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Correcting Deletions With Multiple Reads

Johan Chrisnata™, Han Mao Kiah

Abstract—The sequence reconstruction problem, introduced
by Levenshtein in 2001, considers a communication scenario
where the sender transmits a codeword from some codebook
and the receiver obtains multiple noisy reads of the codeword.
Motivated by modern storage devices, we introduced a variant of
the problem where the number of noisy reads N is fixed. Of sig-
nificance, for the single-deletion channel, using log, log, n +
O(1) redundant bits, we designed a reconstruction code of length
n that reconstructs codewords from two distinct noisy reads
(Cai et al., 2021). In this work, we show that log, log, n —
O(1) redundant bits are necessary for such reconstruction
codes, thereby, demonstrating the optimality of the construction.
Furthermore, we show that these reconstruction codes can be
used in t-deletion channels (with ¢ > 2) to uniquely reconstruct
codewords from n*~' /(t — 1)!4+ O (n'~?) distinct noisy reads.
For the two-deletion channel, using higher order VT syndromes
and certain runlength constraints, we designed the class of higher
order constrained shifted VT code with 21log, n + o(log,(n))
redundancy bits that can reconstruct any codeword from any
N > 5 of its length-(n — 2) subsequences.

Index Terms—DNA-based data storage, sequence reconstruc-
tion problem, deletion channel, error-correcting code, multiple
reads.

I. INTRODUCTION
A. The Deletion Channel

N 1966, Levenshtein introduced the study of deletion

channels where certain bits of a transmission are lost and
their positions are not known to the receiver [17]. Formally,
when a codeword x of length n from some codebook C is sent
through a ¢-deletion channel, a subsequence x of length n — ¢
is received. The receiver/decoder then aims to reconstruct the
original sequence x from its subsequence x of length n — t.
A t-deletion correcting code C is then a subset of length-n
binary sequences such that for any codeword x € C, we are
able to uniquely identify x from any length-(n—t) subsequence
of x. This is illustrated in Figure 1.
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In the same paper, Levenshtein showed that the optimal
redundancy (defined by n — log|C|) of a t¢-deletion correct-
ing code C is between tlogn + ©(1) and 2tlogn + O(1).
For ¢t = 1, Levenshtein demonstrated that the Varshamov-
Tenengolts (VT) code is a single-deletion correcting code
with logn 4+ O(1) redundant bits and is hence asymptotically
optimal. However, for ¢t > 2, the code construction (i.e. upper
bound) given by Levenshtein is essentially greedy and runs in
exponential time (in n). Efficient constructions of ¢-deletion
correcting codes with C}logn redundant bits (here, C; is a
constant dependent on ¢ only) were not known until a recent
breakthrough by Brakensiek ef al. [1].

Following which, there was a flurry of constructions [1],
[10], [13], [26], [28], [29], [31] where the constant C;
was gradually brought down (see Table I for a summary).
Currently, the best known explicit construction has (4¢ —
1)logn + o(logn) redundant bits for general ¢ > 3 [31]. For
t = 2, however, only recently did Guruswami and Hastad [13]
propose the first known explicit construction for two-deletion
correcting code that is within Levenshtein’s existential upper
bound with redundancy 4logn + o(logn). This is the best
known two-deletion correcting code so far. As a summary,
here are some techniques that are used in [13] as well as
previous results pertaining to a two-deletion correcting code.

o Higher Order VT Syndromes. The VT syndrome of a

binary sequence x = x1z2-- -, is given by VT (x) £
>, ciz;. where ¢; = i. Levenshtein showed that binary
sequences with the same VT syndrome modulo n+1 form
a single-deletion correcting code [17]. To correct more
deletions, it is natural to generalize the VT syndrome so
that ¢; is a higher-degree polynomial in 7 (see Defini-
tion 8). However, a straightforward application of higher
order VT syndromes does not work and the authors
in [13], [29] considered the second-order VT syndrome
of a vector related to x and used these syndromes with
other constraints to design two-deletion correcting codes.

o Shifted VT Syndromes. Another variant of VT syn-

drome is the shifted VT syndrome introduced by
Schoeny er al. to correct a burst of deletions [25]. Here,
instead of taking the VT syndrome modulo n + 1, the
authors considered the VT syndrome modulo P where
P is much smaller than n. The objective is to reduce
the number of redundant bits incurred by the syndrome.
However, in order to correct errors, other side information
are required and typically, techniques from constrained
coding are introduced.

e Runlength Constraints. In addition to satisfying certain

VT syndrome conditions and parity checks, previous
authors also imposed certain runlength constraints on the
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Code C codeword x Channel read x Decoder *>@
Fig. 1. Classic deletion channel.
TABLE I
SUMMARY OF EXPLICIT ¢-DELETION CORRECTING CODES. *SUBLOGARITHMIC TERMS, I.E. o(log n), ARE SUPPRESSED
Work t Redundancy™
Brakensiek, Guruswami, and Zbarsky, 2018 [1] t>2 C;logn where C is a large constant
Sima and Bruck, 2020 [29] t>3 8tlogn
Sima and Gabrys, 2020 [28] t>3 4dtlogn
Song, Polyanskii, Cai and He, 2021 [31] t>3 (4t—1)logn
Garbys and Sala, 2019 [10] t=2 8logn
Sima, Raviv, and Bruck, 2020 [26] t=2 Tlogn
Guruswami and Hastad, 2020 [13] t=2 4dlogn
first read x;
second read x5
Code € codeword x Channel 2 Decoder *>@
N-th read xy
Fig. 2. Sequence reconstruction problem.

codewords. For example, in [25], to correct a single burst
of deletions, the authors restricted the runlengths of con-
secutive zeroes or ones. Later, in [2], [4], in addition to
runs of consecutive zeroes or ones, the authors restricted
the lengths of alternating substrings and designed recon-
struction codes that correct a single deletion with two
reads.

However, there remains a gap to the lower bound of ¢logn
bits. In particular, for ¢ = 2, it is still open whether there is a
family of two-deletion correcting codes with 2 log n redundant
bits.

In the next subsection, we relax the coding problem by
allowing the receiver to obtain more than one noisy version
or read. This relaxation is reasonable and in fact, motivated
by emerging storage media — such as DNA based storage [8],
[11], [22], [32] and racetrack memories [4], [23], [34] — that
provide users with multiple cheap (albeit noisy) reads.

B. Sequence Reconstruction Problem

The sequence reconstruction problem, as shown in Figure 2
was introduced by Levenshtein in 2001 [18]. In Levenshtein’s
seminal work, he considered a communication scenario where
the sender transmits a codeword x from some codebook € and
the receiver obtains multiple noisy reads x1, X, . ..,xy of the
codeword. Noisy reads here refer to copies of the original
codeword x with possibly some errors, and hence x; might
be different from the original x, for all 1 < @ < N. The
receiver/decoder then aims to reconstruct the original sequence
x from these noisy reads xi,x2,...,Xxy accurately, instead
of using one noisy read as in the classical deletion channel
(Figure 1).

The purpose of sequence reconstruction problem is to
leverage on these multiple reads to increase the information
capacity of these next-generation devices, or equivalently,
reduce the number of redundant bits. The common setup
assumes the codebook € to be the entire space of X", where
> is the alphabet and n is the length of the codeword. In the
usual setting, the task is to determine the minimum number of
distinct reads N that is required to reconstruct the transmitted
codeword. In this paper, we study the sequence reconstruction
problem under the assumption that the decoder receives a
fixed number of distinct noisy reads. Our task is to design
a codebook so that we are able to uniquely reconstruct the
transmitted sequence from the given noisy reads.

C. Notation and Problem Statement

Consider a data storage scenario described by an error-ball
function. Formally, given an input space X and an output space
Y, an error-ball function B maps a sequence x € X to a subset
of noisy reads B(x) C Y. We then define the read coverage
of a code C as follows.

Definition 1: Given a code € C X, we define the read
coverage of C, denoted by v(C; B), to be the quantity

v(C;B) & max{|B(x) NBy)|:x,yelCx #y}

This means that v(C; B) is the maximum intersection between
the error-balls of any two distinct codewords in €. The quantity
v(C; B) was introduced by Levenshtein [18], where he showed
that the number of reads' required to reconstruct a codeword

'In the original paper, Levenshtein used the term “channels”, instead of
reads. Here, we used the term “reads” to reflect the data storage scenario.
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from € is at least v(C; B) + 1. Therefore, to construct a code
C that can uniquely reconstruct the original codeword, it all
boils down to finding the size of the maximum intersection
among the error-balls. The problem to determine v(C; B) is
referred to as the sequence reconstruction problem.

In [2], the authors propose the study of code design when
the number of noisy reads is at most v({0, 1}"; B). Therefore,
we define a reconstruction code as follows

Definition 2: A code C is an (n, N; B)-reconstruction code
if €C {0,1}" and v(C; B) < N.

This gives rise to a new quantity of interest that measures the
trade-off between codebook redundancy and read coverage.
Specifically, given N and an error-ball B, we study the
quantity p(n, N; B)

£ min {n —log|C|: € C {0,1}", v(C; B) < N}.

Definition 3: Two binary sequences x and y are (n, N; B)-
confusable if |B(x) N B(y)| > N. In other words, N distinct
noisy reads from a channel with error-ball funcion B may
not be sufficient to differentiate x and y, thus they are still
confusable even with N distinct noisy reads.

This means that a code C is an (n, N; B)-reconstruction
code if and only if every pair of distinct binary sequences
in C are not (n, N; B)-confusable. In this paper, we focus
on channels that introduce deletions only. For convenience,
we will introduce the following notations.

Let D, (x) be the deletion ball of x with exactly ¢ deletions.
In other words, D;(x) is the set of all (n — t)-subsequences
of x. Let D;(n) denote the maximum deletion ball size of
sequences of length n, that is,

Dyi(n) = max{|D:(x)| : x € {0,1}"}.

Calabi [3] provided a closed formula for D¢(n) as described
in the theorem below.
Theorem 1 (Calabi [3]):

t . t
Dy(n) = Z (n ) t) = n——i—O(nt*l), for 0 <t < n. (1)

) t!
i=0

For convenience, we assign D¢(n) = 0 when ¢t < 0 or
t>n.

For purposes of brevity, we let v;(n) denote v({0, 1}™; D;),
the read coverage of {0,1}". We also have the following
landmark result of Levenshtein.

Theorem 2 (Levenshtein [19]):

t—1
V() = 2Dy 1 (n—2) = %

This implies that p(n, N;D;) = 0 for N > v (n) + 1.

In the next section, we discuss the constructions of
(n, N; Dy)-reconstruction codes for various values of ¢ and N.
In our discussion, we also estimate the value of p(n, N;D,),
which is the optimal redundancy. To describe the code con-
structions, we require the following notation.

Let a € {0,1}. We denote The complement of a, denoted
as a is defined to be 1 — a. We also define the complement
of a binary sequence x, denoted as X to be the complement of
every bit in x. For a positive integer m, we denote a™ to be a

+0(n'?).
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sequence of a’s of length m. This notation of a™ should not
be confused with 8%, which is defined next for a set 8. For any
binary sequences x and y, we denote xy as the concatenation of
x and y. We also denote |x| to be the length of the sequence x.

Let 8 be a set of binary sequences. We denote |§| to be the
size of the set 8. Following [9], we partition § according to
its first or last (or both) bits. Specifically, for a,b € {0,1},
we define 8, 8, and 8j as follows.

8§* £ {words in § starting with a},
8y = {words in 8 ending with b},
¢ £ fwords in § starting with a and ending with b}.

Let T be another set of binary sequences, we use 8§ o T
to denote the set of sequences obtained by concatenating
sequences in 8 with sequences in 7. When T = {a}, we simply
write ¢ 0 8 or § o a.

