'] — s requests. Moreover, according to the second
result of Theorem 3(b) if t = 1 then FP(s,2°%) < 251 — 2.
Based on the result in [5] it holds that F'P(s,2%) > 251 -2,
Therefore, FP(s,2°) = 2°T! — 2. The construction in
Theorem 4(c) extends this result to functional batch codes
by showing that F'B(s,2%) < 2571 — 2, and again, combining
the result from [5], it is deduced that F B(s,2%) = 25%1 — 2,

A special family of matrices that will be used extensively
in the paper are the generator matrices of extended Simplex
codes [3], as defined next.

Definition5: A matrix G = [gy,91,--.,92s_1] of order
s x 2% over Fy such that {gg,g;,...,92:_1} = F§ is called
an extended Simplex generator matrix and in short E.S-matrix.

We will use ES-matrices as the generator matrices of
the linear codes that will provide the constructions used in
establishing Theorem 4. More specifically, given a linear code
defined by a generator FS-matrix G of order s x n and
a request M of order s x k, we will show an algorithm
that finds a solution for M. This solution will be obtained
by rearranging the columns of G and thereby generating a
new ES-matrix G’. This solution is obtained by showing all
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TABLE I
TABLE OF DEFINITIONS AND NOTATIONS

Notation Meaning Remarks
FB-(n,s,k) A func. k-batch code of length 7 and dimension s Sec. II
B-(n,s,k) A k-batch code of length n and dimension s Sec. I
R; The i-th recovery set Sec. II
(G,B,R) A triple-set Def. 7
M(G,B,R) A triple-matrix of M Def. 7
e A unit vector of length s with 1 at its last index Sec. III

M A request matrix Sec. III

Vj, W; The i-th request/column vector in M, M Sec. III

G An ES-matrix Sec. I

S A column vector in G representing the i-th server Sec. III

G (G) An x-type graph of G Def. 10
C«(G) The partition of simple cycles of G4(G) Def. 10
P(gi/8;) A simple path between g; and g; in Gx(G)  Def. 12
dp. (81, 8m) The sub-length from g, to g, in Px (gz-,g/-) Def. 12
Fx(8i,8;) A reordering function for a good-path Py(g;,g;) Def. 12

the disjoint recovery sets for the request M, with respect to
indices of columns of G’. Although such a solution is obtained
with respect to G’ instead of G, it can be easily adjusted to
G by relabeling the indices of the columns. Thus, any ES-
matrix whose column indices are partitioned to recovery sets
for M provides a solution. Note that E'S-matrices store the
all-zero column vector. Such a vector will help us to simplify
the construction of the algorithm and will be removed at the
end of the algorithm.

Definition6: Let M = [vg,v1,...,v,/2_1] be a request
of order s x n/2, where n = 2°. The matrix M has an
extended Simplex solution if there exists an E'S-matrix G =
90,91, --+9,_1]) of order s x n such that for all i € [n/2],

Vi = go; T Goiq1-

In this case, we say that G is an extended Simplex solution
for M.

Next, an example is shown.

Example 1: For s = 3, let

9o 91 92 93 94 95 9Gs 97
0 1 0 1 0 1 0 1

G= ( o 0 1 1 0 0 1 1 )
0 0 0 0 1 1 1 1

be an E'S-matrix. Given a request,

Vo U1 (5} U3
0 0 0

M = < 0 0 0 )
1 1 1

an extended Simplex solution for this request may be
g0 91 9> 95 91 95 95 97
, 0 0 1 1 1 1
G = ( 0 0 o 0 1 1 )
0 1 0 1 0 I

Lastly, for the convenience of the reader, the relevant
notations and terminology that will be used throughout the
paper is summarized in Table 1.
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III. A CONSTRUCTION OF F'B-(2% — 1, s,
|2.2°71]) CoDEs

In this section a construction of FB-(2° —1,s, |2 -2°7!])
codes is presented. Let the request M be denoted by

M = ['U(),'Ul, .- '7vt%-25fljfl]'

Let e = (0,0,...,0,1) € F§ be the unit vector with 1 at
its last index. The solution for the request M will be derived
by using two algorithms as will be presented in this section.
We start with several definitions and tools that will be used in
these algorithms.

Definition 7: Three sets G, B, R C [2°7!] are called a triple-
set (the good, the bad, and the redundant), and are denoted
by (G, B, R), if the following properties hold,

oc |22
o[5>
R=[2""1\ (g UBU {2571 - 1}).
Given a matrix M = [vg, vy, ... ,UL%,Q,;_lj_l] of order s x

|2 2571, the matrix M(G, B,R) = [wo, w1,...,wos-1_{]
of order s x 27! is referred as a triple-matrix of M if it
holds that

(o tEg
wy=< v, +e tebB.
e teR

Note that, we did not demand anything about the vector
wos—1_1, 1.€., it can be any binary vector of length s. Further-
more, by Definition 7, the set B uniquely defines the triple-set
(G, B, R). We proceed with the following claim.

Claim 1: For any triple-set (G, B,R) if |B] < [4-2°7!]
then |B| < |R].

The proof of this claim is shown in Appendix A. As men-
tioned above, our strategy is to construct two algorithms.
We start by describing the first one which is the main
algorithm. This algorithm receives as an input the request
M and outputs a set B and an extended Simplex-solution
for some triple-matrix M(G, B, R) of M. Using the matrix
M(G,B,R), it will be shown how to derive the solution for
M. This connection is established in the next lemma. For the
rest of this section we denote n = 2° and for our ease of
notations both of them will be used.

Lemma 8: If there is an extended Simplex solution for
M(G, B, R) such that |B| < |3-2°71], then there is a solution
for M = [vo,v1,..., v 2.5:-1] 4]

Proof: Let the ES-matrix G = [gg,91,---,9,_1) be an
extended Simplex solution for M(G,B,R). Our goal is to
form all disjoint recovery sets Ry for t € GUB = [|2 -
25~1] for M. Since G is an extended Simplex solution for
M(G,B,R), for all t € [2°~1], it holds that

Wi = Goy T Gop41-
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By definition of M(G,B,R)

V¢ tEg
wi=<v,+e tepB.
e teR

Thus, if t € G then

UVt =Wt = Gor T 92441,

and each recovery set for v, is of the form R, = {2¢,2t+1}.
If t € B then

Vit e =Wy =gy +Gorq1s

and if ¢’ € R then

€ =Wy =goy +Gopy-

Therefore, for all t € B and t' € R,

Vi = Gor T Gor11 T Gopr + 9oy 41

By Claim 1, since |B| < |4 -2°7!], it holds that [B| < |R].
Thus, for all ¢ € B, each recovery set R; for v; will have a
different ¢ € R such that

Ry = {2t,2t + 1,2t 2t' + 1}.

|
In Lemma 8, it was shown that obtaining M(G, B, R) which
holds |B] < |4 - 2°7!] provides a solution for M. Therefore,
if the first algorithm outputs a set B for which [B] < [ -
25’1J, then the solution for M is easily derived. Otherwise,
the first algorithm outputs a set B such that [B| > |4 -2°71].
In this case, the second algorithm will be used in order to
reduce the size of the set B to be at most |3 - 25! |. For that,
more definitions are required, and will be presented in the next

section.

A. Graph Definitions

In the two algorithms of the construction, we will use
undirected graphs, simple paths, and simple cycles that will
be defined next. These graphs will be useful to represent the
ES-matrix G in some graph representation and to make some
swap operations on its columns.

Definition 9: An undirected graph or simply a graph will
be denoted by G = (V, E), where V' = {ug, u1,...,Um—_1} s
its set of m nodes (vertices) and E C {{u;,u;} | us,u; € V}
is its edge set. A finite simple path of length ¢ is a sequence of
distinct edges eg, €1, . . ., eg—1 for which there is a sequence of
vertices g, Ui, , - - ., u;, such that e; = {u;,ui, ., },7 € [£].
A simple cycle is a simple path in which u;, = w;,. The
degree of a node u; is the number of edges that are incident
to the node, and will be denoted by deg(u;).

Note that in Definition 9 we did not allow parallel edges,
i.e., different edges which connect between the same two
nodes. By a slight abuse of notation, we will use graphs
in which at most 2 parallel edges are allowed between any
two nodes. That implies that cycles of length 2 may appear
in the graph. In this case, we will use some notations for
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distinguishing between two parallel edges as will be done in
the following definition.

Definition 10: Given an ES-matrix G = [gy, g1 ---+9_1),
and a non-zero vector * € Fj, denote the x-type graph
G, (G) = (V,Ez(G)) of G and « such that V = F§ and
a multi-set

Ea(@)={{gsng:+a} | i € ) }U{{go1. 92} It € [n/2]].

For all t € [n/2], we say that g,,_; and g,, are a pair.
An edge {gs;_1,95;} will be called a pair-type edge and
will be denoted by {g5;_1,9gs: }p- An edge {g,,g, + =} will
be called an x-type edge and will be denoted by {g,,g,+€} .
Note that for any g € V/, it holds that deg(g) = 2. Thus, the
graph G (G) has a partition of ¢ > 1 disjoint simple cycles,
that will be denoted by C,(G) = {C;}{Z5, where every C;
is denoted by its set of edges.

For the rest of the paper, when the graph G (G) is consid-
ered, it is assumed that  # 0. Note that F(G) is a multi-set
since in case that g,,_; = g5, +x, we have two parallel edges
{92¢—1:92}p and {g2_1, 95 }= between gy, and gy,. For
the following definitions assume that G = [gy,91,---,G5_1]
is an F'S-matrix of order s x n.

Definition 11: Given an a-type graph G.(G) such that
x € I3, let g;, g; be two vertices connected by a simple path
Pz(gi,9;,G) of length £ — 1 in G4(G) which is denoted by

9i=9sg =95y =~ Y5, = 9j-

The path Py (g, g,, G) will be called a good-path if the edges
{94,,95,} and {g,, ,,g,, ,} are both z-type edges. For all
g, and g,,, on Pz(g;,9;,G), denote by dp,(g;,9,,,G) the
length of the simple sub-path from g, to g,,, on Px(g;,9,, G)-
This length will be called the sub-length from g, to g,,
in P;(g;,9;,G). When the graph G' will be clear from the
context we will use the notation Px(g;,9;), dr,(g: Gm)
instead of Px(g;,9;,G), dp,(8gy,9,,, G). respectively.

We next state the following claim.

Claim 2: Given a good-path Py(g;,g;) of length £ — 1 in
G2 (G)

g; = QSD

_gSl_..._‘qu_lzgj7

where x € I3, the following properties hold.

1) The value of £ is even.

2) For all m € [£/2 — 1] the edge {g,,, .,+9s,, ,.}p IS @
pair-type edge.

3) Forallt€[l/2], g, =9, , tz

4) 1f g,,g; is not a pair, then the pair of g; and the pair
of g; are not in Py(g;,9;)-

Proof: We prove this claim as follows.

1) Since Px(g;,g;) is a good-path, by definition the edge
{95y, 95, }= is an z-type edge. We also know that for
all ¢ € [/] it holds that deg(g,,) = 2. Thus, the edge
{9,,-9.,}, is a pair-type edge, the edge {g,,,9,,}=
is an x-type edge, and so on. More formally, for all
t € [/2] the edge {g,,,,9,,,, = is an z-type edge
and for all m € [¢/2 — 1] the edge {g,,,.,,: s, )p
is a pair-type edge. Since the last edge {g,, ,,9;, ,}«
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is also an x-type edge, we deduce that £ — 1 is odd or
equivalently ¢ is even.

2) The proof of this part holds due to a).

3) In a) we proved that for all ¢ € [¢/2] the edge
{95, 955,,, }o is an z-type edge. Thus, by definition
gSzt = gSzt+1 +x.

4) Let g,, be a pair of g, and we will prove that g,, ¢
Pﬂ:(gz)g]) Note that 9m 7é gj and deg(gm) = 2
Therefore, if g,, € Pz(g;,9g;), then g, has to appear
more than once in Py(g;,g;). This is in contradiction
to the fact that Px(g,,g;) is a simple path.

|

Another useful property on good-paths in x-type graphs is
proved in the next claim.

Claim 3: 1f g;,g; is a pair, then there is a good-path
Pz(gi,g;) in Gg(G).

Proof: We know that all nodes in G, (G) are of degree 2.
Therefore, there is a simple cycle in C € C,(G) including
the edges {g;,9,,}= and {g;, g, }= for some m,p € [n], and
the edge {g,,9g;},- By removing the edge {g,,g;}, from C
we get a simple path P starting with the edge {g,,9,, }= and
ending with the edge {g,, g, }=- Thus, by definition, P is a
good-path Pr(g;,9;)- [ ]

The next definition will be used for changing the order of
the columns in G.

Definition 12: Let H; be the set of all ES-matrices of
order s x n. Let Py C F3 x IF5 be the set of all couples
of column vectors g,,,,g, of G such that there is a good-
path Py(g,,,g,). For every two column vectors g,, g, with a
good-path P(g;,g;) of length £ — 1 in G,(G)

gi:gsg_gsl_'”_gsg,lzgja

denote the reordering function 7, : P x Hs — H, that
generates an ES-matrix F(g;,g,,G) from G by adding
to every column g, ,m € [¢{]. We will use the notation
Fz(g;,9;) for shorthand.

The following claim proves that the function F, is well
defined.

Claim 4: The matrix F(g;,g,) is an E'S-matrix of order
$Xn.

Proof: Let Py(g;,g,) be a good-path of length £ — 1 in

G (G) denoted by

9i=9sg =95y ="~ Y5, = 9j-

By using the function F(g;,g;), the vector = is added to
every column g, ,m € [{]. In Claim 2(3) it was shown that
for all ¢t € [¢/2],

gSZt = 952t+1 + .

Therefore, adding « to all the columns g, ,m € [{], is equiv-
alent to swapping the column vectors g,, ,g,,, , for all
t € [¢/2] in G. Since after rearranging the columns of G,
it is still an F'S-matrix, it is deduced that F5(g;,g;) is an
ES-matrix. [ ]

To better explain these definitions and properties, the fol-
lowing example is presented.
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Fig. . The G4 (G) graph. The green edges are the a-type edges and the
dashed edges are the pair-type edges.

0 0 0e-a o®
@0 OO OO

(a) The graph Gy(G’) represented by (b) The graph G (G’) represented by
the nodes {g,81,---,87}- the nodes {g{,81,--.,8%}-

Fig. 2. The graph G4 (G").

Example 2: For s = 3, let G be the following F.S-matrix
90 91 92 93 94 95 9Y¢ 97

0 1 0o 1 0 1
G—<o 0 0o 0 1 1)-
0 0 11 1 1

Let x = (1,0,1). The graph G,(G) will be defined as in
Figure 1. Note that in this case, the graph G (G) is partitioned
into two disjoint cycles. While the path g, — g5 is a good-path
between g, and gs, the path

90 —91 94— 95
is not a good-path between g, and gs. Note that there is no

good-path between g, and g,. Let Pr(g,,9,) be the good-
path between g, and g,

9095 — 94— 91-
Thus, G’ = Fx(g9,9;) is the following E'S-matrix
g0 91 9> 95 91 95 95 97

1 0 1 0 0 1
G — ( 0 0 0 0 1 1 )7

1 1 0 0 1 1

gs 94 92 93 91 90 9G¢ 97

with a new graph G, (G’) as depicted in Figure 2.

The next lemma shows a very important property that will
be used in the construction of the first algorithm. This algo-
rithm will have a routine of |2 - 2°7!| iterations. In iteration
t < L% -2571] we will modify the order of the column vectors
of G such that only the sums g,; + g9, 1 and g,, 5 +g,,_;
will be changed by x € I35, and all other sums g,, + g5,4
where p # t,n/2 — 1 will remain the same. The goal on the
t-th iteration is to get that

9o + Gorp1 = Vi + Lee,

where 1; € {0,1} and remember that e = (0,0,...,
0,1) € F.

Lemma13: Let Pr(g,, ,g,,) be a good-path in G(G)
where € F5 and 71,72 € [n] such that g, ,g,, is not a
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pair. If 1 € {2i,2i + 1}, ro € {2j,25 + 1} (and note that
i # j), then, the E'S-matrix

G =F2(9,,.9:,) = 190:91:- -, 901
satisfies the following equalities
g’2p+g/2p+1 292p+92p+1+w pe {17]}7
912p+g/2p+1 292p+92p+1 p¢ {Zvj}a

where p € [n/2].

Proof: We prove this lemma only for r; = 27 and ro = 2j
where ¢ < j while all other cases are proved similarly. Suppose
that the good-path Py(gy;,g5;) is of length £ — 1 and denote
it by

92 :gso _gsl - _gS(_l ZQQJ
Let S be the set S = {sg,s1,...,80-1}. Let
G/ = [gé)aglla"'ag/n—l]

be an FS-matrix of order s x 2° generated by applying
Fz(92i, 925, G)- Thus, for all m € [n]

ifm¢S,
if m € S.

In =9m

In =G T
Since Py (ga;,9s;) is as good-path and due to Claim 2(2), for
all 1 <t </¢/2—1,itholds that {g,,, ,,g,,, }p is a pair-type
edge. Thus, forall 1 <t < ¢/2-1

g',SZt—l + g/52t = gs2t—1 tx+ gSzt tx= gSZt—l + gSzt'
Therefore, for all p € [n/2]\ {4, 7}, it holds that

g’2p + 9/2p+1 =Gop T Gopi1-
In case that p = i or p = j, by Claim 2(4) the columns gy, ,
and g,;, 1 are not on the path Py(gs;,go;). Thus, g5, =
92i+1 and gy = go; 1. Therefore,
99y + Gopi1 = Gop + Gop i1 + .
|
Before proceeding to the next section, the following Find-
ShortPath(G, x, t,m) function is presented. Let G be an FS-
matrix and G (G) be its graph for some = € TF5. Let
{92¢,92¢11}p be a pair-type edge in G (G). Assume that
there is another pair-type edge {g5,,, 92,11 }p in Gz(G) such
that m > t. The FindShortPath(G, a,t, m) function will be
used under the condition that there is a cycle C; € Cg(G)
such that both {gy;,go,,1}p and {gy,,, 9o, 11 }p are in C;.

FindShortPath(G, x,t, m)
1: P, < the good-path P(gs;,92;,1,G)

cdy —dp, (92t+1a92m)

v dz — dp, (921415 G2mt1)
. if dy < ds then
j<—2m
else
j—2m+1
: Return j

A A

The FindShortPath(G, x, t, m) function is presented since it
will be used several times in this paper.
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B. The FindGoodOrBadRequest(G, B, t,v) Function

Let G be an ES-matrix, let v € F5, let ¢ € [n/2], and let
B be a set. Denote y = gy; + go; 1. In this section we will
show the function called FindGoodOrBadRequest(G, B, t,v).
This function will be used by the first algorithm which will
be presented in the next section. The task of this function is
to update the sum of the pair g,;, gy to €ither v or v + y.
It also changes the sum of the last pair g,,_5,g,,_;, but, this
pair is used as a “redundancy pair”, i.e., it is not important
what the sum of this pair. Another important thing to mention,
is that the algorithm FindGoodOrBadRequest(G,B,t,v) do
not update the sum of the pairs on indices 2p and 2p + 1 for
all p # t, even though these columns could be reordered. The
case go;+9gos 11 = V,go;+9gos 1 = v+yis called a good, bad
case and ¢ won’t, will be inserted in B, respectively. We now
ready to present the function.