Definition 4: A sequence X = x1xo---x, 1S 2-periodic
if 2 = wxpyo for all k. We say that x is alternating if
it is 2-periodic and x; # xo. For convenience, length-one
sequences are alternating.

Definition 5: Let x be a binary sequence. A 2-periodic run
of x is a continguous substring x;x;41---x; of x that is
2-periodic.

For convenience, we introduce notations for certain alter-
nating sequences. Specifically, aj (n) denotes the alternating
sequence of length n that starts with o and ends with 3 Note
that « = 3 if and only if n is an odd integer. If «, 3 or n
do not matter or is clear from the context, then we omit the
symbol and just use ag(n), a®(n), or ag, respectively. So, for
example, ag(4) = 1010 = a}(4). Here, we use a,, to denote an
alternating binary sequence of any length that ends with o and
a(n) to denote any alternating binary sequence of length n.
Observe too that a®(n) = a®(n).

II. PREVIOUS WORK AND OUR CONTRIBUTIONS

Recall that our task is to design a suitable (n, N;D,)-
reconstruction code for all values of n, N and ¢t and to
find out if its redundancy achieves optimality for the desired
reconstruction capability. In this section, we discuss the pre-
vious results and state our contributions regarding (n, N; D;)-
reconstruction codes for various values of NV and ¢. In order
to do so, we list out four code constructions together with
their properties as reconstruction codes. Each of the four code
constructions will be presented in each subsection.

A. All Binary Sequences

When N > 14(n), any binary sequence of length n can
be uniquely identified from its N distinct subsequences of
length n — t. Therefore, we can use all binary sequences to
be our (n, N; D;)-reconstruction code. Therefore we have the
following simple construction.

Construction 1 (All Binary Sequences): Let C = {0,1}™.

The result can be summarized in the following theorem

Theorem 3 (Levenshtein [18]): For any t, if N > vi(n),
then any two distinct binary sequences are not (n, N;D,)-
confusable and thus the set of all binary sequences is an
(n, N; Dy)-reconstruction code.
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This theorem implies that p(n, N;D;) = 0 for all N >
v¢(n). In particular, by plugging in ¢ = 1 to equation (2),
we get v1(n) = 2Dg(n — 2) = 2. This means that even if we
use the whole codebook {0,1}", the maximum intersection
between any single-deletion balls is of size two. Therefore,
we have the following corollary from Theorem 2.

Corollary 1: The  minimum  redundancy for a
single-deletion channel with N = 3 distinct reads is O,
and hence p(n, N;D;) =0 for N > 3.

B. The Varshamov-Tenengolts (VT) Code

VT codes were originally proposed by Varshamov and
Tenengolts to correct a single asymmetric error. However,
in 1966, Levenshtein showed that the same VT code can
also be used as a single-deletion correcting code based on
the following VT syndrome.

Definition 6 (VT syndrome): Let x be a binary sequence
of length n. Then, the VT syndrome of x is defined as
VT(x) £ 30 i

Following which, he proposed a construction of the
well-known asymptotically optimal (n,1; D1 )-reconstruction
code called VT-code as follows.

Construction 2 (VT-code): Let ¥ = {0,1}. Given a pos-
itive integer n and an integer 0 < a < n. Then we define
VTy(n) ={x € £": VT (x) =a mod n + 1}.

Theorem 4 (Levenshtein [17]): For a given positive integer
n, the optimal redundancy of a t-deletion correcting code is
between ¢ log, n+0(1) and 2t log, n+©(1). Any two distinct
binary sequences in VT,(n) are not (n,1;D;)-confusable
and hence VT,(n) is an (n,1;D;)-reconsruction code with
redundancy log,(n + 1) + O(1). Furthermore, p(n,1; D) >
logy n + ©(1). Therefore, the code VTy(n) from Construc-
tion 2 is asymptotically optimal.

This theorem implies that p(n,1;D1) = logy(n) + O(1).
Furthermore, Gabrys and Yaakobi [9] showed that we can use
a single-deletion-correcting code (such as the VT code) as an
(n, N; Dy)-reconstruction code where ¢ > 1 for N = % +
O(n'~3). The result is summarized in the following theorem.

Theorem 5 (Gabrys and Yaakobi [9]): Let C be any
(n,1,Dy)-reconstruction code, that is, a single-deletion-
correcting code, and let

N (n)
= 2Dt,2(7’L — 4) + 2Dt,2(n — 5) + 2Dt72(n — 7)
+ Dy—3(n —6) + Dy—3(n —7)

6nt72

= —— +0(n'?).
TR
Then any two binary sequences in € are not
(n, Nt(l)(n) +1; "Dt)—confusable and  therefore, C
is an (n,Nt(l)(n)+1;®t)—reconstruction code for

t > 2 and n > 7. In particular, C is an (n,7;Ds)-
reconstruction code for n > 7. Furthermore, this implies
that p(n,Nt(l)(n)—l—l;Dt) < logyn 4+ O(1), and thus

p(n, 7 D) < logyn + O(1).

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 68, NO. 11, NOVEMBER 2022

Recently, Pham et al. [35] extended this result for any
s-deletion-correcting code. Specifically, the following theorem
was shown.

Theorem 6 (Pham et al. [35]): Let C be any (n,1,Ds_1)-
reconstruction code, that is, a (s — 1)-deletion-correcting code,

and let
QS)nt—s
M. f(n) = 7( =
o (t—s)!"
Then any two binary sequences in € are not

(n, Mg 4(n) + 1; Dy)-confusable and  therefore, C is
an (n, My (n)+ 1; D;)-reconstruction code for ¢ > 2.
Furthermore, this implies that p (n, M, (n) + 14 1;D;) <
(4s — 5)logyn + O(1).

This theorem gives us an insight that we can use an already
well-known s-deletion correcting code as an (n, N;D;)-
reconstruction code where ¢ > s given sufficient number of
reads N.

C. Constrained Shifted VT Codes

Now, the first construction of an (n,2; D;)-reconstruction
code was proposed in [4] for the design of codes in racetrack
memory. The codebook uses log, logyn + O(1) redundant
bits and in [2], the authors modified the construction to
obtain codebooks that uniquely reconstruct codewords for
the single-edit channel and its variants. The construction
can be seen as a generalization of the classical VT-code
in Construction 2 and the shifted VT codes proposed by
Schoeny et al. [25].

Construction 3 (Constrained Shifted VT Codes or CSVT [2],
[4]): Forn > P > 0 and P even, let c € Z1, p/y and d € Zo.
The constrained shifted VT code Ccsyr(n, P;e,d) is defined
to be the set of all sequences x = x129 - - -z, such that the
following holds.

(A1) VT (x) = ¢ (mod 1+ P/2).
(A2) >z, =d (mod 2).
(A3) The longest 2-periodic run in x is of length at most P.

Remark 7: When P = 2n

and we remove Condition II-C, we recover the classical
VT code that corrects a single deletion. This is because when
P = 2n, the length of any 2-periodic run is at most n < P,
hence, Condition II-C is always true. On the other hand, when
we remove the Condition II-C, we recover the shifted VT code
that is used in the correction of a single burst of deletions [25].

It was recently demonstrated that in a single-deletion chan-
nel, the Constrained Shifted VT-code or CSVT in short,
enables unique reconstruction whenever we have two distinct
noisy reads, as summarized in the following theorem.

Theorem 7 ([2], [4]): For all choices of ¢ and d, we have
that any two binary sequences in Ccsyr(n, P;c,d) are
not (n,2;Dy)-confusable and thus Ccgyr(n, P;c,d) is an
(n,2; Dy )-reconstruction code. Furthermore, if we set P =
[logs n] + 2, the code Ccsyr(n, P;c,d) has redundancy
1+41logy([log +2n]+4) = log, log, n+O(1) for some choice
of ¢ and d. Thus, p(n,2; D) < log,log, n + O(1).

Now, we are also interested to know what is the lower bound
of p(n,2;Dq). One of our contributions for this paper is to
show that the CSVT codes are already asymptotically optimal
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for this class of reconstruction code as summarized in the
following theorem.

Theorem 8: The value p(n, N;Dq) satisfies
logyn + O(1), when N =1,
log, logyn 4+ ©(1), when N = 2,
0, when N > 3.

p(nanDl) =

Corollary 1 and Theorem 4 have already shown the result
for N =1 and N = 3. Thus, in order to show Theorem 8,
we just need to show the optimality of the CSVT code
as an (n,2; Dy )-reconstruction code. For this, we need the
characterization of two binary sequences that are (n,2;D1)-
confusable. In other words, we analyze the properties and the
forms of two binary sequences that are (n, 2; D1)-confusable;
the number of such pairs correlates to the lower bound of
the redundancy of an (n,2;D;)-reconstruction code. This
characterization is elaborated in detail in Section III, and
using this characterization, the complete proof of Theorem 8
is provided in detail in Section IV.

Moreover, similar to Theorem 5, we also show that the
CSVT codes can be used as ¢-deletion reconstruction codes
for sufficiently big N, where ¢ > 1 which is summarized in
the following theorem.

Theorem 9: Let n > 7 and t > 2. Set Nt(Q)(n) =
Dt_l(n — 3) + Dt_g(n - 3) + 2Dt_2(n - 5) and
N/(n) = max {Nt(l)(n),Nt(Q)(n)}. Then any two binary
sequences in the CSVT code given in Construction 3 are
not (n, N/(n)+ 1;D;)-confusable, and thus the CSVT
code is an (n, N/(n) + 1; D;)-reconstruction code. Further-
more, when the value of ¢ is fixed, this implies that
p (n, Nt@)(n) +1; @t) < logy logy n+ O(1).

For fixed t, as the values of Nt(z) (n) dominate over Nt(l) (n)
as n goes bigger, we have N/(n) = Nt(Q)(n), and therefore
p (n, Nt(Q)(n) +1; @t) < logy logy n+0O(1) for n > 7. Since
Theorem 9 wants to use an (n,2;D;)-reconstruction code
as an (n, N, D;)-reconstrcution code for ¢ > 2, we need to
analyze t-deletion balls of pair of binary sequences that are
not (n, 2; Dy )-confusable such as codewords in CSVT codes.
Furthermore, any two distinct binary sequences x and y in the
CSVT code satisfy |D1(x)ND1(y)| =0or |D1(x)ND1(y)| =
1, whose characterization is later described in Lemma 4.
A complete proof of Theorem 9 will be discussed in detail
in Section V.

D. Higher Order Constrained Shifted VT Codes

In the two-deletion channel, it follows from (2) that if we
transmit any sequence x (i.e. no coding), then 2n — 3 reads are
sufficient to reconstruct x. Recently, Gabrys and Yaakobi [9],
in Theorem 5, showed that seven reads suffice to reconstruct
the original codeword from a single-deletion-correcting code
with logn redundant bits. Furthermore, if we use the CSVT
codes in Construction 3 in a two-deletion channel, plugging
in ¢ = 2 to Theorem 9 yields N/(n) = n. This means that we
need N = n + 1 distinct noisy reads with loglogn + O(1)
redundancy to reconstruct the original codeword in CSVT code
in a two-deletion channel.
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However modifying the construction of CSVT codes,
we propose a new code construction which only requires a
constant number of noisy reads in a two-deletion channel.
Before presenting our contribution, a class of (n,5;Ds)-
reconstruction codes with 2logn + 2loglogn + O(1) redun-
dant bits, we introduce higher order VT-syndromes as follows.

Definition 8: Fix k > 1. Let x = z1x2---z, € {0,1}".
Its k-th order VT syndrome is given by VT (x) £
Zi}l (k_11+1)$i~

Remark 9: Note that when £ = 1, we recover the standard
VT syndrome.

When k& = 2, then VT @ (x) = 1-21 + (1 +2) - 29+ (1 +2+
3)-333—}—---(1—1—2—!----71)-337,,
Now, we are ready to present our code construction.

Construction 4 (Higher Order Constrained Shifted VT
Codes or Higher Order CSVT): For n > P > 0 and P even,
letcy € Zpp+1 and co € Zypp i p211. Let C(n, P;cy, co) be the
set of all sequences x = x1x2 - --x, such that the following
holds.

B1) VIV (x) = ¢; (mod nP +1).
(B2) VI®(x) = ¢y (mod nP + P2 +1).
(B3) Each 2-periodic run in x has length at most P.

To show that C(n, P;c1, o) has the desired reconstruction
capabilities, we need the following theorem.

Theorem 10: Any two distinct codewords in € £
C(n, P;c1,c2) are not (n,5; Dsy)-confusable and therefore C
is an (n,5; Da)-reconstruction code. Furthermore, if we set
P = [logyn] + 2, the code C has redundancy 2logn +
2loglogn + O(1) for some choice of ¢; and cp. Thus,
p(n,5;Da) < 2logn+2loglogn+0O(1) = 2logn+o(logn).

In order to show Theorem 10, it boils down to show
that any two binary sequences in Ccgyr(n, P;c,d) are not
(n,5; Da)-confusable. The idea of the proof comes from the
characterization of two binary sequences that are (n, 5; Da)-
confusable. In other words, we analyze the properties and the
forms of two binary sequences that are (n, 5; Ds)-confusable,
and we make sure that no such pair of binary sequences can be
found in our Higher Order CSVT codes. This characterization
is elaborated in Proposition 5 in Section III, and the complete
proof will be given in Section VI.

We provide a summary of values of p(n, N; D;) for various
values of N and ¢ in Table II.

E. Summary of Contributions

We summarize our contributions as follows.

(I) Whent =1 and N = 2, we demonstrate that the CSVT
code in Construction 3 is asymptotically optimal and
hence, we have that p(n,2; D) = log,log, n + ©(1)
(refer to Theorem 8).

(IT) For t > 2, we show that the CSVT code in Construc-
tion 3 is able to uniquely reconstruct codewords with
nt=1/(t — 1)! + O(n'~2) distinct noisy reads (refer to
Theorem 9).

(II) For t = 2, we also introduce the Higher Order CSVT
code in Construction 4 and show that this code is able to
uniquely reconstruct codewords with five distinct noisy
reads (refer to Theorem 10).
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TABLE II
BEST KNOWN (n, N; D; )-RECONSTRUCTION CODES FOR VARIOUS VALUES OF N AND t. HERE, f(n) ~ g(n) MEANS THAT lim, .o f(n)/g(n) =1

t=1 Reads Redundancy Coding Techniques
Levenshtein [17] N>1 logn 4+ O(1) e VT code in Construction 2
Chrisnata et al. [6] and Cai er al. [2] N >2 loglog +0O(1) o Constrained Shifted VT code in Construction 3
Levenshtein [18] N >3 0 o All binary sequences in Construction 1
t=2 Reads Redundancy Coding Techniques
Guruswami and Hastad, 2020 [13] N2>1 4logn o First- and second-order VT syndromes on x and
+ O(loglog n) “runs of x”
o Additional coding to handle deletions in small
intervals
Chrisnata and Kiah, 2021 [7] N2>=5 2logn o Higher Order Constrained Shifted VT code in
+ O(log logn) Construction 4
Gabrys and Yaakobi, 2018 [9] N>7 logn + O(1) e VT code in Construction 2
e Any single-deletion correcting code has desired
reconstruction capability.
Chrisnata, Kiah and Yaakobi, 2020 [6] N >n + 1 loglogn + O(1) o Constrained Shifted VT code in Construction 3
e Any (n, 2; Dq)-reconstruction code
Levenshtein, 2001 [18] N >2n—3 0 o All binary sequences in Construction 1
t>3 Reads Redundancy Coding Techniques
Song et al. [31] N2>1 (4t — 1)logn .
, +o(log n) e Syndrome Compression
s TLt78
Pham et al. [35] N > Ms+(n)+1= (?)—76)' +1 (4s — 5)logn + . .
_ o(log n) e Any (s — 1)-deletion correcting code
Gabrys and Yaakobi [9] N>NYm)+1~ 2 logn + O(1) « VT code in Construction 2
e Any single-deletion correcting code
Chrisnata, Kiah and Yaakobi, 2020 [6]] N > N,(n) + 1 ~ (72%711, loglog +0(1) o Constrained Shifted VT code in Construction 3
Levenshtein [18] N>2uv(n)+1n~ (7,’:7771;, 0 e All binary sequences in Construction 1

III. CHARACTERIZATION OF CONFUSABLE SEQUENCES

In this section, we discuss the characterization/forms of two
binary sequences whose intersection of ¢-deletion balls are of
a certain size for some value of .

Definition 10 (Type-A confusable): Two binary sequences
x and y are Type-A-confusable if

X =uav, and y = uav,

for some substrings @, u, and v such that |a| > 2, @ is
the complement of a, and a = aqaz...a; is an alternating
sequence.

The following characterization was demonstrated in [2].

Lemma 2 (Characterization for Type-A Confusable
Sequences [2]): Let x and y be binary sequences. We have
that |Dy(x) N Dy (y)| = 2 if and only if x and y are Type-A
confusable.

Definition 11: Two binary
Type-B-confusable if

sequences x and y are

x = uaavbw and y = uavbbw,

or vice versa, for some substrings #, v and w, and
a,be {0,1}.

Similar to Lemma 2, we want to uncover some properties
of Type-B confusable sequences. For our subsequent proofs,
we appeal to the following technical results on deletion balls.

Lemma 3 ([9], [19], [21]): Let 1 <t < n and a € {0,1}.
Suppose that u, v, x, and y are binary sequences.

(i) In addition to (1) and (2), we have that
Dt(n) = Dt(n — 1) + thl(n — 2),
vi(n) =v(n — 1) + vi_1(n — 2).

(ii) D¢(n) = Di—i(n—1i) and v¢(n) > vp_;(n—1) for i < t.

(iii) D¢(ax)* = a o Dy(x) and Dy(ax)® = Dy_q1(x)".

() [De(x)?] < Di(lx] - 1).

(v) Suppose that x is a binary sequence of length n and
t < n/2. Then |Di(x)| = D;(n) if and only if x is an
alternating sequence.

Proof: (i) and (ii) are from Levenshtein’s work [19], while

(iii) is derived in [9].

We prove (iv) here. If a does not appear in x, then the
inequality is trivial. Now suppose that x = @™ax*, for
some m > 0, and substring x*. Then we have |D;(x)*| =
[De(@"ax*)?] = [Ds—m(x*)] < Di—(x*]) = Di—p(jx| -
m — 1) < Dy(Jx] — 1), where the last inequality follows from
Lemma 3(ii).

Next, we prove (v). When x is alternating, it is straightfor-
ward to verify that |D¢(x)| = Dy(n). To show the converse,
we suppose that x is not alternating. Then [9, Claim 6] states
that |D;(x)] < Di(n — 2) + Dy—1(n — 2) + Dy_o(n — 4).
Applying Lemma 3(i), we have that |D.(x)| < D.(n) if
D;_s(n —4) < Dy_1(n — 3). Now, since the difference
Di—1(n —3) — Di_a(n — 4) = (";'7?), we have a strict
inequality when n —t —2 >t — 1, or, t < n/2. [

The next lemma provides some properties of Type-B con-
fusable sequences.
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Lemma 4 (Characterization for Type-B Confusable
Sequences): Let x and y be two binary sequences. If
|D1(x) N Dy(y)| = 1, then either the Hamming distance of x
and y is one or x and y are Type-B-confusable.

Proof: Suppose that x and y have Hamming distance at
least two. Then x and y must be of the form

wadbw and uaebw

for substrings u, w, d, and e, where |d| =
a,be {0,1}.

Without loss of generality, suppose that x = wadbw and
y = uaebw. If d is empty, then x = uabw and y = uabw.
If a = b, then their weight differ by two and hence |D;(x) N
D1 (y)| = 0 which contradicts our assumption. Else, if a # b,
then by definition we have that x and y are Type-A-confusable,
and by Lemma 2, we have |D;(x) N Dy (y)| = 2 which also
contradicts our assumption. Therefore d is nonempty.

Let {z} = D1(x)ND1(y). Note that the following intersec-
tions of 1-deletion balls are empty:

le|, and

Dy (ua) odbw N Dy (ua) o ebw = &
ua o Di(dbw) Nua o Dy (ebw) = &
D1 (uad) o bw N Dy (ude) o bw = &,
uad o D1 (bw) Nude o Dy (bw) = &

Hence z can only be in D;(ua) o dbw N uae o Dy (bw) or
uad o D1 (bw) N Dy (ua) o ebw. Without loss of generality,
we assume that z € Dy (ua) o dbw N ude o Dy (bw). Matching
positions implies that u € Dy (ua),db = ae and w € D1 (bw).
Furthermore it implies that z = udbw. Let d = av and
e = rb for some substrings v and r. Since db = ae, we have
avb = arb, and hence v = r.
Therefore we have shown that x = uadbw = uaavbw and
y = uaebw = uavbbw. [ |
Remark 12: Type-A and Type-B confusable sequences do
not directly correlate to (n,t; Dy )-confusable sequences. This
is because x and y are (n,1;Dq)-confusable if |Dq(x) N
D1(y)| = 1, which is different from the statement in Lemma 4
Definition 13 (Type-C Confusable): Two binary sequences
x and y are Type-C-confusable if either one of the following
is true
(A) x = ua(mi)wa(mg)y and y =
my,msa = 2.
B) x = ua,(mi)aal(ms)ba’(ms)v

uag(mi)ag(ms + 2)a’(ms)v, with mq,msz > 2.

ua(my)wa(ms)v with

and y =

The next theorem shows a connection between Type-C
confusable sequences with (n, 5; Dy )-confusable sequences

Proposition 5 (Characterization for Type-C Confusable
Sequences): Let x and y be binary sequences in a
single-deletion correcting code, i.e. Di(x) N Di(y) = 0.
We have that if x and y are (n,5; Do)-confusable then they
must be Type-C confusable sequences.

Note that the Higher Order CSVT code in Construction 4 is
also a single-deletion correcting code, because of Condition
(B1). Therefore in order to show Theorem 10, we can use
Proposition 5 and show that there is no pair of Type-C
confusable sequences in the Higher Order CSVT code in
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Construction 4. Since the proof of Proposition 5 is technical,
it is postponed to Section VI.

IV. OPTIMALITY OF CSVT CODE

In this section, we complete the proof of Theorem 8 for
the case N = 2. We do this by showing that the lower
bound of p(n,2; Dy) is indeed log,, log, n+O(1). To this end,
we use the characterization of Type-A confusable sequences
as stated in Lemma 2 and borrow certain graph theoretic
tools. Specifically, we consider the graph G(n) whose vertices
correspond to {0,1}". The vertices x and y are adjacent if
and only if they are (n,2;D;)-confusable, or equivalently, x
and y are Type-A-confusable by Lemma 2. Hence, C is an
(n, 2; Dq)-reconstruction code if and only if the corresponding
set of vertices are independent in §(n). To provide an upper
bound on the size of an independent set, we use the concept
of clique covers.

Definition 14: A collection Q of cliques is a clique cover
of G if every vertex in G belongs to some clique in Q.

We have the following fact from graph theory (see for
example, [15]).

Proposition 6: If Q is a clique cover, then the size of any
independent set is at most |Q|.