FindGoodOrBadRequest(G, B, t, v)
LY — Gy + 9o

2: if v = y then

3:  Return G and B
U Ggopyr T G2
5:for p=1,2,3 do
6: if p=1 then
7
8
9

a<—v+y
if p =2 then
: a—v+y+u
10: Swap the columns g,;,; and g,,_» in G
11:  if p = 3 then
12: a—v+u
13 Swap the columns g,, and g,,_, in G

14: Py « the good-path Pa(gs;, 92,11, G)

15: r <« {gn727gn71}p
16: if r € P, then

17: j — FindShortPath(G, a,t,n/2 — 1)
18: G — fa(g%-{—lagj)
19: Return G’ and B’

20: G" — Falgas, 9ae41)
21: Swap the columns g5, and g/, _, of G’

22: B — BU{t}
23: Return G’ and B’

An explanation of the FindGoodOrBadRequest(G,B,t,v)
function is shown in the next example.

Example3: In Fig 3 we illustrate three good situa-
tions in which Step 16 in the function FindGoodOr-
BadRequest(G, B, t,v) succeeds, and one bad case in which
Step 16 in the function FindGoodOrBadRequest(G, B, t,v)
fails. The solid green line in all figures is a sub-path of the
good-path P, (which is a path between the nodes gy, go; 1
in G4(G)). The dashed lines are the pair-type edges. The
green dashed line is an edge on P,. Without loss of generality,
it is assumed that the closest node between g,,_5 and g,,_;
t0 goy 11 in Py is g,,_o. The labels of the edges represent the
summation of the vectors of its incident nodes. Each of the
three good cases illustrated in (a)-(c) lead to the fact that a pair
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92t 92t+1 In-1 G 92t+1 In-1

(b) The p=2case,a=v+y+u

Py
O+-0"" OO
92 In-2 In-1

92t+1

(a) The p=1case,a=v+y.

Fa
g2t 9241 In-2 n-1

(c) The p =3 case, a =v+u. (d) The bad case, a = v + u.

Fig. 3. Explanation of the function FindGoodOrBadRequest(G, B,t,v).
Each picture shows the graph after swapping the columns of G. In the
p = 1and p = 2 cases, u is the sum of the vectors g9, and g,,_o,
and in the p = 3 and p = 4 cases, y + w is the sum of the vectors gy,
and 9n—2-

g5;, 95,1 Will be summed up to v (Step 18). In the bad case
illustrated by (d), this pair will be summed up only to v + y
(Steps 20-21).

Denote by 1 € {0, 1} a binary indicator such that 1 =1 if
and only if the function FindGoodOrBadRequest(G, B,t,v)
reaches Step 20. Our next goal is to prove the following
important lemma.

Lemma 14:  The  function  FindGoodOrBadRequest
(G, B,t,v) will generate a matrix
G/ = [gé)aglla s ag/n—l]

such that

92p+92p+1 p;ét,n/Z—l
v+ 1y p=t '

If 1 = 1 then the function FindGoodOrBadRequest(G, B, t, v)
will add ¢ to the set B.

Proof: First we show that if the function reaches Step 19,
then

QIQp + g/2p+1 = {

g2y + 99141 +ta=0. (1)

We separate the proof for the three cases of p € {1,2,3}.
To better understand these cases we refer the reader to
Fig. 3(a)-(c). Remember that by Step 4, u = g9, 1 +g,,_».
1) If p=1, then go; + g9, 1 =y. By Step 7, a =v + y,
and therefore equality (1) holds.
2) If p = 2, then by Step 10, after swapping g, ,; and
G,,_o, it is deduced that

o1 T G211 =Y U

By Step 9, a = v + y + u, which concludes the
correctness of equality (1).

3) If p = 3, then by Step 13, after swapping g,, and g,,_,
it is deduced that

go; t 92141 = U

By Step 12, a = v + wu, corresponding to (1).
Note that by Claim 3, there is always a good-path between
g, and g, . Now, suppose that in one of these 3 cases, there
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is a good-path Pg (g, g4 1) in Ga(G) which includes the
edge {g,,_2,9,_1}p (With respect to Step 16). By executing
FindShortPath(G, a,t,n/2) we find the closest node between
g, o and g, | to gy, 1 on the path P,. This node is
denoted by g,. Thus, the first and the last edges on the
path Py (gs.41,9,) have to be x-type edges. By definition,
it is deduced that Ps(gs:41,9;) is a good-path. According
to Step 18, G’ = Fa(gai41,9;)- By Lemma 13 this step
changes the pair summations of only the pairs g, go; 1 and
9,,_2,9,_1- More precisely,

glzt + 912t+1 =gy T goy1 TA=

and the sum of the pair g/, o, g,,_; does not matter.

Finally, if the function does not succeed to find any of these
good-paths, we will show that it will create a matrix G’ such
that the pair g5,, g5, ,, will be almost correct, that is,

Ql2t + gl2t+1 =v+y.

This will be done in Steps 20-21. First, the path
Pa(9g21,92:41) does not include the edge {g, 5.9, 1}p
since Step 16 has failed. Second, the function makes two
swaps in Step 10 and Step 13 such that

9o + 9241 = U,
and
92141 T 9Gpo=u+Y,

and by Step 12, a = v + w. This is illustrated in Fig. 3(d).
Thus, according to Step 20, G' = Fa(ga; gos1 1) such that

glzt + 9/2t+1 =Gy + 9241 = U,

and the column vectors g,,_,,g,,_; are not changed. There-
fore,

9211+ 9n2=9goy1 + 9 o ta=v+y.

By Step 21 in which the columns g5,,g),_, are swapped
we get

g5 + gl2t+1 =v+t+y.
We conclude that the function will generate an FS-matrix
Gl = [gé)agllv cee agfnfl]
such that

9op +9opi1 PFEN/2-1
v+ 1y p=t

where 1 = 1 if and only if the function reached Step 20. H

g/Qp + ggp—i—l = {

C. The First Algorithm

We start with the first algorithm which is referred by
FBSolution(t,M), where M is the request and 7 will be the
number of iterations in the algorithm, which is the number of
columns in M. We define more variables that will be used in
the routine of FBSolution(t,M), and some auxiliary results.
The 7 iterations in the algorithm operate as follows. First,
we demand that the initial state of the matrix

G= [907917 v 7gn71]

6441
will satisfy
9ot T gat11 = €, t € [n/2]. )
The matrix G exists due to the following claim.
Claim 5: There is an ES-matrix G = (9,91, --+9,_1]

such that for all ¢ € [n/2]

9ot T Gar11 = €.
Proof: Such an ES-matrix G is constructed by taking an

order of its column vectors such that for all ¢ € [n/2],

Gor = (20,21, -, 25-2,0),  Gopy1 = (20,21, .-, 2s-2,1).

|

The following corollary states that Claim 5 holds for all
x € I instead of e. The proof of this corollary is similar to
the one of Claim 5.

Corollary 15: For any M that has one kind of request v,
there is an extended Simplex solution for M.

Extending Corollary 15 to the cases where there are at
most a fixed number of different requests d is an interesting
problem by itself, which is out of the scope of this paper.
In Section VI, we remark that d = 2 can be solved by one of
our constructions. For the case of d = 3 we believe we have
a proof, however it is omitted since we found it to be long
and cumbersome. Finding a simple solution for this case and
in general for arbitrary d is left for future research.

According to Corollary 15, for the rest of this section we
assume that M has at least two kinds of requests v;. It is also
assumed that 7 = [ 2 -2°7!]. The ES-matrix at the end of the
t-th iteration will be denoted by

1 1
,ggtJr )a' N aggbtjl)]

Now we are ready to present the FBSolution(T,M) algorithm.

G = g5

Algorithm 1 FBSolution(t, M)

1: G(U) — G

2: B(O) =0

3:fort=0,...,7—1do

4 QU pt+D) — FindGoodOr-

BadRequest(G"), BY)  t, v,)
s: Return G(7) and B(")

At the end of the FBSolution(t,M) algorithm we
obtained the set B; = B and the matrix G =
[géT),g(lT), . ,gngll]. By Definition 7, the set B uniquely
defines the triple-set (G1,B1,R1). Since in our case y = e,

by Lemma 14, for all ¢ € [n/2], the matrix G(7) satisfies that

V¢ te g
9§§)+9§?+1= v,+e teEB; .
e te Ry

Let My = [wg, w1, ..., wss—1_1] be the matrix such that for
all t € [n/2]

w, = g5, + g5
Therefore, it is deduced that My = M1(G1,B1,R1) is a
triple-matrix of M. By definition of M;(G1,B1,R1), the
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matrix G(7) is its extended Simplex solution. If the set
By satisfies [Bi| < |4 - 2°7'] then by Lemma 8 there is
a solution for M. Otherwise, we will make another reordering
on the columns of G(™) in order to obtain a new bad set By for
which |[B;| < [ 4 -2°7!]. This will be done in the next section
by showing our second algorithm.

D. The Second Algorithm

From now on we assume that

G(T) =G = [90791’ e 7gn—1]

and B = B;. Before showing the second algorithm we start
with the following definition.

Definition 16: Let C.(G) be a partition of simple cycles
in G¢(G). A pair of distinct indices t1,to € B is called a
bad-indices pair in C.(G) if both edges {gy;,, 92, +1}p and
{92t,+92¢,+1}p are in the same simple cycle in G(G).
Now we show the algorithm ClearBadCycles(G, B) in which
the columns of the E'S-matrix G are reordered, and the set B
will be modified and its size will be decreased.

Algorithm 2 ClearBadCycles(G, B)

1: C(G) « The partition of simple cycles in G¢(G)

2: while 3tq, ¢2 a bad-indices pair in C(G) do

3:  j < FindShortPath(G, e, t1,13)

4 G<—fe(92t1+1vgj)

5. Ce(G) « The partition of simple cycles in G¢(G)
6:  Remove tq,ty from B

7: Return G and B

Let G2 = [g§.97%,---,9,_1] be the ES-matrix and B2 be
the bad set output of the ClearBadCycles(G,B) algorithm.
We remind the reader that M = [vo,v1,...,V|2.00-1] 4]
Let My = [wo, w1, ..., was—1_1| be the matrix such that for
all t € [n/2]

o x *
Wi =G + 92441

Since B, uniquely defines the triple set (Ga2, B2, Ra), it is
deduced that the matrix M is a triple-matrix Ms(Go, Ba, R2)
of M. Next, it will be shown that the algorithm ClearBadCy-
cles(G, B) will stop and |Bs| will be bounded from above by
|4 - 2°71] after the execution of the algorithm.

Lemma 17: The algorithm ClearBadCycles(G, B) outputs a
set By such that |By| < |4 -2971).

Proof: According to Step 2 if there is a simple cycle
containing a bad-indices pair ¢1,te in C.(G), the algorithm
will enter the routine. Thus, there is a good-path between
g2t,+1 and one of the nodes g,;,,gs;, 1 (the closest one
between them to g, , 1), and the index of this node is denoted
by j (Step 3). Since t1,ts € B, before the algorithm reaches
Step 4, it holds

Got, T Got, 41 =V, + €, Gop, T Gop,41 = Vt, T €.

By executing Fe(goy, 1,9;), due to Lemma 13, the matrix
G is updated to a matrix G’ such that only the two following
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pair summations are correctly changed to

! ! ! !
Got, T 924,41 = Vi, YGot, T Got,41 = Uty

Thus, the indices t; and t, are removed from B (Step 6).
Therefore, Step 2 will fail when each simple cycle will have
at most one ¢ € B such that

go; + 92141 = Vi T €,

and we will call it a “bad cycle”. Suppose that there are p bad
cycles at the end of the algorithm. We are left with showing
that p < [£-2°71].

Observe that for all ¢ € R, the nodes g, and g, are
connected by two parallel edges, and therefore they create
cycles of length 2. These cycles are not bad cycles by
definition. Also note that if the pair g,,_5,g,,_; is in some
bad cycle, then the bad pair g,;,g,,,; in this cycle can
be corrected by Fe(gy,1,9), Where g is the closest node
between g,, 5, and g, ;| t0 g, in this cycle. Therefore,
we assume that g,,_5,9,_; is not in any bad cycle. Since
there are 2|R| such columns in G and together with the pair

9n_2,9n_1 and [R| =25"1 — L% : QSflJ — 1, only the first

2. BUGl=2-|5 27

columns of G can be partitioned into bad cycles. Our next
goal is to prove that the size of each bad cycle is at least 4.
Assume to the contrary that there is a bad cycle of length 2.
Since we are using the graph G (G), such a simple cycle of
two nodes gy, gos 11, t € B, satisfies that

go; + 92141 = €.

In that case go; +go;, 1 # ¢ + € since v; is non-zero vector,
SO go; + 9oy 11 = V¢ = €. According to Step 2 in the function
FindGoodOrBadRequest(G, B, t,v), t ¢ B, which results with
a contradiction. Therefore, indeed all simple cycles are of size
at least 4. Thus,

mere[j @[5 2)) =[5,

where the last equality holds since by the nested division
L_LxéyJJ = |2 | for real x,y and a positive integer z. [ ]
Yz

We are finally ready to prove the main result of this section.
Theorem 18: An FB-(2° —1,s, |3 - 2°71]) code exists.
Proof: By Lemma 17 the algorithm ClearBadCy-
cles(G, B) outputs the set Bs such that it size is at most
|4 257!, The ES-matrix G is again an extended Simplex
solution for a triple-matrix Mo (Ga, Ba, R2) of M. Thus,
by using Lemma 8, it is deduced that there is a solution for
M. After removing the all-zero column vector from G, the
proof of this theorem is completed. [ ]

IV. A CONSTRUCTION OF
FB-(2°5 + [(3a —2)-2°72] — 1,8, |- 2571 |) CODES
In this section we show how to construct F'B-(2° + [(3a —
2) - 25727 — 1,5, [a - 2°71]) codes where 2/3 < o < 1.
For convenience, throughout this section let n = 2° and m =
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2% + [(3ac — 2) - 2572]. Note that since o > 2/3 it holds that
m > n. Let e = (0,0,...,0,1) € F.

The following two definitions extend FES-matrices from
Definition 5 and triple-matrices from Definition 7.

Definition 19: A matrix G = [9¢,91,---,9.,_1] of order
s x m over Iy is called an extended-ES-matrix if the matrix
He =190:91,---,9,_1] is an ES-matrix of order s x n and
for all n < 7 < m — 1 it holds g, = e. The ES-matrix Hg
will be called the H-part of G.

Definition 20: Three sets G,B,R C [2°~!] are called an
a-triple-set, and are denoted by a-(G, B, R), if the following
properties hold

o< fo-r)
= [z 16
R=[2"1\ (gugu (271 1}).

Given a matrix M = [vo,V1,. ., V|q.20-1 1]
of order sx |a-2°7'], a matix M(G,B,R) =
[wo, w1, ..., wes—1_1] of order s x 2571 is referred as

an a-triple-matrix of M/ if it holds that

vy teg
wy=<vi+e teB .
e teR
Note that by taking o = 2/3, Definition 20 will be
equivalent to Definition 7. Denote N' = [m] \ [n] and

note that |NV| = [(3a — 2) - 2°72]. We seek to design an
algorithm which is very similar to the FBSolution(t, M) algo-
rithm in the following respect. This algorithm will output an
ES-matrix Hg which will be the H-part of an extended-E'S-
matrix G = [gg,91,---59m_1)> and a set B. The set B will
define uniquely the a-triple-set a-(G, B, R). For all t € G we
will get

9ot T Gop1 = Vi,

and for all ¢t € B we will get an almost desirable solution,
that is,

g2t T 92141 = Vi + €.

The summation of the last pair g,,_5,9,,_; Will be arbitrary.
Similarly to the technique that was shown in Section III, the
set R will be used to correct the summations v; + e to vy,
where ¢ € B. For that, the ClearBadCycles(G, B) algorithm
will be used as it was done in Section III in order to obtain
an extended-ES-matrix G and a set B such that |B| < [3o -
2571, Even though |B| < [a-2°71], the size of R will not
be bigger than the size of B for o > 2/3. Thus, in this case,
not all bad summation can be corrected. For that, we define
the set NV that is also used to correct the summations v; + e
to v, where ¢ € 3. This will be done based on the property
that for all ¢ € N it holds that g, = e. In case that o < 1,
together with R and N, the last pair g,,_5,g,,_, Will be used
for the correction of these summations. Thus, if the inequality
IB| < |R| + |N]+ 1 holds, then it is possible to construct
a solution for M. In case that @ = 1, we obtain |R| = 0.
In this case, we will show how to get the inequality |B| < |V,
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which will similarly lead to a solution for M. Even though
the last pair g,,_o,9,_; has an arbitrary summation, it will
still be shown how to obtain the request v,, /5, from this pair.
Therefore, our first goal is to show a condition which assures
that either |B| < |R|+ |N|+ 1 or |B| < |[N]. This is done in
Claim 6.

Claim 6: Let (G,B,R) be an a-triple-set where
1Bl < [$a-2°71].1f2/3 < a < 1, then |B] < [R|+ |V +1,
and if o =1 then |B| < |V].

Proof: Let 2/3 < a < 1. According to the definition of
a-(G,B,R), since GU B = [|a-2°71]] it holds that

R| = ‘[23—1] \ (g UBU {25 - 1})‘
— 951 _ {a : 28*1J 1

We also know that |N| = [(3a —2) - 2°72]. Thus, in order to
prove that |B| < |R|+ ||+ 1, since |B] < 1o QS*IJ , it is
enough to prove inequality (a) in

RI+W|+1=22"1— o271 | + [3a —2) - 2072
@)1
> L—a~23_1J > |B).
2
Inequality (a) is equivalent to
951> Pa : 23—2J n La : ZS_QJ - [(30{ —9). 23—21,

which holds since

{204 : 23—2J + {a : QS_QJ - [(304 —9). 23—2]
<20-2 24272 — (3a—2)-2°72
=22Qa+a—-(3a—2) =222 =21

Now if a = 1, then |B| < |4-2571] = 2572, By the definition
of R, it holds that |R| = 0 and by the definition of A/ it holds
that || = 2572, Therefore |B| < 2572 = |N]. [ |

Let M = [vg,V1,...,V|q.20-1]—1] be a request of order
s [a-2°71]. Our goal is to construct an extended- ES-matrix
of order s x m which will provide a solution for M. For that,
the a-FBSolution(M ) algorithm is presented. In this algorithm,
the matrix H is represented by H = [gg, g1, --,Gn_1)-

Algorithm 3 «o-FBSolution(M)
1: if a < 1 then

2 T o257

3: else if o =1 then

4@ T2

5. H, B < FBSolution(1,M)

6

7

8

: H,B «— ClearBadCycles(H ,B)
:if o« <1 and g,,_, # e then
H—Fg ,+e(9n—2:9n-1)
9:if « =1 and g,,_5 # v, /2 then
10 He—Fg  tv,51(Gn—29n-1)
11: Return H and B
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Denote by G = [gg, 91, - --,9m_1) an extended-FS-matrix
of order s x m such that the output matrix H from the a-
FBSolution(M) algorithm is its H-part, i.e., Hg = H. Note
that Steps 5-6 define the set /3. This set is obtained using a
similar technique to the one from Section III, except to the
fact that here 2/3 < a < 1, while in Section III, o = 2/3.
It is important to note that the size of B is bounded due to
the execution of the ClearBadCycles(H ,BB) algorithm (Step 6).
Therefore, we only state the following lemma since its proof
is very similar to the one that was shown in Lemma 17.

Lemma 21: The a-FBSolution(M) algorithm outputs a set
B such that |B] < 2o~ 2571

We will use Lemma 21 while proving the main theorem of
this section.

Theorem 22: For any 2/3 < a < 1, a functional batch code

FB-(2° 4+ [(3a —2)-2°7%] — 1,5, [a-2°71))

exists.

Proof: After finishing the a-FBSolution(M) algorithm,
we obtain an ES-matrix H which is the H-part of the
extended-FS-matrix G = [g,91,---,9,,- Remember that
by the definition of G and N, for all ¢ € N, it holds that
g; = e. In Step 5 we invoke the algorithm FBSolution(t,M).
Therefore, for all ¢ < 7, there exists 1; € {0, 1} such that

9or + 9o = Vi + Lee.