In the context of binary sequences, a clique corresponds
to a collection of sequences such that any two sequences in
the collection are Type-A confusable. Therefore, only one
candidate from the collection can be chosen to be in the
reconstruction code. Hence, our goal is to construct many
such collections so that all binary sequences belong to some
collection. For the upper bound to be strong, we need to use
as few collections as possible.

Again, our objective is to construct a clique cover for §(n).
To this end, we consider another parameter ¢, and set m =
[n/(20)] and r = n—2¢m. We divide each sequence of length
n into m blocks of length 2¢ and one block of length r. Set

A= {(01)]‘(10)H je [e]} U {(10)]’(01)H je [e]}

where (01)° = (10)° is the empty sequence, and A =
{0,132\ A. N

Therefore, |A| = 2¢ and |A| = 2% — 2/. To construct our
clique cover Q(n, ), we consider two types of cliques. The
first type of cliques are singletons of the form

Se = {x}, where x € A™ x {0,1}".

Here, for any set X of binary sequences and a positive
integer m, we use define X™ to denote the set {x1xg - Xy, :
X1,X2,...,%, € X}, where x1x2 -+ - X, is a con~catenation of
the sequences x1,X2,...,Xm,. In other words, A™ x {0,1}"
contains |A|™ - 2" binary sequences.

The second type of cliques are cliques of size ¢. Here,
we define

r= {(u,w,i) cue ATl we {0,112+ e [m]} :

where the set A? = {0,1}° is the set containing an empty
sequence. For each z = (u,w, 1), we define two sets of vertices
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(which we later show to be cliques of size /):
QY = {u(01)’(10)"Iw:j €[]},
QWY = {u(10)7(01)*Iw: j € [0} .
We then define
Qn, 0) = {sx cx € A" x {0, 1}’“} U {Q§0>, QW :ze r} .

Lemma 7: Q(n,{) is a clique cover for §(n).

Proof: Clearly, all singletons are cliques. Next, we show
that the ¢-set Qé”) is a clique for all z € T and p € {0,1}.
We assume o = 0 and the proof for o =1 is similar.

Let x = u(Ol) '(10)~'w and y = u(01)7(10)*~Iw be two
sequences in Qz . Without loss of generality, let ¢ < j. Then
we can rewrite x and y as

x = u(01)1(10)774(10)*Iw,
y =u(01)(01)7(10)* Iw.

Thus, x and y are Type-A-confusable

and so, x and y are adjacent in G(n). Therefore, ng) is a
clique.

It remains to show that any sequence x € {0,1}" belongs
to some clique in Q(n, ). If x € A™ x {0,1}", then x € 5.
Otherwise, x ¢ A™ x {0,1}" and one of the m subblocks
of x belongs to A. Let the ith subblock be the first subblock
from the left that belongs to A. Hence, this subblock is either
of the form (01)7(10)*~7 or (10)7(01)*~7 for some j € [¢].
In the first case, x belongs to Q(S’w’i) where u is the first
(i — 1) subblocks and w is the last (m — i 4+ 1) subblocks.
In the second case, x belongs to Qgi)w) where u and w are
similarly defined. [ ]

Example 15: Set { = 2 and so, A =
{0110,0101,1001,1010}. When n = 12 and m = 3,
a possible element z in I' is the triple (0000, 1000, 2) and the
cliques corresponding to z are

QY = {000001101000,000001011000},
Q™M = {000010011000, 000010101000} .

For general n = 2m/, since |/~\| = 12, the number of singletons
is 12™. Furthermore, the number of ¢-cliques is 2|T"|. Since the
size of I'is given by >0 | 12i7124(m=1) = 2n=2(1_(3 /4)™),
we have that the size of the clique cover Q(n, 2) is

2 (2"72(1 = (3/4)™)) +12™ = 2" (1 + o(1)).

So, log|Q(n,2)] = n — 1+ o(l) and an (n,2;D;)-
reconstruction code requires at least one redundant bit asymp-
totically. |
To obtain the lower bound of log, log, n — o(1) redundant
bits, we refine our analysis by allowing £ to grow with 7.
Now, we write A = |A| = 22¢ — 2/. Similar to the analysis
in Example 15, we have the following lemma.
Lemma 8: The size of Q(n,¢) is given by

§ o\ B 1 INE]
2{(“@) +Z<1_(1_ﬁ> .
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Proof: Recall that n = 2m/ + r, where 0 < r < 2¢. The
number of singletons is 2" A\™, while the number of ¢-cliques
is 2|T'|, where |T'| = Y77, Ai=1226m=9+" Hence, the size

of Q(n,?) is
27 \™ +2 i)\i—IQQZ(m—i)+r — 9"\ 42" 20+1 ( ;\ )’m -1
=1 2%[ -1
Straightforward manipulations then yield the lemma. [ ]
We set { = [1 (1 - e) logyn] where 0 < € < 1 and write
fln)=(1- 2—,_;)L . Hence,
log, [Q(n, )I —logy £ +logy (1 + (€ — 1) f(n))

—logy £ +logy (1 + £f(n)).

Since log, ¢ > log, log, n — O(1), it suffices to show that
logy (1 +£f(n)) = o(1).

Lemma 9: We have that lim, .o £f(n) = 0, or equiva-
lently, lim,, oo In(¢f(n)) = —occ.
Proof: First, we show that

. In/¢
im ———
28 T 7 )
Note that for 0 < z < 1, we have | In(1 — z)|

=0. 3)

> x. Therefore,

. In/¢ . Int
m|———| = lim | ——————
n—oo|In f(n)|  n—oo|[Z]In(1— 25)
. In/
< lim |——
n=oe| (g5 —1) 32
. 22010 ¢
= lim
n—oo |n — 20
92+(1—€)logyn |y, ¢
< lim
n—00 n — 2£
nln/t
= 4 1. =
ntoo | e (n—2€)‘ 0

which implies (3). Note that since lim,, .., In¢ = oo, and
f(n) < 1 for sufficiently large n, combined with (3), this
implies that lim,,_, In f(n) = —oo. Therefore, together with
(3), we have the following:

lim In(¢f(n)) = hrn Inl+1n f(n)

= lim (In f(n ( + )
= Jim ) Jimy (14 ml}le )
= —00.

|

Therefore, the results in this section can be summarized in
following theorem.

Proposition 10: Let C be an (n, 2; D4 )-reconstruction code.

For ¢ > 0, we have that
n —log, |C| > log, logon — 1 +1logy(1 —€) —o(1).  (4)

Therefore, if we let ¢ — 0, we have p(n,2;D1) >
log, logy n — 1 — o(1). Combining with Theorem 7, we have
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that p(n,2; D) = log, logsn + O(1), and therefore proven
Theorem 8.

In [2], the authors generalized the construction in Con-
struction 3 for the nonbinary alphabet. A similar analysis can
also demonstrate that these nonbinary reconstruction codes are
asymptotically optimal.

V. RECONSTRUCTION CAPABILITY OF CSVT CODES

In this section, we demonstrate the reconstruction capability
of CSVT codes in the t-deletion channel, where ¢ > 2,
as stated in Theorem 9. Since Theorem 9 uses an (n,2; Dy)-
reconstruction code as an (n, N, D;)-reconstruction code for
t > 2, we have to analyze the t-deletion balls of pairs of
binary sequences x and y, where |D;(x) N D1(y)| = 0 and
|D1(x) N Di(y)| = 1. The analysis for the former case was
already done in Theorem 5. And the analysis of the latter case
will be done in Proposition 11 and Proposition 12, whose
proofs are postponed to later subsections. As this section is
quite technical, we outline this section as follows:

o In Subsection V-A, using Proposition 11, we prove The-
orem 9. We also formally state Proposition 12, which is
the stronger version of Proposition 11 for the case ¢t = 2,
and its implications as reconstruction codes.

o In Subsection V-B, in order to prove Proposition 11,
following Lemma 4, we study the intersection size of
t-deletion balls for two special cases of Theorem 9.

o In Subsection V-C, we give a complete proof of Propo-
sition 11 using induction, where the base cases are the
two special cases in the previous subsection.

o Finally, in Subsection V-D, we give a proof of Proposi-
tion 12.

A. Proof of Theorem 9

Proposition 11: Let x and y be binary sequences of length
n>T7and ¢t > 2. If |Dy(x) N Dy(y)| = 1, then we have that

|Dt(x) N Dy (y)]

< Di—1(n—3)+ Di_2(n—3)+2Di_2(n—"5) (5)

£ NP (n)

<Dy 1(n—1)+vi1(n—3) (©6)
nt—1

L omt),

(t—1)!

Furthermore, the equality is achieved for even n, when x =
1010(10)™01 and y = 010(10)™010, where m > 1, and for
odd n, when x = 101(01)™10 and y = 01(01)™101, where
m > 1.

Now, we are ready to show Theorem 9. Suppose that we
have an (n,2; D;)-reconstruction code € such as the CSVT
code in Construction 3. Then the intersection size of the
single-deletion balls of any two codewords in C is at most
one. Applying Theorem 5 and Proposition 11, we have that the
read coverage v(C; D;) is N/(n) £ max {Nt(l)(n), Nt@)(n)}

where Nt(l)(n) and Nt(z) (n) are as stated in Theorem 5 and
Proposition 11, respectively. Hence, C is an (n, N{(n)+1; Dy)-
reconstruction code, and thereby proving Theorem 9.
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For fixed values of ¢, we have that N/(n) = Nt(z) (n) for
sufficiently large n and also observe that Nt(z)(n) ~vi(n)/2,
or, lim,, Nt(z) (n)/vi(n) = 1/2. Therefore, by sacrificing
log, logym 4+ O(1) bits of information, our CSVT code in
Construction 3 is able to uniquely reconstruct codewords with
half the number of noisy reads (as compared to no coding).
Note also that by Theorem 5, if the number of redundancy
bits is roughly log, n, then the number of noisy reads has to
be at least % +O0(n'=3).

In particular, in a two-deletion channel, plugging in ¢t = 2 to
Theorem 9, we have that NQ(Q)(n) = n+ 1. Thus using CSVT
codes in Construction 3, we are able to uniquely reconstruct
the original sequence using N = n + 2 distinct noisy reads.

In what follows, for t = 2, we show that CSVT codes
in Construction 3 are able to uniquely reconstruct codewords
with only n + 1 noisy reads. To do so, we require a stronger
version of Proposition 11 for the case ¢ = 2 as follows.

Proposition 12: Let x and y be sequences of length n >
4 that are Type-B-confusable. If Dq(x) N D1(y) = {z} then
we have

‘(@z(x) n "Dg(y)) \"Dl(z)‘ <9 %)

Thus | D2 (x)ND2(y)| < 24+ D1 (z) = 2+n—2 = n. Therefore
if € is an (n,2;D;)-reconstruction code, then € is also an
(n,n 4+ 1; Dy)-reconstruction code. Thus, p(n,n + 1; D) <
log, logyn 4+ O(1).

With regards to the case ¢ = 2, we show that by controlling
the parameter P in Construction 3, we are able to bound the
number of noisy reads required to reconstruct a codeword.
To do so, we make the following simple observation.

Lemma 13: Let z be a sequence of length n. If the length
of any alternating run in a sequence z is at most P, then the
number of runs in z is at most n — [n/P] + 1.

Proof: Let S = {i € Z : z; = zi4+1}. We order the
elements of S and call them sy, s2,. .., 5|5 from smallest to
biggest alphabetically. We want to show that |\S| > [n/P]—1.
Note that (Si+1 — 57,) < Pforall7>1, sy <P and 8|3 >
n — P, since otherwise there would be an alternating run of
length greater than P.