Let a-(G, B, R) be an a-triple-set that is uniquely defined by B
according to Definition 20. Clearly, for all £ € G, the recovery
set Ry is Ry = {2t,2¢t + 1}. By Lemma 21 it holds that
IB| < [$a- 2°71]. We separate this proof for two cases.

Case 1: Assume that o < 1. Due to Lemma 21 and Claim 6,
if @ < 1, it is deduced that |B] < |R| + |[N|+ 1. Let t
be the maximum number in B and let B/ = B\ {t}. Thus,
|B| < |R|+ |N]. Therefore, for all ¢ € B’, R; will have a
different ¢’ such that R, equals to either {2¢, 2t+1, 2¢/, 2t'+1}
where t' € R, or {2¢,2t + 1,t'} where ¢ € N. Thus,
we showed the recovery sets for all requests except of vy.
Remember that goy + g9y = vt + e, and note that if
g,_o = e, this case is finished. Otherwise, g, o # e.
This is handled by Steps 7-8 as follows. By Claim 3, since
g,,_- and g,,_; is a pair, we know that there is a good-path
Pr(9,,_2,9,_1) in an x-type graph G, (G) for all = € F5.
Thus, if g,,_, # e, by taking * = g,,_, + e, the algorithm
can use the reordering function Fg  ie(g, 2,9, 1), as it
is done in Step 8. By Lemma 13, we obtain two new column
vectors g,,_, and g/, such that

g/n—2 :gn72 + gn72 +e= €,
9n—1=9n-1+9, 2 +e,

without changing the summations of all other pairs on this
path. Therefore, the recovery set for vy will be Ry = {2t,
2t + 1,n — 2}, which concludes this case.

Case 2: Assume that = 1. Due to Lemma 21 and Claim 6
if @ = 1 then |B| < |N|. Thus, similarly to Case I, for
all t € B, the recovery sets R; can be obtained. However,
we do not have a recovery set for v,/o_; since the sum
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of the pair g,,_o,g,,_; is arbitrary. If g,,_» = v, /5_1, then
Ryj2-1 = {n — 2}. Otherwise, as in Case 1, by Step 10 it
is deduced that g;, , = v,,/9_1. Again R, /1 = {n — 2},
which concludes this case.

In both cases, after removing the all-zero column from G,
we conclude the proof. [ ]

V. A CONSTRUCTION OF FB-(2571 — 2 5 2%) CODES

In this section, a construction for FB-(25T! — 2,5, 2%)
codes will be shown by using the algorithm FBSolution(r,M).
Throughout this section let n = 2°t! and let e =
(0,0,...,0,1) € F;H. We start with the following definition.

Definition 23: A matrix G = [gg, 91, - -,Jas+1_41]) of order
s x 25%1 over Fo such that each vector of F§ appears as a
column vector in G exactly twice, is called a double-ES-
matrix.

Note that by removing the last row from any ES-matrix of
order (s+1) x n, we get a double- E'S-matrix of order s x n.
Also, note that each double-ES-matrix has exactly two all-
zero columns. These columns will be removed at the end of
the procedure, obtaining only 27! — 2 column vectors. Next,
the definition of an extended Simplex solution is extended with
respect to Definition 6.

Definition 24: Let M = [vg,v1,...,v2s_1] be a request of
order s x 2°. The matrix M has an extended Simplex solution
if there exists a double-FES-matrix G = [gg, g1, - - -
of order s x n such that for all ¢ € [2° — 1],

s Gost1_1)

Vi = Gor + G241

and for t =n/2— 1 either vy = g,,_5+¢,,_1, O Vt = g,,_o,
or vy =g, -

Let M = [vg,v1,...,v2:_1] be a request of order s x 2°.
Our goal is to construct a double-ES-matrix of order s x
2571 which will provide an extended Simplex solution for
M. Let M = [wg, w1, ...,wss_1] be a new matrix of order
(s + 1) x 2° generated by adding the all-zero row to M. Let
7 =mn/2—1 and 0, be the all-zero vector of length ¢. We now
show the algorithm OptFBSolution(M), which receives as an
input the matrix M and outputs a double-F S-matrix G that
will be a solution for M. As mentioned in the Introduction
the returned solution is optimal.

Algorithm 4 OptFBSolution(M)
LT—n/2-1
. G« FBSolution(7,M)
251
CY = Do Wi
if y# 0541 and y # g,,_, then
G — fgn,ﬁy(gnfza 9n-1)
: Remove the last row from G

=)

The following lemma proves the correctness of Algorithm
OptFBSolution(M).

Lemma25: The algorithm OptFBSolution(M) outputs a
double- ES-matrix G’ which is an extended Simplex solution
for M.
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Proof:  According to Step 2, the algorithm FBSolu-
tion(t,M) is used with 7 = n/2 — 1. Thus, by Lemma 14

we obtain an ES-matrix G = [gy, 91, ---,9,,_1) such that for
all t € [n/2 —1]

9ot + 9241 = wi + Lee, 3)
where 1, € {0,1}. Let G’ = [g(, 9%, ---,9,,_1] be a double-

E'S-matrix of order s x n generated by removing the last row
from G according to Step 6. Since M = [wg, w1, ..., Wwas_1]
is generated by adding the all-zero row to M, by removing
the last row from G before Step 3, for all ¢t € [n/2 — 1] we
could obtain G’ such that

g/2t + QIQt+1 = V. “4)

However, G’ would provide a solution for M except for the
last request v, /o 1. We handle the last request using Steps 3-5
that will be explained as follows.

Assume that Efzgl w; = y and note that

2511
> gi=0.. (5)
Denote
29 -2
L9 1= Z 1,(mod2). (6)
t=0

Thus, it is deduced that

( ) 25+1_ b 25_9
gn—2 + gn-1 = g; : Z wy + ]lte
=0 t=0

9 Wyyoo1 Y+ 1,2 1€

Equality (a) holds due to (5), equality (b) holds according
to (3), and equality (c) holds by the definition of y and by (6).
Now if y = 0441, according to Step 6, after removing the last
row from G, we get G’ such that equation (4) holds also for
t=n/2—1, that is,

Gn—2+Gn_1=Vnj2 1.

Clearly, in this case G’ is an extended Simplex solution for
M. Otherwise, if y # 0541 then the algorithm enters the if
condition in Step 4. By Claim 3, since g,,_, and g,,_; is a
pair, we know that there is a good-path Py (g,,_5,g,,_1) in an
x-type graph G (G) for all = € F5*!. Thus, by taking = =
g,,_o + vy, the algorithm will execute the reordering function
Fg. y+y(Gn_2.9,_1) (Step 5). By Lemma 13, we obtain two
new column vectors g/,_, and g/, _; such that

92172 =9gn—2 + gn-—2 +y =y,
g;z—l =9n_1T9Gnoty= Wy 2-1 + ]ln/Q—lev

without changing the summation of all other pairs on this path.
Again, by removing the last row from G, we obtain G’ such
that

9o + 9/2t+1 = U, € [n/2-1]

and g;,_| = v,,/2_1. Thus, all the recovery sets R;,t € [n/2—
1] are of the form R, = {2¢,2t+ 1}, and the last recovery set
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will be R, /51 = {n—1}, which concludes this case. In both
cases, G’ is a double-ES-matrix with two all-zero columns
that will be removed to provide an F'B-(25T! -2, 5, 2%) code.
|
For the rest of the paper, we only state that it is possible
to obtain the last recovery set from the redundancy columns
g,_- and g,,_;, as it was shown in the proof of Lemma 25.
From the result of Lemma 25 we deduce the main theorem of
this section.
Theorem 26: An FB-(25T1 — 2 s 2%) code exists.

VI. A CONSTRUCTION OF FB-(2° — 1,
CODES

s, L% 22571 )

In this section we show how to improve our main result,
i.e., we show a construction of FB-(2°—1,s,[2-2°71] — )
codes. Let M be a request denoted by

M = [’Uo,’Ul,. .. ,UL%_Qs—lJiS].

Remember that e = (0,0,...,0,1) € F$, and n = 2°. The

initial state of the matrix

G = [905917 s agn—l]

will satisfy

g2t T gory1 = €, € [n/2].

Remember that for all x € T3, the graph G(G) has a
partition of ¢ > 1 disjoint simple cycles, that will be denoted
by C.(G) = {C;}'Z! (Definition 10). Fix 7 € [n/2]. The first
ingredient in the solution of FB-(25—1,s, | 2-2°7!|—s) codes
will be presented in algorithm FBSolution2(r, M), which is
presented as Algorithm 5.

Algorithm 5 FBSolution2(r, M)

1: GO — @

2:.fort=0,...,7—1do

3: fora112t<p,h n—landt m<7—1do
4 Swap g( ) and g

5: Swap gh and gziﬂ

6: if gétt) + 9(2?+1 = vy, then

7: Swap between v, and v,,, in M

8: Go to Step 2

9: Am — Uy + géf) + ggtt)-i-l

10: Let C; € C,,, (G) beacycless.t. {ng ’92t)+1 p €C;
11: if {g(Q?,g(Q?H}p € C; s.t. £ >t then

12: Swap between vy and v,,, in M

13: Go to Step 16

14 GW, M «— BadCaseCorrection(GY), a,,,, M)
15:  Go to Step 3

16:  j « FindShortPath(G®), a,,,t,0)

17: - GO — Fa, (gét+1ag§ ))

18: Return G(7)

In the internal routine starting on Step 3, on its ¢-th iteration,

the algorithm will try to find two column vectors gg) and

g§ ), such that h,p > 2t, and a request v,,, where m > t,
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(®)

such that the sum of g, ()

and g, "~ could be updated to v,,,

without corrupting the sums ggjl) + ggfﬂ such that ¢’ < t.
Our first task is to prove that if 7 < n/4 then the algorithm
will always find such gp , gﬁf) and a request v,,. In this case,
the algorithm will provide 25=2 (when 7 = n/4) requests and
will never reach Step 14. Our second task is to prove that for
the case n/4 < 7 < |n/3], the algorithm may reach Step 14,
however by using the BadCaseCorrection(G(t), a,,, M) func-
tion, which reorders the columns of G®), the algorithm will
succeed to construct L% - 2571 recovery sets of size 2 (when
7 = |n/3]). Therefore, we are left to show how to construct
additional |1 -2°7'|—s + 1 recovery sets that will be of
size 4 (remember that |z + y| < |z] + |y] + 1). This
part will be handled by the FBSolution3(G, T, M) algorithm.
We notice that the FBSolution3(G, 7, M) algorithm will be

invoked only if

2 e

which holds for s > 7.

: 28*1J _s, %)

A. The T < n/4 Case

Before proving the correctness of the FBSolution2(t, M)
algorithm, we start with an important definition.

Definition 27: On the t-th iteration, a path P, between
g,(f),p > 2t and gg),h > 2t will be called a short-path
in G, (GW), if it is a good-path, and all the pair-type edges
{9(2?/,9215/ 1 }p on Py satisfy t' < ¢. The short-path P 9 +g(?
is called a trivial short-path.

Our first goal is to show that every gé),p > 2t has n
different short-paths ending on n columns gg), h > 2t.

Claim 7: Fix some g(t) such that p > 2t. Then, for each
G (G(t)), there exists gg), h > 2t, such that there is a short-
path between gg) and ggf).

Proof: Given gé) such that p > 2t, its pair gz(),) also sat-
isfies p’ > 2t. In Claim 3 we proved that for all x € F§ every
pair {gs,, 92 11}p has a good-path Pr(gs,,gami1) in
G (G). Therefore, by Claim 3, for all * € F$, there is a
good-path P, (gé),gl(f)) in G, (G®). If for all the edges

{9(221’92m+1 p on Py (gg),g(f)) it holds that m < t, then

P, (g(t), gl()t)) is a short-path. Otherwise, there exists an edge

{ng,gMH}p on Py (g,(,t),g;)t)), such that m > ¢, and
without loss of generality, we assume that this edge is the

closest one to g(t) on Py (gé),gé ). Let h € {2m,2m + 1}
(®)

such that the column gg) is the closest node between g5,
2t and

and gg)nﬂ to gg) on Py (gx(,t),g(t)) Therefore h >
this sub-path is a short-path by deﬁmtion. ]
Next, we proceed to prove the correctness of the FBSolu-
tion2(, M) algorithm. On Step 9, the algorithm will execute

(t) (t) (t) v
If gp° and g, have a non-trivial

a,, = v, + g;(f) +9g; -
short-path between them in G, (G(*)), then our technique

and gﬁt) to be equal to v,,

without changing the sum of a pair {9(2?/’ 9(2?/ 41}p for some

cannot update the sum of gg)

t’ < t. So our goal is to find columns gé) and gﬁf) such that
there are no (non-trivial) short-paths between them. We state
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in the following claim that reordering the columns gg)

p > 2t of G does not affect their short-paths.
Claim 8: The columns g,(,t) and gglt) (before Steps 4-5) have
no (non-trivial) short-paths between them, if and only if the
columns gétt) and 9(2§S)+1 (after Steps 4-5) have no (non-trivial)
short-paths between them.
Proof: We will prove only the first direction, while the
second is proved similarly. In Claim 7 we proved that for all

x € I3, there exists g(f), p’ > 2t such that there is a short-path

for

between g ) and g, ) In this claim we assume that every such
P’ satlsﬁes p' # h. By definition of the short-path, the edge
{gg;), g5, +1}p is not on any of these short-paths. Therefore,
for all € F3, the execution of Step 4 will not affect these
short-paths. Similarly, for all € F5 the short-paths between

(t) and gglt,) will not be affected by the execution of Step 5 (k'
is deﬁned similarly to k). Thus, the columns g ) and g(;t)Jrl
(after Steps 4-5) will not have any (non- tr1V1al) short-path
between them. [ ]

Using Claim 8, we can make columns g,(,) and g(t) to be
a pair. This is done by Steps 4 and 5, i.e., this pair is now
{gg;), 9(2?+1 p- In the next lemma we will use the properties
of short-paths to prove the correctness of the algorithm.

Lemma 28: On the t- th 1terat10n if there are no (non-trivial)
short-paths between g ) and ggf 't 1> then by the end of this
iteration it holds that

(t+1)

G+ 2641

9ot

= Um,
and all the pair sums géjl)
unchanged.

Proof: 1If g(t) + gétt)H = v,,, then due to Step 6 this
lemma is correct. Otherwise, we know that there are no (non-
trivial) short-paths between gg) and gé?ﬂ. Therefore, Step 11

will succeed to find {géte)agéte)-u}p € C; such that ¢ > t.

Thus, there is a good-path between gézrl and one of the nodes
g(Q?, 9(2?+1 (the closest one between them to gg?ﬂ), and the
index of this node is denoted by j (Step 16). By executing
Far, (9at11,9;), the matrix G is updated to a matrix G(1)
such that only the two following pair summations are correctly

changed to

+ géttfrli such that ¢’ < ¢ will be

41 t+1 ¢ ¢
( + '+ 9(2:%1) = 9(215) + gét)Jrl +am =vny
(t+1) (t+1) _ (1) (t)

9o " T 92041 =920 T 93011t Am-

|

Next, we will show that if ¢ < n/4 then the algorithm will
find g(t) and gglt) with no (non-trivial) short-paths between
them.

Lemma?29: If t < n/4, then on the t-th iteration the
algorithm will find g(t) and gg) with no (non-trivial) short-
paths between them.

Proof: Fix some gé) By Claim 7, for each G,(G), there

exists gé) such that there is a short-path between gé) and g(t).

Therefore gé) has n different short-paths. Since ¢ < n/4 or

2t < n/2, there are at least n/2 + 1 options for choosing
gﬁf), and each of them has a trivial short-path with g( 2

Therefore, we are left with n/2 — 1 short-paths, and at least
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n/2 + 1 column vectors gg)

. Thus, there is at least one of
them that has no (non-trivial) short-path with g,(,t). ]
We are now ready to conclude with the following
theorem.
Theorem 30: For 7 = n/4 the algorithm FBSolution2(r, M)
will construct recovery sums for the first 252 requests of M.
Proof: Since 7 = mn/4, by Lemma 29, on the ¢-th
iteration the algorithm FBSolut10n2(T M) will find g(t) and

2) with no (non-trivial) short-paths between them. Therefore,

by Claim 8, after executing Steps 4 and 5, the columns gét)

and gétt)H have no (non-trivial) short-paths between them.
By Lemma 28, since there are no (non-trivial) short-paths

between gg) and ggzrl, by the end of this iteration it holds

that
1 (41
g+ g5y = v,
and all the pair sums ggfl) + ggfii such that ¢’ < ¢ will be
unchanged. ]

Remark 1: By using this technique we can obtain a solution
for the case in which M has exactly two kinds of vectors
(d = 2). Suppose that v, appears ¢; times and v, appears
to times in M, and assume that ¢; > ¢o. Then, initialize G
such that each pair of columns will be summed up to v; and
use this technique to update the first to < n/ 4 pairs to vs.

We proceed to the second case, i.e., 7 < [n/3].

B. The 7 < |n/3]| Case

Ifn/4 <t< &n/ 3|, then the algorithm may not be able
to find g(t) and ght) with no (non-trivial) short-paths between
them. However, at least one of these pairs will have at most
one (non-trivial) short-path between them. Therefore, we may
not be able to make some requests on the ¢-th iteration and
reach Step 14. However, if we are left to handle more than one
kind of request in M, we will succeed in this iteration. For

that, we present the BadCaseCorrection(G (t), a;, M) function.

BadCaseCorrection(G"), a;, M)

1: Let C; € Cat(G) be a cycle s.t. {gQi ,thtJrl}p eC;

: Find {ng,,ggf,H}p € (st géf)f +g§2’+1 7

. j < FindShortPath(G"), a, t,t')

c GO — Ty (921‘)4-1;9; ))

: Swap g( ), and g(f)
(®)

: Swap th),H and g5/ 4
: Swap vy and vy in M
: Return G, M

Lemma 31: On the ¢-th iteration such that ¢ < [n/3], there
exist p, h > 2t such that there is at most one (non-trivial) short-
path between g( ) and g(t) and by the end of this iteration it
holds that

Jr
géf

and t recovery sums are satisfied.
Proof: Fix some gx(,t). We already proved that gg) has
n different short-paths. Since ¢ < |[n/3| or 2t < |2n/3],

Y ghtl) = o,
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there are at least [n/3] + 1 options for choosing gg), and

each one of them has a trivial short-path with gx(,t). Therefore,
we left with [2n/3] — 1 short-paths and [n/3] 4+ 1 column

vectors gﬁf)

vector g§ ) such that there is exactly one (non-trivial) short-
path P, between g(t) and g(f) Ifx # gg) —|—g§f) + vy, Step 11
will succeed, and we can construct a recovery set of size 2 for
vy on the t-th iteration of the FBSolution2(r, M) algorithm,

as proved in Lemma 28. If x = (&)

Therefore, in the worst case, there is a column

gz(,) + g, + v¢, we cannot
obtain v; on the ¢-th iteration. So from now we assume that
T = g(t) + g(t) + v¢.

P h

Assume that we have at least two different requests v;,j > ¢
in M, and let v,,, # vy, for m > t. We prove that there does
not exist a short-path P, such that y = g,(,) + gg) + V.
Therefore, Step 11 will succeed to find {g% 7g%H}p e C;
such that £ > t. As proved in Lemma 28 the algorithm
FBSolution2(r, M) will construct a recovery set of size 2 for
v,, on the t-th iteration.