Suppose on the contrary that |S| < [n/P] — 1. This
implies that s = s1 + Zlilfl Siv1 —si < |S|P <
([n/P]—2)P < (n/P+1—2)P = n— P, which contradicts
that 5|5 > n — P. Therefore |S| > [n/P] —1, and hence the
number of runs in z is at most n — [n/P] + 1. [

Let x be a codeword in the CSVT code of length n in
Construction 3. Recall that by design, the length of any
alternating run in x is at most P and hence by Lemma 13,
we have that the number of runs in x is at most n— [n/P]+1.
Therefore, if z is any sequence in the single-deletion ball of x,
then the number of runs in z is also at most n— [n/P]+1. The
following proposition summarizes this result and thus provides
a tighter bound on the size of D(z).

Proposition 14: For any ¢ € Zy,p/p and d € Zs, the
constrained SVT code Ccogyr(n, P;c,d) is an (n, Np; Da)-
reconstruction code where Np = max{n — [n/P| +4,7}.

Proof: Let x and y be distinct codewords. Then |Dy(x) N
D1 (y)| < 1 and it remains to show that | D2 (x)NDa(y)| < Np.
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TABLE III

L1ST OF CONSTRAINED SVT CODES AND THEIR READ
COVERAGE AND REDUNDANCY

l n l P l Read Coverage | Redundancy | Remarks
127 - 6 7.00 | VT code
127 6 108 6.016 | —

127 8 114 4018 | -

127 10 117 3753 | -

127 - 250 0.00 | {0,1}™

255 - 6 8.00 | VT code
255 8 226 4762 | -

255 10 232 3935 | -

255 12 236 3.894 | -

255 - 506 0.00 | {0,1}™

1023 - 6 10.00 | VT code
1023 8 898 922 | -

1023 | 10 923 503 | -

1023 | 12 940 4.17 | -

1023 | 14 952 4.09 | -

1023 - 2042 0.00 | {0,1}™

If | D1 (x)NDy (y)| = 0, then Theorem 5 states that | Do (x)N
Da(y)] <6 < Np.

If |Di(x) N Di(y)| = 1, then let {z} = Di(x) N D1(y).
Since the length of any alternating run of x is at most P,
by Lemma 13, the number of runs in x is at most n—[n/P]+1.
Since z is a substring of x, the number of runs in z is at most
the number of runs in x, which is n—[n/P]+1. Applying (7),
we have that | D (x)ND(y)| < |D1(z)|+2 < n—[n/Pl+3 <
Np, as required. [ |

Let P > 4. It is well-known (see for example, [4]) that the
number of length-n sequences whose 2-periodic run is at most
Pis 4Fp_1(n — 2), where

2m, ifo<n<l—1,
Fin) =47 . '
Yio1 Fi(n—1i), otherwise.

Hence, we have the following lower bound on the size of a
reconstruction code.

Corollary 15: For P > 4, set Np = max{n — [n/P] +
4,7}. Then there exists an (n, Np;Dsy)-reconstruction code
of size at least 4Fp_1(n —2)/(P + 2).

To end this section, for codelengths n € {127,255,1023},
we vary the parameter P in the constrained SVT codes and
compute the corresponding values of Np and redundancy.
The numerical results are given in Table III. As expected,
as we decrease the value of P, the number of required
reads also decreases. However, the number of redundant bits
also increases significantly and in this case (where P is
small), the VT code uses significantly less redundant bits.
For completeness, we list the values of read-coverage and
redundancy of a VT code of length n and the space {0, 1}"
(corresponding to the uncoded case).

B. Analysis of Special Cases

In order to prove Proposition 11, following Lemma 4,
we study the intersection size of ¢-deletion balls for two special
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cases. In the first case, we assume that the two sequences
differ at exactly one coordinate, i.e. of Hamming distance one.
In the second case, we assume that the sequences are Type-
B-confusable with u and w being empty strings. Our strategy
is to analyze the intersection size of certain ¢-deletion balls
under certain scenarios.

We proceed to study the first special case where x and y
have Hamming distance one. And the result will be a corollary
of the following proposition.

Proposition 16: Let x = ucv and y = udv, where u,c,d
and v are binary sequences. Then

Di(x) N Ds(y) =
U Da(u) o (Di—a—b(€) N Ds—a—s(d)) 0 Dp(v).

a+b<min(t,s)

Proof: It is clear that Di(x) N Dyly) D
Ua+bgmin(t,s) @a(u) 0 (Di—a—p(€) NDy_q_p(d)) 0 Dy(v).
Now we want to show the other direction. Let
z € Di(x) N Dy(y). Suppose that z = u'z'v', where u’
is the longest prefix of z that is a subsequence of u, and
v' is the longest suffix of z that is a subsequence of v.

This implies that z’ must be a subsequence of ¢ and also

a subsequence of d. Suppose that |u| — |u/| = a and
[v| — V| = b, then 2 € Dy_y_p(c) N Dy_q_p(d). Thus
2€ Dy(u) o (Di—g_p(c) N Ds_q_p(d)) 0 Dp(v). [ |

Corollary 17: Let x and y be sequences with Hamming
distance one. That is, x = ulv and y = uOv for subsequences
u and v. Then Dy (x) N Dy (y) = Dy—1(uv) for any t > 1.

Proof: Using Proposition 16, we have

@t(x) n Dt(y)

= U Dal@) o (Dr—as(0) N Dr—as(1)) 0 D)
a+b<t

= U @a(u) o Qb(v) = "Dt_l(uv).
at+b=t—1

|
Next, we consider the case where the sequences are Type-B
confusable with the subsequences # and w being empty. Before
that we need to have several lemmas that will help us.
Lemma 18: Suppose that aav is a binary sequence of length
n > 3, where a € {0,1} and some subsequence v. Then
|Di(aav)| < Di(n — 1) + Di_o(n — 3).

Proof:  |Di(aav)] = |Di(aav)?| + |Di(aav)?| =
|D¢(av)|+|Di—2(v)?| < Di(n—1)+ Dy—_o(n—3), where the
last inequality comes from Lemma 3. [ ]

Lemma 19: Suppose avb is a binary sequence of length
n > 4 that is not alternating, for a,b € {0,1} and some
subsequence v. Then |D¢(avb)| + |Di—1(v)| < Di(n — 1) +
Dt_l(n - 1)

Proof: Let avb = wvivs -+ -v,, where v1 = a,v, = b
and v = vavs - - - v,—1. Since avb is not an alternating binary
sequence, let ¢ > 1 be the smallest index such that v; = v; 1.
We are going to show that the lemma is true by induction
on 7.

The base cases are when ¢ = 1 and ¢ = 2. For 7« = 1,
it means that v1 = v2 = a, and therefore |D;(av*b)| =
|Di(aavs -+ -vp)| < Dy(n — 1) + Dy_a(n — 3), where the
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last inequality comes from Lemma 18. Hence |D;(avb)| +
|®t_1(V)| < Df(n — 1) + Dt_g(n — 3) + Dt_l(n — 2) =
Di(n—1)+ D;_1(n—1), where the last equality comes from
Lemma 3.

For ¢ = 2, it means that v, =
This implies that |Di(av*d)| = |Di(aaavy - --vy,)|
|Di(aaavy - --v,)*  +  |Di(a@avy - - - vy,)? =
|De(@avy - - vn)| + [Dy—1(@va - - - vn)| < [Dy(@avy - - - vp)| +
thl(n — 2) < Dt(n — 2) + Dt,Q(n — 4) + thl(n — 2),
where the last inequality comes from Lemma 18.
Note that |’Dt_1(v)| = |®t_1(mv4 .- 'Un_1)| <
Di_1(n — 3) + Di_3(n — 5), from Lemma 18. Hence
|®t(aVb) | + |®t_1 (V)l < Dt(n— 2) +Dt_2(’n —4) +Dt—1 (n—
2) —+ thl(n - 3) + Dt,3(n - 5) = Dt(n — 1) + thl(n — ].),
where the last equality comes from several applications of
Lemma 3.

Suppose the statement is true for all i < k, where k > 2.
We want to show that the statement is true for i = £+ 1. Sup-
pose that xy41 = xg42, Where k+1 > 3, and x1 - - - x, is an
alternating binary subsequence. By the induction hypothesis,
we have that

a and v3 = a.

[ De(avd)| + [Dy-1(v)]

= [De(avb)?| + [Dy—1(v)"] + [De(avh)?| + | Dp—1(v)°]

= [De(v2 -+ vn)| + [De-1(vs - - vp—1)|

+[Di—1(vz - vp)| + |Di—2(va- - vp—1)]

< Dy(n—2)+Di—1(n—2)+Di—1(n—3) + Di_2(n — 3)
=Di(n—1)+Di_1(n—1),

where the last inequality comes from Lemma 3. [ ]
Next, we make the following observation on the sequence
z that lies in the intersection of the single-deletion balls.
Lemma 20: If x and y are Type-B-confusable and D (x) N
D1 (y) = {z}, then z is not alternating.

Proof: Suppose x = uaavbw and y = uavbbw, for some
subsequences u,v and w, where a,b € {0,1}. Suppose that
z = uavbw is an alternating sequence. This means that avb is
an alternating subsequence, and hence aa@vb (and avbb), which
is a subsequences of x (and y, respectively) is an alternating
sequence as well. This implies that x = uaw and y = uaw
are Type-A-confusable, where a = aavb, and hence | D4 (x) N
D1(y)| = 2 by Lemma 2, which contradicts our assumption.

|
Lemma 21: Let x and y be binary sequences of the form

x =aavb and y = avbb,

or vice versa, for some subsequence v of length n — 3, where
n>5anda,b € {0,1}. If Dy (x)ND4(y) = {z}, then |D:(x)N
Di(y)| € Di—1(n —3) + Di—2(n — 3) + 2D;_o(n — 5) for
t > 2. Furthermore, for ¢t = 2, we have that ‘ <®g(x)ﬂ"Dg (y))\
Di(z)| < 2.

Proof: Let § = Dy(x)NDy(y). Note that z = avb. We split
this into three cases.

1y

2)

3)

7151

If v = av*, for some subsequence v*
We consider the size of the following two disjoint subsets:

187 < |De(x)?] = |De(aavd)?| = |De—1(avb)?|  (8)
= [De—1(@*b)| < Di—1(n — 2),

187 < [De(y)?| = |De(aav*bb)"|
— D12 (v B)%| < Dys(n —3), ©)

where the last inequality comes from Lemma 3. Hence
by several applications of Lemma 3, we have |§] = |8%|+
|8a| < thl(n - 2) + Dt,g(n - 3) = thl(n - 3) +
Dt_g(n - 4) + Dt_g(n — 3) = Dt_l(n - 3) + Dt_g(n —
5) + Dt_g(n - 6) + Dt_g(n — 3) < Dt_l(n - 3) +
2D;_o(n —5) + Dy—_a(n — 3) as desired.

Furthermore, it can be seen from (8) and (9), that when
t =2, 8%+ (8% < |D1(z)| + Do(n — 3) < [D1(z)] + 1.
If v = v*b, for some subsequence v*

We consider the size of the following two disjoint subsets:

18] < [De(y)o| = [Di(@vbb)s| = |Dy—1(avd)y| (10
= [Di—1(@*b)| < Di—1(n —2),

1851 < [De(x)5] = | D (aav™bb)g|
= |Dy_z(aav*)z| < Di—2(n —3), (11)

where the last inequality comes from Lemma 3. Hence
similar to Case (i), we have [8| = 85|+ (85| < D;—1(n—
2) + Dt_g(n - 3) < Dt_l(n - 3) + 2Dt_2(n - 5) +
D;_o(n — 3) as desired.