We are left with considering the case where all the requests
v,, in M for m >t are identical (and thus v,,, = v;). Also
assume that géf) + géf)ﬂ # v; which means that Step 6 has
failed (otherwise this iteration will succeed). In this case the
algorithm will use its BadCaseCorrection(G®), a,,,, M) func-
tion. Let C; € Cgq,, (G) be a cycle such that {gg‘),g(;t)_|r1 p €
Ci (Ste 1). First assume that for every pair-type edge
{th,, th,+1}p € C; such that ¢’ < t it holds that

(t) (t)
9o+ G011 =Vt

Note that if a path

(t) (t) (t) (t)
9o —Gop11 ~ 997 ~ Yo7

holds

(®) (t) (t) @t _
9ot T 9o 41 = Gop T 9o1 = V1

then it has to be a cycle of length 4. Therefore, in our case,

t t t t
g(Qt) + gét)-i-l g(Qt)/ + g(Qt)/ 1= Ui,

which is a contradiction to the assumption that gétt) +

g(2t)+1 # vy. Otherwise, we can assume that there is an edge

{9(2?/,9(2?/“% € C;,t < t such that

ggf)’ +gg§)'+1 = Uy 7é V¢.

By executing Step 4, géf) + g(Q?_H will be updated to v, which

corrupts the sum of the pair {9(2?/’ 9(2?/ 41)}p such that

gétt)f + gg)ﬂ = vy +a # vy

After executing Steps 5-6, we obtain two kinds of requests
in M that are left to deal with, while still having ¢ — 1 valid
recovery sets. In this case, the algorithm will return to Step 3.
Since now we have two kinds of requests, as already proved,
the algorithm will be able to construct a recovery set for either
v; or vy on the t-th iteration. |

The next theorem follows directly from Lemma 31.

Theorem32: If 7 < [n/3], then the algorithm
FBSolution2(7, M) will construct recovery sums for the first
|2 257! requests of M.
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Due to Theorem 32, we proved that the algorithm FBSolu-
tion2(t, M) provides an alternative construction for F'B-(2° —
1,s,[2 - 2°71]) codes. However, the algorithm FBSolu-
tion2(T, M) is better than the algorithm FBSolution(r, M)
since by using the algorithm FBSolution2(t, M), all the recov-
ery sets are of length 2 (and not 4). Therefore, we are left
with [n/3] unused column vectors. If (7) holds, we will put
[n/3] — 2 of these columns, except the redundant columns
Gy_9:9,_3, as the first columns of the ES-matrix G, and
similarly, the left requests of M that have no recovery sets yet
are placed first. In the next section, we show how to obtain
|4-2571] — s+ 1 more recovery sets of size (at most) 4 from
these [n/3] unused columns of G.

C. Constructing Recovery Sets of Size 4

According to the previous results as stated in Theorem 3(c),
and due to (7), we can assume that s > 7. The FBSolu-
tion(t, M) algorithm uses the initialized ES-matrix G(©) that
satisfies (2). In fact, we can construct a similar algorithm
that is initialized by any arbitrary E'S-matrix G. Let 7 =
L% -2571| —s. The value of T represents the number of requests
that will be handled. Note that

1
Ar = 4{— : 28*1J ~ 4s
6
1
12
for s > 7, which is the number of unused columns in G. Our
goal is to use either 2 or 4 columns of G for every recovery

set. In other words, every v, will be equal to either gg) +g$2)+1

or gff? + Qg)ﬂ + giﬁg + gz(ltt)Jr4. To show this property we
will prove that in every step of the algorithm, we have to have
at least 2(s + 1) unused (or redundant) columns of G.

We start with the next definition, which is based on the fact
that every s+1 vectors in 5 have a subset of A < s+1 linearly
dependent vectors.

Definition 33: Given an ES-matrix G ®) denote the set

S,(f) C [s+ 1] of size h < s+ 1, such that

t t
Z (gé(lt)-i-% + gflt)—i-Q'H-l) = 0;. (8)
ies

2SJ —4s< [%21 _9,

Denote the Reorder(G(Y)) procedure that swaps arbitrarily
between the columns of G*) presented in (8) and the columns
indexed by {4t < m < 4t + 2h — 1} in G and returns the
reordered matrix and A as an output.

By using the Reorder(G™)) procedure which is defined in
Definition 33, we can assume that

t t
Z (gflt)—',-Q'L + gflt)-i-Q'H-l) = 05. (9)
1€[h]

We are now ready to show the FBSolution3(G,r, M)
algorithm, which is presented as Algorithm 6.
Note that since

1 1 1

[—-28] ) S {—~QSW—4{—-25J+48—2

3 3 12
>4s—-22>2(s+1),
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Algorithm 6 FBSolution3(G, T, M)

:G(U)<—G
- BO) =
cfort=0,1,...,7— 1 do

G h —Reorder(G®)
G®) — FindEquivSums(G™ t, h)
G+ p(t+1) —

BadRequest(G"), BY  2t, v,)
: Return G() and B(™)

FindGoodOr-

~

for s > 7, the 2h < 2(s+ 1) column vectors of G*) presented
in (9) are unused on the {¢-th iteration. By using these 2h
unused columns, the function FindEquivSums(G,t, h) will be
able to reorder the columns of G*) such that

(t () (t) (®)

94t) T 9ai11 = Gaiyo + Gaiyzs (10)

without changing the previous valid recovery sums. Then,
the function FindGoodOrBadRequest(G™Y),BM) 2t v,) will
update the sum gf;? + gf&rl to either v; or gfl? + 94(1?+1 + vy,
again, without changing all the previous valid recovery sums.
In the latter case, we are able to construct a recovery set
Ry = {4t,4t + 1,4t + 2,4t + 3} of size 4 due to (10).

The FindEquivSums(G,t, h) algorithm is presented next.

FindEquivSums(G, t, h)
l:fori=1,...,h—1do
2 Ti < Gapia t G4t y2it1
if g4 + 9441 # x; then
G «— FindGoodOrBadRequest(G, B, 2t, x;)
if g4y + 94441 = x; then
Swap gy, 1o and gy, 4o

Swap g445 and gy 0,41
Return G

e A

The proof of the correctness of the function FindEquiv-
Sums(G,t, h) is shown in the following theorem.

Theorem 34: If there are at least 2(s + 1) unused columns
in G, then there is a function FindEquivSums(G, ¢, h) that can
reorder the columns of G such that

Gut t Guir1 = Gary2 T Garyss

without corrupting the previous valid recovery sums.

Proof:  As explained before, the 2h < 2(s + 1) column
vectors of G presented in (9) are unused. Therefore, the algo-
rithm FindEquivSums(G,t,h) will not corrupt the previous
valid recovery sums. Our goal is to prove that the algorithm
will succeed on Step 5. On the ¢-th iteration, by executing
Step 4, the sum of g4, +g4,,1 Will be either g4, + g4, 1 +
or x;, without changing other sums except of the redundancy
sum g, o + g, 1- If g4 + gy = xi, Step 5 will
succeed. Otherwise, we can assume that on the ¢-th iteration,
the algorithm obtains g4, + g4,,1 + ®; on Step 4. Denote by
xo the sum of g,; + g4, at the beginning of the algorithm.
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Therefore, at the end of the i-th iteration, we obtain

i
Gar + a1 = ij-

§=0
By (9),

h—2

§=0

Therefore, on the last iteration, i.e., when ¢ = h — 1,
h—2

Gar T Gar1 = Z Tj = Th_1.
§=0

Thus, Step 3 will fail and Step 5 will succeed, concluding the
proof. ]

We are ready to show the main result of this section.

Lemma 35: The FBSolution3(G, 7, M) algorithm constructs
7 valid recovery sets R; for v;, without corrupting previous
recovery sums.

Proof: By Theorem 34 the FindEquivSums(G®)  t, M)
algorithm will output G(*) such that g} + 94(1?+1 = gf&rQ +
9512)—%2’ and all previous sums of requests are valid. Before the
execution of the FindGoodOrBadRequest(GM,BW 2t v,)
function we denote the sums g,; +g,; 1 and g4, 15 +g4s10 by
;. The algorithm FindGoodOrBadRequest(GY), B®) 2t, v;)
will update only the sum gg) + 94(1?+1 to either v; or v + Y,
and the sum of the last pair g,,_, +g,,_3 which is redundant,
due to Lemma 14. The case gfltt) + gf&rl = v, is called a
good case and we assume that all such ¢’s are inserted in
a set G. These pairs will be recovered by the recovery sets
R, = {4t,4t + 1}. The case gg) + gf&rl = v, +y, is called
a bad case and all such ¢’s are assumed to be inserted in a
set B. By (10) for every ¢ such that gg) + gyt)ﬂ = vt + Y,
we have that gfl?Jrg + gé(lzrg = y,. Thus, in these cases, the
requests will have the recovery sets Ry = {4¢,4t + 1,4t + 2,
4t + 3}. [

In Section V, we showed a technique to obtain another
recovery set from the redundancy pair g,,_5 and g,,_;. Using
this technique, we are able to construct |1 -2 |—s+1 valid
recovery sets. By combining the three cases above, the fol-
lowing theorem is deduced immediately.

Theorem 36: An FB-(2°—1,s,[2-2°7!] —s) code exists.

VII. A CONSTRUCTION OF B-(2° —1,s,2°!) CODES

Wang et al. [14] showed a construction for B-(2° — 1,
5,2°71) codes, which is optimal, using a recursive decoding
algorithm. In this section, we show how to achieve this
result with the simpler, non-recursive decoding algorithm. Our
solution solves even a more general case in which the requests
v;’s satisfy some constraint that will be described later in
this section. The idea of this algorithm is similar to the one
of the FBSolution(t, M) algorithm. First, we slightly change
the definition of an extended Simplex solution as presented in
Definition 6 to be the following one.

Definition 37: Let M = [vg,v1,...,V,/2—1] be a request
of order s x n/2, where n = 2°. The matrix M has an
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extended Simplex solution if there exists an E'S-matrix G =
9091, -+ 9,_1]) of order s xn such that for all ¢ € [n/2—1],

Vi = g T G241,

and for i =n/2—1 either v; = g,,_5+9,_1, OT Vi = g,,_o,
or v; = g,_;. In this case, we say that G is an extended
Simplex solution for M.