Furthermore, it can be seen from (10) and (11), that when
t =2, (87 +18% < |D1(z)| + Do(n —3) < [D1(z)| + 1.
If v = av*b, for some subsequence v*

Note that z = avb = aav*bb. We consider the size of the
following two disjoint subsets:

8% C Dy(x)* = Dy(aavh)® = Dy_1(avb)®  (12)
=aoD;_1(av*bb),
8§ C Dily)i = D(@th)y = Doa(@b)y  (13)
=Dy 1(@av*bb)§ = a o Dy_o(v*b) o b.
By Lemma 20, we know that z = @av*bb is not an

alternating binary sequence. This implies that av*bb is
also not alternating, and hence together with Lemma 19,
we have

187 + |8¢| < Dy—1(n —3) + Dy_2(n—3).  (14)

Lastly, consider the size of the last disjoint subset:
83| = |®t(a6av*gb)g N Dt(aav*BbB)g|
= D1 (aav*) N Dy_1 (v*bb)).

Now we want to show that @av* and v*bb are distinct
binary sequences of length n — 3. If b = a, it can be
shown that @av* is equal to v*bb if and only if v* =
(@a)™ for m > 0, in which case x = aaa(aa)™aa and
y = aa(aa)™aaa would be Type-A-confusable and by
Lemma 2 contradicts our assumption. If b = @, it can
be shown that @av* is equal to v*bb if and only if v* =
a(aa@)™ for m > 0, in which case x = aaaa(aa)™aa and
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y = aaa(aa)™aaa would be Type-A-confusable, and by
Lemma 2 contradicts our assumption. Therefore aav* and
v*bb are distinct binary sequences of length n — 3, and
therefore

|S%| g l/t_l(n — 3) = 2Dt_2(n — 5)

Combining this with (14), we have |8| = [8%] + [8§] +
85| < Di—1(n—3)+Dy—2(n—3)+2D;—2(n—5), which
gives the desired result.

Furthermore, it can be seen from (12) and (13), that
when t = 2, 8% U 8¢ C Dj(z), and also from (15) that
82| < vi(n — 3) = 2. Hence for this case, we have
s/ < [D1(z)] + 2

15)

C. Proof of Proposition 11

Lastly, we need the following claim that can be proven by
identities in Lemma 3.

Lemma 22: For t > 2 and n > 6, we have the following

(i) Dt_l(n— 1) < Dt_l(n—3)—|—Dt_2(n—3)—|—2Dt_2(n—

5).
(11) Dt,g(n - 3) + thl (n - 4) + thg(n - 4) + 2Dt,2(n —
6) < Dt_l(n - 3) + Dt_g(n - 3) + 2Dt_2(n - 5)

Finally, we prove the main result of this section. Proof:
[Proof of Proposition 11] From Lemma 4, we know that if
Dy (x) N D1(y) = {z}, then there are two possibilities. First
possibility is when x and y have Hamming distance one, which
by Corollary 17, implies that |D;(x) N Dy(y)| = |Di—1(z)| <
Di_1(n—1) < Dy_1(n—3)+ Dy_a(n—3) +2D;_2(n —5)
from Lemma 22.

Second possibility is when x and y are Type-B-confusable.
Without loss of generality, let x = uaavbw and y = uavbbw.
Let § = D¢(x) N Dy(y). Note that z = uavbw.

We are going to show the result by induction on n. The base
case is when u and w are empty. In this case, from Lemma 21,
we have the desired result. Now, suppose the statement is true
for length n < k£ — 1, we want to show for n = k. Now,
we want to consider several cases for the prefix u. Suppose u is
a nonempty subsequence, i.e. # = cu*, for some subsequence
u* and c € {0, 1}.

Consider the following,

18| = | D¢ (cu™ aavbw)® N Dy (cu*avbbw)©|

= | D1 (u*aavbw)® N Dy_1 (u*avbbw)?|,
18¢| = | D¢ (cu™ aavbw)® N Dy (cu*avbbw)©|

= | D¢ (u*aavbw) N Dy (u*avbbw)|

< Di_1(n—4) + Dy_s(n — 4) + 2Dy _s(n—6), (17)

(16)

where the last inequality comes from our induction hypothesis.
Now, consider the following cases
Case 1: If € does not appear in #* and ¢ = a.

From (16), we have [8°] < |Di_i(u*aavbw)?| <
Dy jux | (V0W)| < Dy—g—pu=|(n — [u*] = 3) < De—2(n — 3),
where the last inequality follows from Lemma 3. Combined
with (17), we have [§| = [8¢|+(8°| < Dy—a2(n—3)+Di—1(n—
4) + Dt,Q(TL — 4) + 2Dt,2(n — 6) < thl(n — 3) + thg(n —
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3) + 2D;_o(n — 5), where the last inequality follows from
Lemma 22.

Case 2: If T does not appear in #* and ¢ = a.

From (16), we have |8°| < |D;_i(u*avbbw)®| <
Do jux| (VW) *| < Dy_o_jy=((|vbbw|—1) < Dy_o_jy=|(n—
| =3) < Di—2(n —3),

where the third and last inequalities come from Lemma 3.
Thus exactly the same as Case 1, combining this with (17),
we have the desired result.

Case 3: If ¢ appears in u* ie. u

subsequence u’ and m > 0.
From (16), we have [8°] = |D;_p,_1(taavbw) N
Dt—n),—l(u/EVbbw)' < Dt—m—Q(n —m — 5) + Dt—m—B(n -
m—>5)+2D; pm-3(n—m—7) < Dy_o(n—>5)+ Dy_3(n—
5) 4+ 2D;_3(n — 7), where the first inequality holds because
u'aavbw and u'avbbw are Type-B confusable and hence we
can use our induction hypothesis, and the last inequality
follows from Lemma 3. Combined with (17), we have |§| =
|86| + |SE| < thl(n - 4) + thg(n — 4) + 2Dt,2(n - 6) +
Dt,g(n — 5) +Dt,3(n — 5) + 2Dt,3(n— 7) = thl(n— 3) +
Di_2(n—3)+2D;_2(n —5), where the last equality follows
from Lemma 3.

In all cases, we have shown that the statement is true. Now
suppose w is a nonempty subsequence, i.e. w = w”c, for
some binary sequence w* and ¢ € {0, 1}, then similarly to
the above, by considering |S.| and |8z|, we can also show that
the statement is true.

Therefore we are left with the case when u and w are
both empty strings, which is already covered in the base case.
Hence we have shown that the inequality (5) is true for all
n>7andt > 2.

To show (6), we combine (5) with Lemma 3; it is easy to
see that |Di(x) N Dy(y)| < Di—1(n — 3) + Dy—a2(n — 3) +

* = c™eu’, for some

2Dt_2(n—5) = Dt_l(n—3)+Dt_2(n—3)+ut_1(n 3)
D 1(n—2)—D;_o(n—4)+Dy_o(n—3)+1_1(n—3) =
Di1(n—1)—Di_on—4)+1v4-1(n—3) < Dy_1(n—1) +

v_1(n—3) = (tf 11), + O(n'~2) for fixed values of t.

The inequality (5) is tight by considering the following
examples. For even length n, consider x = 1010(10)™01 and
y =010(10)™010, where m > 1. Note that D;(x) N D1 (y) =
{z} = {010(10)™01}. Let § = Dy(x) N D(y).

Consider the following subsets:

18°] = |D;—1(10(10)™01) N D;(10(10)™010)|
= |D¢-1(10(10)™01)|
= |D;-1((10)™1001)o| + |D¢-1((10)™1001)4 |
= |D:—2((10)™10)[ + |D¢-1((10)™100)]
=Dy _o(n—4)+|D;—1((10)™100)0|+|Ds—1((10)™100), |
= Di—2(n —4) + [D—1((10)"10)| + |Dy—5((10)™)]
= Di 2(n—4)+ Di_1(n —4) + D;_3(n —6).
81| = |D+(010(10)™0) N D¢—2(0(10)™0)|
= [D:—2(0(10)™0)]
= |D:-2(0(10)™0)o| + [D¢—2(0(10)™0)1
= [Dy—2(0(10)™)] + |D¢—a(0(10)™ )]
=Di_9(n—5)+ Di_a(n—7).

o~~~ o~
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186 = |Dy—1(010(10)™ 10)™01)|
= |D;1(0(10)™10 10)™01)]
= 1D;-1(0(10)™10)p N D1 (0(10)™01)o|
| _1(0(10)™10)1 N Dy_1(0(10)™01)4|
+—1(0(10)™1) N D;_2(0(10)™)]
| —2(0(10)™) N D¢—1(0(10)™0)
— D-2(0(10)™)| + [Ds-5(0(10)"
== 2Dt_2(7’l - 5)
Hence |8| = Dy—2(n —4) + Dy—1(n — 4) + Dy_3(n — 6) +
Dt_g(n—5)+Dt_4(n—7)+2Dt_2(n—5) = Dt_l(n—?))—l-
Di_2(n—3)+2D;_5(n—>5). And similarly for odd length n,
it can be shown that the equality holds when x = 101(01)™10
and y = 01(01)™101, for m > 1. [ ]

AD,1(0

)
)N Dy—1(0

|
)l

D. Proof of Proposition 12
Proof:

We are going to show the result by induction on n. The base
case is when u and w are empty substrings, which is obtained
from Lemma 21. Suppose the statement is true for length n <
k — 1, we want to show for n = k. Now, we want to consider
several cases for the prefix u. Suppose u is a nonempty prefix,
i.e. u = cu*, for some substring u* and ¢ € {0,1}.

Consider the following

8¢ = Dy(cu* aavbw)® N Dy (cu*avbbw)®
= Dy (w*aavbw)® N Dy (u*avbbw)®
= Do(u*avbw)® = D, (cu*avbw)® =

D (2)°,

where the third equality holds because |D;(x) N Dy (y)| =
and

18\ D1 (2)°|

= | (D2 (cu*aavbw)® N Dy (cu*avbbw)) \ Dy

= |(co (Da(u*aavbw) N Dy (u*avbbw))) \D ‘

= |co ((Da(u*aavbw) N Dy (u*avbbw) )\D u avbw )|
= [(D2(u*aavbw) N Dy (u*avbbw)) \ Dy (u*avbw)|

2 (19)

(18)

N

where the inequality follows from our induction hypothesis.
Combining equations (18) and (19), we have that [S\ D4 (z)| =
IS\ D1 (z)¢] + 8¢\ D1 (z)¢| < 2. Hence, our induction on n is
complete.

Therefore |Da(x) N Da2(y)] < 2 + Di(z) = 2 +
n — 2 = n., where the second last equality comes from
Theorem 20. Therefore if C is an (n,2; D;)-reconstruction
code, then C is also an (n,n + 1; Ds)-reconstruction code.
Thus, p(n,n + 1; Da) < log, logy n 4+ O(1). |

VI. CORRECTING TWO DELETIONS WITH CONSTANT
NUMBER OF READS

In this section, we demonstrate that the Higher Order CSVT
code in Construction 4 has the desired reconstruction capa-
bilities. Specifically, we need to prove Proposition 5 before
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we can prove Theorem 10. Observe that Condition (CI) in
Construction 4 ensures that D1 (x) Dy (y) = 0. As mentioned
before, in order to show Theorem 10, we make use of Propo-
sition 5, and show that there is no pair of Type-C confusable
sequences in the Higher Order CSVT code in Construction 4.

Since all the proofs are quite technical, this section is going
to be organized as follows.

o in Subsection VI-A, we first analyze the properties of
intersection of two-deletion balls,

o in Subsection VI-B, using the analysis from the previous
subsection, we provide a complete proof of Proposition 5,

« finally, in Subsection VII, we give a proof of Theorem 10.

A. Intersection of Two-Deletion Balls

Before we look in details into the intersection of
two-deletion balls of two distinct binary sequences, we first
analyze the properties of ¢-deletion balls in general. Given x
andy. Let # and v be a common prefix and suffix, respectively,
of x and y. In other words, x = ucv and y = udv. In the
subsequent results, we show that to study the intersection of
t-deletion balls of x and y, we can look at the t-deletion balls
of ¢ and d under some conditions.

Lemma 23: Let x = wcv and y = udv with |x| > ¢
If Di—y(x)NDy_1(y) = @, then Dy (x)ND(y) = uo(De(e)N
Dy(d)) ov

Proof: Suppose that |¢| < t—1. Then we can delete ¢ from
x and d from y, and hence D;_1(x) N D;_1(y) is non-empty,
which is a contradiction. Therefore |¢| > ¢.

Since D;_1(x) N D;_1(y) is empty, it implies that
Di—1(c) N Dy_y(d) is also empty. Hence, we have
Ds(e) N Dy(d) is empty for all s < ¢t — 1. Applying
Proposition 16, we know that D,(x) N D.(y) =
Unsper Dal#) o (Di—ams(e) 1D sd) o Dyl(y) =
Do(u) o (Dy(c) N De(d)) 0 Do(v) = u o (Dy(e) N Dy(d)) o

|

Suppose that x and y are binary sequences of the same
length with Hamming distance at least two, then we can write
x = uarfv and y = uasfv, where o, 3 € {0,1}. By setting
t = 2 to Lemma 23, we have the corollary.

Corollary 24: Suppose that x = uar3v and y = uaisv.

If @1(x)ﬂ"Dl (y) =, then @2(X)ﬂ®2 (y) = uo("Dt(arﬁ)ﬂ
Dy(asf)) ov

Next, we assume that D (x) N D1 (y) = &, which implies
that x and y must have Hamming distance at least two.
Recall our objective is to analyze Da(x) N D2 (y). In light of
Corollary 24, it suffices to consider the case when x = ar( and
y =asf. Let § = Da(x) N Da(y). In [9], the authors showed
that |8] < 6. Here, for exposition purposes, we provide a proof
and additional observations on the size of 8. We consider the
disjoint sets:

(a o Dl(r)ﬁ) N (D) OB)7

85— (Dl(r)io,B) N(@oDis)p), 83=DoMTN

85= (a0 Da(r)oB)NDo(s)g, §5=
(Eo Da(s) OB).
Lemma 25: Suppose that x = ar( and y = @sf3.

If we set § = Dy(x) N D2 (y), then the following holds.
() 85 < L. S5 <2, 85| < 2, and |Sg| <1
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(ii) If the first and second bit of x are equal, i.e. r = ar’
then |§| < 4. Hence by symmetry, if r = ar’ or r =r'f3
or s = as’ or s = §’'/3 for some substrings r’ and s’, then
S| < 4

(iii) If [8| > 5, then x = a@r’ 33 and y = @as’ 33, for some
substrings 7’ and s’.

Proof:

(i) Note for any x and y, we have [8§] <

Likewise, we also have |Sg| < |®0( )

show that |87 < 2 by considering the following cases. If
r=ar ors =s'3, then [85] < |Dy(r)¥| = |Do(r)*| <
1Lor [83] < [Di(s)s] = |Do(s')s| < 1, respectively.
Otherwise, suppose that r = ar’ and s = §'3, i.e. x =
aar'$ and y = as’33. This implies that ' # §’, since
otherwise ar’'3 € D1(x) N Dy (y), which contradicts our
assumption that their intersection is empty. Therefore,
83| = [D1(r') N Di(s’)| < 2. Similarly, we can show
that |8%| < 2.

(ii) Without loss of generality, suppose that ¥ = ar’. Then
85| < [D1(r)*| = |Do(r')*| < 1. Furthermore, |S%| <
Do (3| = [Do(ar')Z| = 0.

Hence, we know that |8| < 4
(iii) This is a direct corollary of part (ii).

|®0(s)g| < L

1. Now we
rsl <

B. Proof of Proposition 5

To prove Proposition 5, we need several lemmas to aid our
analysis. As before, we assume that D;(x) N Dy (y) = @ and
x = arfandy = asf. Set § = Da(x) N Da(y) and we
consider the case |8| > 5. Following Lemma 25(iii), we have
that both x and y have alternating prefixes and suffixes of
lengths at least two. Formally, let a®(m;) and ag(ms2) be
the longest alternating sequences such that x and y can be
written as a®(mq )rag(msz) and a®(m- )sag(ms), respectively.
From Lemma 25(iii), we know that m, ms > 2. Suppose that
a“(mq) ends with a and ag(mg) starts with b. And so we
replace a®(my) with a%(m1) and ag(msg) with a% (m2). Now,
we write [Sg], [85], 83| and |8%| in terms of deletion balls
involving a, b r and s.

Lemma 26: Let x = aa(ml)ra%(mg) and y =
aa(ml)saﬁ(mg) If 8§ = Dy(x) N Da(y), then we have

1851 = IDa(arb) N Do(s)],  182] = D1 (ar) 1 Dy (s5)].
|8 | = |D1(rdb) N D1 (as)], |8%| = |Do(r) N Do(asb)|.
Proof: Note that

|85 |= | D2 (ag (m1)raj(m2)) N Da(ag (m1)sa al(m2))3|
= ‘Dg(aa (TTL1 - 1)ra5(m2 - 1)) n Do(aa(ml — 2)saE(m2 - 2))‘
= |Da(arb) N Do(s)|,
where the last equality comes from Proposition 16. The other
three equations can be derived similarly. [ ]
Next, we obtain more conditions where |§] is at most four.
Lemma 27: Let x = aa(ml)ra%(mg) and y =
aa(ml)saﬁ(mg) If § = Da(x) N Dy(y), then the following
are true.
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(i) If r = 5 are empty sequences, then |§| < 4
(ii) If r starts with a and s starts with @, then 8] < 4
(iii) If r ends with b and s ends with b, then |§| < 4.
(iv) If |r| = |s| = 1, then |8] < 4.
Proof: Let € denote the empty sequence.
(i) If r = s = €, then by Lemma 26, we have that |8%| =
|®1(a) Di(d)] = e} = 1, and [85] = [D1(b) N
D1(a)|] = [{e}| = 1. Furthermore from Lemma 25,
we know that [$3| < 1 and |8g| < 1. These imply that

18] <

(ii) Letr = ar’ and s = as’. By Lemma 26, we have that

1851=1D1
— Dy
=Dy

<D

aar’) N Dy (as'd)|

aar')® N Dy (a@s'b)?| + | D1 (aar’)® N Dy (as’b)7|

aar’)® N Do (s'b)?| + | Do (ar’)® N Dy (as’'b)?|
§'0)| + |Do(ar’)*| <1+0=1.

,\,\,\,\

Similarly, we have that |Sg| 1. Again, from Lemma 25,
we have that |S§[ < 1 and |SO‘| < 1, and so, |§| < 4.

(iii) The proof is analogous to the proof of part (ii).

(iv) Suppose that |r| = |s| = 1. If r = a and s = @ then from
part (ii), we know that |S| < 4. If r =@ and s = a then
it contradicts the assumption that % (m,) and aj(my)
are the longest alternating sequences such that x and y
can be written as a®(my)rag(msz) and a®(mq)sag(ms),
respectively. Hence the only possibilities are r = s = a
orr=s=a. _

Note that if ar = sb, then aZ(m; — 1)sa%(m2) =
al (ml)ra%(mg —1) € D1(x)ND1(y), which contradicts
Di(x) N Dy(y) is non-empty. For the case when r =
s = a, this means that ¢ = b, since otherwise ar = sb.
Thus by Lemma 26, |S%| = |D1(aa) NDy(aa)| =1 and

|SE| |Di(aa) N Di(aa)] = 1. Furthermore with
Lemma 25, we have [85| < 1 and |Sa| < 1. Therefore
8] <

Similarly note that if rb = @s then a2 (m; — 1)ra% (mg) =
ag(ml)sa%(mg —1) € D1 (x)ND+(y), which contradicts
D1(x) N Dy(y) is non-empty. For the case when r =
s = a, this means that a = b, since otherwise rb =
51 = |Di(a@) N Dy (aa)| =
|D1(aa) N Dy(aa)| = 1. Applying with
1, |S%| < 1 and so, 8| < 4

|

Now, observe in Lemma 27, the sets 8¢ and Sg are the
intersections of certain single-deletion balls. The following
characterization lemma for single-deletion balls was proven
in [2].

Lemma 28 ([2]): If |D1(x)ND1(y)| = 2, then x and y can
be rewritten as x = ucv and y = ucv where c is an alternating
sequence of length at least two.

Now we are ready to prove Proposition 5, which is our main
characterization result for this section.

Proof of Proposition 5: Suppose that D1 (x)ND4(y) = &
and |Da(x) N Da(y)| > 5. Let ad(mq) and a%(mg) to be
the longest alternating sequences such that x and y can be

1 and [83] =
Lemma 25 we have [8§] <
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written as ag(ml)ra%(mg) and a§ (m )sal(ms), respectively.
Furthermore, from Lemma 25(iii), we know that my, mg > 2.
Now, if r = s, we have that x and y are in form
(A) of Type-C confusable sequences and we are done. Hence,
we assume that r # s. From Lemma 27, we know that r
and s have to start with the same bit, end with the same bit,
and |r| = |s| > 2 in order for |§| > 5. Similar to the proof
of Lemma 27(iv), we also know that ar # sb and rb # as.
To analyze |S|, we have four cases.
(i) Suppose that r = acb and s = adb with ¢ # d.
By Lemma 26, we have that |8 = |Dy(aacbb) N
Dy(adb)] = 0, and therefore, |8%| = |Di(ar) N
Dy (sb)| = 2 and [8F] = |Dy(rb) N Dy(as)| = 2.
Applying Lemma 28 to the pair ar = a@cb and sb =
adbb, we see that both sequences have complementary
alternating prefixes and so, d must start with a. Similarly,
by considering the other pair rb = acbb and as = aadb,
we have that d must end with b. Therefore, we write
d = ad'b. We then have two subcases.

o If ¢ starts with a, then applying Lemma 28 to rb =
acbb and as = @adb implies that cbb is alternating
with ¢bb = adb. Therefore, ¢ = d, a contradiction.

o If ¢ starts with @, then applying Lemma 28 to
ar = aach and sb = aad'bbb implies that ¢ = d'bb.
Furthermore, applying Lemma 28 to rb = acbb =
ad'bbbb and @s = @aad'bb implies that d'bb =
@ad’ = c. This can only happen if ¢ = a% is
alternating and hence d = ¢. Thus, x and y are in
form (B) of Type-C confusable sequences.

(i) When r = acb and s = adb with ¢ # d, the proof is
analogous to case (i).

(iii) Suppose that 7 = acb and s = adb with ¢ # d.
Since |8| > 5, we have that either the case 85| = 2,
or the case [85] = 1 and |8%| =2.

« Suppose that [8F| = 2. Then applying Lemma 28,
we have that rb = acbb and a@s = Gadb are both
alternating and complementary. Hence r = s = a?,
a contradiction.

o Suppose that |Sg| = 1. Then the above argument
shows that ¢bb = Tad.

Again, we apply Lemma 28 to the pair ar = aach
and sb = adbb. Proceeding as before, we have r ='s,
a contradiction.
(iv) When r = acb and s = adb with ¢ # d, the proof is
analogous to case (iii).
|

VII. PROOF OF THEOREM 10

Let € = C(n, P;c1,ca) be the Higher Order CSVT code
as defined in Construction 4. In this section, we show that
v(C,D2) = 4. In other words, for the two-deletion channel
and any sequence x € C, we are able to uniquely reconstruct
x from any five distinct noisy reads.