Let G be an ES-matrix. Let G be the set of all matrices G’
generated by elementary row operations on G. The following
claim proves that elementary row operations on E'S-matrices
only reorder their column vectors.

Claim 9: Every G € G is an ES-matrix.

Proof: We will only prove that adding a row in G to any
other row, generates an FS-matrix. By proving that, it can
be inductively proved that doing several such operations will
again yield an ES-matrix.

Without loss of generality, we assume that we add the i-th
row, for some 0 < ¢ < s—1, to the 0-th row of GG and generate
a new matrix G’. Assume to the contrary that G’ is not an
ES-matrix. Thus, there are two distinct indices ¢,m € [n]

such that g, = g;,. Therefore, by definition of elemen-
tary row operations, G satisfies g, = g,,, which is a
contradiction. |

Let M be a request denoted by

M = [vg,v1,...,V9s-1_1].

Let M be the set of all matrices M’ generated by elemen-
tary row operations on request matrix M. We now present
Lemma 38. Its proof follows directly from Claim 9.

Lemma 38: 1If there is an M € M such that there is an
extended Simplex solution for M, then there is an extended
Simplex solution for all M’ € M.

Proof: Let M € M and let G be an extended Simplex
solution for M. Let P be a set of elementary row operations,
generating M’ from M. By Claim 9, executing elementary
row operations P on G generates an E'S-matrix, G'. Since
we applied the same elementary row operations P on both M
and G, it is deduced that G’ is an extended Simplex solution
for M. ]

The constraint mentioned above is as follows. Given M,
we demand that there is a request M’ € M having the 0-th
row to be a vector of ones. Using Lemma 38, our algorithm
will handle any request M’ such that M’ € M and M holds
this constraint. Note that if each request vector v; € F3 is
a unit vector, then by summing up all of its rows to the
0-th one, it holds that there exists such a matrix in M holds
the constraint. Moreover, if every request vector is of odd
Hamming weight, our algorithm will still find a solution.
Therefore, from now on, we assume that the 0-th row of the
request matrix M is a vector of ones.

Remember that e = (0,0,...,0,1) € F5. The initial state
of the matrix

G = [90’917" 'agn—l]

will satisfy

9ot +9orr1 = €, t € [n/2].

Authorized licensed use limited to: Technion Israel Institute of Technology. Downloaded on February 27,2024 at 19:53:17 UTC from IEEE Xplore. Restrictions apply.



6450

Given g € F$, let f(g) be the bit value in the 0-th position
in g. Remember that for all « € F3, the graph G, (G) has a
partition to £ > 1 disjoint simple cycles, that will be denoted
by Co(G) = {C;}:Z} (Definition 10). Let 7 = 2°~'. We are
now ready to show the following algorithm.

Algorithm 7 BSolution(r, M)

1: G(O) — G

2:fort=0,...,7—2do

nif f(gh +g§?+1) =1 then

4 Findgé),gg)st p,h > 2t andf(gp)+g(t))—0
5 Swap g,(,) and g, )

6: Swap gh and gz];“

7oar— v +gh) + gé?H

8 Let C; € Cq,(G®) be a cycle s.t. {th 79(2?+1 p €C;
9:  Find {g(;%,gét,zlﬂ pECist.m>t

10 j < FindShortPath(G®), a,,t,m)
G e £ (gl g)

12: if g(T 2 +g(7711) # vy /9-1 and g ) # v,,/2—1 then
T T—1 T— 1
132 G — }'gg:;)“"/zil(gfl 2 ),951 1 ))

14: Return G(™)

Our first goal is to prove that on the ¢-th iteration when
the BSolution(r, M) algorithm reaches Step 7, it holds that
1(g5) +g5)1) =0.

Lemma 39: On the t-th iteration when the BSolution(r, M)
algorithm reaches Step 7, it holds that f (ggt) + Qétt)ﬂ) = 0.

Proof: If on the t-th iteration in Step 3, f(QQf) +g(2ft)+1) =
1 then the BSolution(r, M) algorithm will try to find p, h > 2t
such that f(gg) + gg)) = 0. Note that since t < 7 — 2,
we have gg?, gé?ﬂ and at least two more column vectors
gg;zl, 9(221 11 such that m > ¢. By the pigeonhole principle,
there exist two indices p, h € {2t,2t 4+ 1,2m,2m + 1} such

that f( () ) fg (t)). After executing Step 5 and Step 6 we

obtain f(ggt) + gg)ﬂ) =0. |
Our next goal is to show that in Step 9 on the ¢-th iteration,
the BSolution(t, M) algorithm will find {gétrzl, g(221+1 p €C;
such that m > t. We start with the following claim.
Claim 10: Given a graph G (G) and its partition to cycles
Cx(G) = {C;}P~, for all C; € C,(G) it holds that

>

{92m:92m+11p€CH
Proof: Assume that C; is of length 2/, and its cycle

representation is given as follows

(920 + 921 ) =5 |Cil(mod 2).

Ci:gso_gsl - T 95001 T Ysar T Isoo

where both of the edges {g,,,9s, }p»19s,,_,>9s,, Jp ar€ pair-
type edges. By Claim 2(3), for all odd ¢ € [2/] it holds that
9s, = 9s,., T . Thus, by summing only the sums of the
nodes of the pair-type edges in C; we obtain

Z <92m +92m+1)

{92m:92m+11p€Ci
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:ngi:

te[24]
={x(mod 2).

D

te[2¢],t is odd

(gst +g$1, + w)

|
Now we are ready to prove the following lemma.
Lemma40: On the t-th iteration when the BSolution(7, M)
algorithm reaches Step 9, it will find {9(2%,9(2% 1tp € C;
such that m > t.

Proof: Remember that we assumed that the bit value in
the 0-th position for all the requests v; is 1. Therefore, on the
t-th iteration, for all m < ¢ it holds that f(gétrzl —|—g§21 1) =1
and by Lemma 39, f(ggt) + géttll) = 0. Now, assume to the

contrary that there are no m > t such that {ng, gggl +1Jp €

C;. Note that

fla) = floi+ g% + g%, 0)
= f(ve) + f(g%) +g%41) = 1+ 0=1(mod 2).

By Claim 10, if |C;| = 2¢ then,
Z (gétv)n +géty)n+1)zeat(m0d 2),
{gzmvgzvzw,+1}peci

and therefore,

>

t t
{9595, .1 }p€EC:

£ + g% )=tf(ar) = {(mod 2).

However, since only the edge {gétt)agétt)ﬂ P

that f(gé? + gg)ﬂ) =0, it is deduced that

S e g ) =t —1#((mod 2),

{92m:92m+11p€CH

which violates Claim 10. ]
We are ready to show the main theorem of this section.
Theorem41: Given a request matrix M having the 0-th row
to be a vector of ones, the BSolution(7, M) algorithm finds an
extended Simplex solution for M.

Proof: First, we will prove that the BSolution(t, M)
algorithm generates 2°~% — 1 recovery sets for the first 257! —
1 requests v;. This is done by Steps 1-11. Note that the sums
9(221 + 9(221+1 for all m < t, might be changed only after
Step 9. We will show that these sums will not be changed
and the sum gg) + gézrl will be equal to v at the end of
the ¢-th iteration. By Lemma 40, when the BSolution(t, M)
algorithm reaches Step 9, it will find {ng,gggL 1ifp € Ci
such that m > ¢. Thus, there is a good-path between g,
and one of the nodes g,,,,95,,,1 (the closest one between
them to gy, ), and the index of this node is denoted by j
(Step 10). Due to Lemma 13, by executing Fq,(g241,9;)s
the matrix G*) is updated to a matrix G**+1) such that only
the two following pair summations are correctly changed to

t+1 t+1 t
( + ) +g(2til) = g(zt) +gét)+1 +a; = v,

1 1
(f+ ) 4 Qétr;r+)1 9(20 + 982#1 + ay.

€ (; satisfies

Lastly, Steps 12—-13 handle the last recovery set in a similar
way as was done in the proof of Theorem 22. [ ]
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VIII. CONCLUSION

In this paper, functional k-batch codes and the value
FB(s,k) were studied. It was shown that for all s > 6,
FB(s,[22°71] — s) < 2° — 1. In fact, we believe that by
using a similar technique, this result can be improved to
|Z2571] — s requests, but this proof has many cases and
thus it is left for future work. We also showed a family of
FB-(25+[(3a—2)-2°72]—1, s, |@-2°71|) codes for all 2/3 <
a < 1. Yet another result in the paper provides an optimal
solution for k& = 2% which is FB(s,2%) = 25*1 —2. While the
first and main result of the paper significantly improves upon
the best-known construction in the literature, there is still a
gap to the conjecture which claims that FB(s,2571) = 25 —1.
We believe that the conjecture indeed holds true and it can be
achieved using extended Simplex codes.

APPENDIX A
Theorem 1: For any triple-set (G, B,R) if |B| < |
then |B| < |R|.
Proof:  According to the definition of (G, B, R) and since
GUB=[[2-2°"']] it holds that

Rl = |2\ (GuBU 2t - 1))

—osl E : 23—1J —1

Thus, in order to prove that [B| < |R|, since |B] < [4-2°71],
we will prove inequality (a) in

% . 23—1J

2 @1
IR| =21 — b : 28—1J 1> b : 28—1J > |B].
This inequality is equivalent to
2 1
2871 -1 2 \‘_ . 2871J \‘_ . 2871J .
3 + 3
We separate the proof for the following two cases.

Case 1: If s is even, then

2° = 1(mod3), 2°7! =2(mod3).
Thus,
2 1 28 2s5-1
525 =5+ 15
{3 + 3 3 + 3
25 _ 1 2571 —92 . 2571
— + — 3 3 — 2871 ]_
3 3 3
Case 2: If s is odd, then
2% = 2(mod3), 2°! = 1(mod3).
Thus,

5o g5 5

25 —2 27t —1 3.2¢71-3
= + = =251 1.
3 3 3
Therefore, it is deduced that in both cases if [B| < |3 -2°7!]
then |B| < |R|. |
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