To establish Theorem 10, we frequently apply the following
lemma. The proofs follow from straightforward algebraic
manipulations and are hence omitted.
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Lemma 29: Suppose that x = ua®(n)v and y = ua'(n)v.
Let i denote the starting index of a®(n), i.e. i = |u|+ 1. Then
we have the following.

(i) If n = 2t, then VT (x) — VT<1>@2 =t.

(i) If n =2t + 1, then VTV (x) — VI (y) = —i —¢.
(iii) If n = 2t, then VT® (x) — VT® (y) = 12 4 ¢i.

(iv) If n = 2t + 1, then VT® (x) — VT (y) = 12 + ti —
)

We now proceed with the proof of Theorem 10.

Proof of Theorem 10: Let x and y be two distinct
codewords of €. From Condition (C1), we have that C is
a single-deletion correcting code and so, Di(x) N Dy(y) =
@. Suppose that x and y are (n,5;Ds)-confusable. Then
Proposition 5 states that x and y must be Type-C confusable
sequences.

Form (A): Suppose that x = wua(mq)wa(mz)v and y =
ua(my)wa(mz)v with mi,me > 2. Let ¢ and j be the
starting indices of a(m;) and a(ms), respectively. So, i =
|u| +1 =i and j = |ua(mq)w| +1 = j > i. Without loss
of generality, we assume that a(m;) starts with a zero, and
s0, a(my) = a®(mq). Let a(my) start with the bit a and so,
a(mg) = a“(mg).

Hence, we need to consider eight cases based on the value of
a, the parity of my, and the parity of mo as follows. Note that
all the computations of VT" (x) — VT (y) for r € {1,2}
of the following cases use Lemma 29.

i) If m1 = 2t1, mg = 29, and a = 0, then VT(I)(x) —
VTW(y) = t1 +t5 = 0 (mod nP +1). However this is
impossible, as 0 < t; +t2 < n < nP + 1.

If my = 2t1, mo = 2t5, and a = 1, then VT(I)(x) —
VITW (y) = t;—ty = 0 (mod nP+1). Since |t —t] <
n < nP+1, we have t; = to. Furthermore using t; = to,
we can have VT'® (x) = VT @ (y) = 12 4-t1i—t3—1toj =
t1(i—j) =0 (mod 2nP+ P?+1). Note that the length
of a 2-periodic run in x and y is at most P, this means
that 2¢1,2t; < P. However, 0 < [t1(i — j)| < Pn <
2nP + P? 4 1 which is a contradiction.
If my = 2t1, mgo = 2t +1, and a = 0, then VT(l)(x) —
VIW(y) = t; —ty —j = 0 (mod nP + 1). However
this is impossible, as 0 < |t —t2 — j| < nP + 1.
If my = 2t1, mg = 2t5+1, and a = 1, then VT(l)(x) —
VT(l)(y) =11 +t2+7j = 0 (mod nP + 1). Again,
since 0 < [|t1 +t2 + j| < 2n < nP + 1, we have a
contradiction.
v) If my = 2t1+1, mo = 2t5, and a = 0, then VT(l)(x) —
VIW(y) = —i —t; + 1o = 0 (mod nP + 1). Since
| —i—t1+ta] < n < nP+1, this means that to = t1 +1.
Furthermore using to = ¢; + ¢ and ¢, 15 < %P, we can
have 2nP+ P2 +1 > VT® (x) = VT® (y) = 12 4 t1i —
(PPN + 4t > 13 +13 + i+ tai — (MR >
2t2 — (°1?) > 0. This contradicts the assumption that
VT® (@) = VI@(y) = 0 (mod 2nP + P2 +1).
If mi = 2t1+1, mgo = 2t5, and a = 1, then VT(l)(x) —
VT(l)(y) =—i—1t1 +t2 =0 (mod nP + 1). However
this is impossible, as 0 < |—i—t1+1t2| < 2n < nP+1.
(vil) If mq = 2t + 1, mo = 2t + 1, and a = 0,
then VIV (x) — VIWM(y) = —i —t; —j —ty = 0

(ii)

(iii)

(iv)

(vi)
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(mod nP + 1). However this is impossible, as 0 <
|—i—t1—j—to] <2n<nP+1.

(viii) If mqy = 2t1 + 1, mg = 2t + 1, and a = 1,
then VIW(x) = VIW(y) = —i —t1 +j+12 = 0
(mod nP + 1). However this is impossible, as 0 <
|—i—t1+j+t2| <n<nP+1.

Form (B): Suppose that x = uaa(ml)aag(mg)gab(mg)v and
y= uaa(ml)ag(mg +2)a’(ma)v with my, mg > 2. Since the
length of a 2-periodic run in x and y is at most P, we have
that mq,mo, ms < P.

Without loss of generality, we assume that a = 1. As before,
let 4, j, k denote the starting indices of a(m1), a(ms), and
a(ms), respectively. So, |u| +1 =4, [u| + m; +2 = j and
|u| + mq1 + mg + 3 = k. Observe that once the parity of
my and ms are fixed, and the value of b is fixed, then the
parity of my can be uniquely determined. Hence, we need to
consider eight cases based on the value of b, the parity of
mq, and the parity of mg. For each case, we then compute
VT (x) = VT (y) and we can check that 0 < [VTM) (x) —
VIW@y)| < n < nP + 1, leading to a contradiction.
The following computations of VT (x) — VT (y) lead
to contradictions as for each case, we can check that 0 <
VIV (x) = VIM (p)| < n < nP + 1.

(1) If my1 = 2t1, mg =2tz, and b=10
Then we have my = 2t,, and VT(l)(x) — VT(l)(y) =
t1+ta+1t3=0 (mod TZP+1).

(i) If mq = 2t1, m3y = 2t3, and b =1
Then we have my = 2t5+1, and VT (x)—= VT (y) =
tl—j—tg—t;g:() (moan+1)

(iii) If my = 2t;, m3 =2t3+ 1, and b=0

Then we have my = 2t,, and VT(l)(x) — VT(l)(y) =
ti1+tao—k—t3=0 (mod 7’LP+1).
iv) If mqy =2t1, mg=2t3+1,and b=1
Then we have mg = 2t5, and VT (x) — VT (y) =
tl—j—t2+k—|—t3:O (moan+1).

V) If mi =2t1 +1, m3 =2t3,and b=10
Then we have my = 2t,, and VT(I)(x) — VT(I)(y) =
i+t +ta+t3 =0 (mod nP +1).

(vi) If m; =2t +1, mg =2t3,and b =1

Then we have mg = 2t, and VTV (x) — VT (y) =
1+t —J—1ta—1t3=0 (moan—l—l).
(vil) If my =2t1 +1, mg=2tz3+1,and b= 0
Then we have mg = 2t, and VT (x) — VT (y) =
i+t +ta—k—t3=0 (mod nP +1).

(viii) f m1 =2t1+1, m3 =23+ 1,and b=1
Then we have my = 2t,, and VT(l)(x) — VT(l)(y) =
i+t —j—tot+k+t3=0 (mod nP +1).

Hence we have shown that it is impossible for two code-
words x and y to satisfy any of the two forms in Proposition 5.
Therefore, |D2(x) N Da(y)] < 4 and so, v(C,Dy) < 4,
as required. |

VIII. CONCLUSION

We studied the sequence reconstruction problem for the
deletion channel and in particular, examined the reconstruction
capabilities of certain codebooks. Of significance, we obtained
the following results for constrained shifted VT (CSVT) codes
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and higher order CSVT code (see Section II for formal
descriptions).

o For the class of CSVTs in Construction 3, we show that it
achieves asymptotic optimality in the class of (n,2; D1)-
reconstruction code in Section IV. The proof uses a
graph theoretic approach, namely, the notion of clique
cover, to show that the minimum redundancy required
to reconstruct the original sequence in a single-deletion
channel with two noisy reads is at least log,log,n +
©O(1). This revelation gives a complete picture of the
optimal redundancy of reconstruction code for the single
deletion channel, which is summarized in Theorem 8.

o Furthermore, we show that the same code, the CSVT
code, can be used as an (n, N;D,)-reconstruction code
with ¢ > 1 by analyzing the properties of its ¢-deletion
balls as described in Section V. We also provide some
bounds on the value of p(n, N; D;) for various values of
N and t.

o We propose a new (n, 5; Dy)-reconstruction code, namely
the higher order CSVT code with 2log,n + o(logyn)
redundancy. The code construction can be found in Con-
struction 4. The idea is to find a characterization of pairs
of binary sequences that are (n,5; Dy)-confusable, and
make sure that our code construction avoids having both
pair in the same code as described in Section VI.

A few open problems arise from this work.

(I) Are the CSVT codes asymptotically optimal? As men-
tioned in Theorem 9, since the CSVT code uses
log, logon + O(1) redundant bits, this implies that

p (n,Nt(Q)(n) + 1;®t) < log,logsn + O(1) where

NP (n) = Di_1(n — 3) + Dy_s(n — 3) + 2D;_s(n —
5) = n'71/(t — 1) + O(n'=2). 1t is unclear if the
methods in Section IV are able to extend to demon-

strate that p (n, Nt(z) (n)+1; "Dt) > log, logy n—0O(1)
and hence, implying that p (n, Nt(z) (n) +1; Dt) =

log,logom + O(1). More generally, we ask if

p(n,n'=1/(t—1)1;Dy) > logylogyn — O(1)?

What are the reconstruction capabilities of the higher

order CSVT codes for channels with more deletions?

In Section VI, we demonstrate that for channels with

two deletions, the higher order CSVT code is able to

uniquely reconstruct a codeword using 5 = O(1) noisy
reads. A natural direction is to investigate the perfor-
mance of these codes when the number of deletions

is more than two. In the spirit of Theorems 5 and 9,

we believe that the higher order CSVT code is able to

reconstruct codewords with O(n*=2) noisy reads for ¢-
deletion channel.

(III) What is the required redundancy for fixed number
of deletions and number of reads? This question was
prompted by a reviewer. More concretely, we fix ¢ and
ask if there exists a constant Ny such that p(n, N;D;) =
o(logn) for N > N;? When ¢t = 1, it follows from
Theorem 8 that N7y = 2. However, when ¢t > 2,
we believe that such N; does not exist.

I
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av)

For example, when ¢ = 2, let us consider a codebook €
with redundancy C5 log n with Cy < 1. In what follows,
we give an incomplete proof that there are two words in
C that are (n, N; D2)-confusable for any fixed value of
N. We know from Theorem 4 (see also, [17]) that there
exist codewords x and y in C such that Dy (x) N Dy (y)
is nonempty. Let z be a subsequence that belongs to this
intersection. Then we have that Do (x) ND2(y) contains
the deletion ball D(z). Even though D1 (z) usually has
Q(n) reads, we cannot guarantee this is always the case.
Nevertheless, we believe the techniques in Section IV
will allow us to resolve the problem. A detailed analysis
is beyond the scope of the paper and here, we formally
state our conjecture.

Conjecture 1: Fix t > 2 and N > 1. Then
p(n,N;D;) > Cilogn for some constant C; that
depends on t.

What is the reconstruction capabilities of binary bal-
anced codebooks? This question was prompted by a
reviewer. As mentioned in the introduction, this paper
is partially motivated by DNA-based data storage.
In this application, one important constraint is that of
GC-content [12], [27] where the number of nucleotide
bases corresponding to G and C in each codeword are
close to 50%.

In the probabilistic setting where deletions are intro-
duced with certain probability p, such constrained recon-
struction codes were designed in [5]. However, in the
adversarial setting where at most ¢ deletions are intro-
duced, we are unaware of such works. One possible
approach is to analyze the reconstruction capabilities
of binary codebooks where each codeword is balanced
(that is, the absolute difference between the number
of ones and the number of zeros is at most one).
This entails an analysis of the deletion balls of such
codewords and this study is deferred to future work.
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