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Array Codes for Functional PIR and Batch Codes

Mohammad Nassar

Abstract— A functional PIR array code is a coding scheme
which encodes some s information bits into a £ X m array such
that every linear combination of the s information bits has k
mutually disjoint recovering sets. Every recovering set consists of
some of the array’s columns while it is allowed to read at most £
encoded bits from every column in order to receive the requested
linear combination of the information bits. Functional batch array
codes impose a stronger property where every multiset request
of k linear combinations has £ mutually disjoint recovering sets.
Locality functional array codes demand that the size of every
recovering set is restrained to be at most . Given the values of
s, k,t, ¢, r, the goal of this paper is to study the optimal value
of the number of columns m such that these codes exist. Several
lower bounds are presented as well as explicit constructions for
several of these parameters.

Index Terms— Private information retrieval (PIR) codes, batch
codes, codes with availability, covering codes.

I. INTRODUCTION

RIVATE information retrieval (PIR) codes and batch

codes are families of codes which have several appli-
cations such as PIR protocols [3], [10], [15], [19], [26], [42],
[45], [48], erasure codes in distributed storage systems [30],
[31], [38], one-step majority-logic decoding [24], [28], load
balancing in storage, cryptographic protocols [22], switch
codes [6], [11], [43], and more. They have been recently
generalized to functional PIR and functional batch codes [51].
In this work we study these families of codes when they are
used as array codes.

The setup of storing information in array codes works as
follows. Assume s bits are encoded to be stored in a £ X m
array, where each column corresponds to a server that stores
the encoded bits. The encoded bits should satisfy several
properties which depend upon whether the resulting code is a
PIR, batch, functional PIR, or functional batch codes. Given
a design parameter k of the code, it is required in PIR codes
that every information bit has & mutually disjoint recovering
sets. Here, a recovering set is a set of columns, i.e., servers,
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in which given the encoded bits in the columns of the recov-
ering set it is possible to recover the information bit. In case it
is possible to read only a portion of the encoded bits in every
column, we denote this parameter by ¢. An array code with
these parameters and properties is defined as an (s, k,m,t,{)
PIR array code. Furthermore, it will be called an (s, k, m, t, ()
batch array code if every multiset request of k information bits
has k£ mutually disjoint recovering sets. In case the requests
are not only of information bits but any linear combination of
them, we receive an (s, k,m, t,{) functional PIR array code,
if every linear combination has k& mutually disjoint recovering
sets or (s, k,m,t,£) functional batch array code for a multiset
request of k linear combinations. Yet another family of codes
that will be studied in this paper will be referred by locality
Sfunctional array codes. Here we assume that / = ¢ and an
(s,k,m,t,r) locality functional array code guarantees that
every linear combination v of the information bits has &
mutually disjoint recovering sets, where each is of size of at
most 7.

The main figure of merit when studying these fam-
ilies of codes is to optimize the number of columns,
i.e., servers, given the values of s,k,t,¢. Thus, the
smallest m such that an (s,k,m,t,¢) PIR, batch, func-
tional PIR, functional batch code exists, is denoted
by P y(s, k), Bee(s, k), FPe(s, k), F By 4(s, k), respectively.
Studying the value of P, 4(s, k) has been initiated in [19] and
since then several more results have appeared; see e.g. [4],
[51, [9], [50]. Note that the first work [22] which studied batch
codes defined them in their array codes setup and only later on
they were studied in their one-dimensional case, also known
as primitive batch codes; see e.g. [1], [27], [32], [41], [49].
Functional PIR and batch codes have been recently studied
in [51] but only for vectors, that is, ¢ = ¢ = 1. Thus, this
paper initiates the study of functional PIR and batch codes in
the array setup.

The motivation to study functional PIR and batch codes
originates from the observation that in many cases and proto-
cols, such as PIR, the user is not necessarily interested in one
of the information bits, but rather, some linear combination of
them. Furthermore, functional batch codes are closely related
to the family of random I/0 (RIO) codes, introduced by
Sharon and Alrod [33], which are used to improve the random
input/output performance of flash memories. A variant of RIO
codes, called parallel RIO codes, was introduced in [46], and
linear codes of this family of codes have been studied in [47].
It was then shown in [51] that in fact linear parallel RIO codes
are equivalent to functional batch codes.

The rest of the paper is organized as follows. In Section II,
we formally define the codes studied in the paper, discuss
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some of the previous related work, and list several basic
properties. In Section IV, we show lower bounds on the
number of servers for functional PIR and batch array codes.
Section V lists several code constructions which are based on
the Gadget Lemma, covering codes, and several more results
for k = 1,2. Section VI presents three constructions of array
codes and in Section VII the rates of these codes are studied.
Section VIII studies locality functional array codes. Lastly,
Section IX concludes the paper.

II. DEFINITIONS AND PRELIMINARIES

This work is focused on five families of codes, namely
private information retrieval (PIR) codes that were defined
recently in [19], batch codes that were first studied by
Ishai et al. in [22], their extension to functional PIR codes
and functional batch codes that was investigated in [51], and
locality functional codes. In these five families of codes, s
information bits are encoded to m bits. While for PIR codes it
is required that every information bit has k£ mutually disjoint
recovering sets, batch codes impose this property for every
multiset request of k£ bits. Similarly, for functional PIR codes
it is required that every linear combination of the information
bits has k£ mutually disjoint recovering sets, and functional
batch codes impose this property for every multiset request of
k linear combination of the bits. Lastly, similar to functional
PIR codes, for locality functional codes it is required that the
size of every recovering set is limited to be at most . While
this description of the codes corresponds to the case of one-
dimensional codewords, the goal of this work is to study their
extension as array codes, which is defined as follows. The set
[n] denotes the set of integers {1,2,...,n} and ¥ = Fs.
We start with the formal definition of the first four families
of codes that will be studied in the paper, while we defer the
definition of locality functional array codes to Section VIIL
Definition 1:
a) An (s,k,m,t () PIR array code over ¥ is defined
by an encoding map £ : ¥ — (X%)™ that encodes
s information bits x1,...,xs into a ¢ X m array and a
decoding function D that satisfies the following property.
For any i € [s] there is a partition of the columns into
k recovering sets S1, ..., Sk C [m] such that z; can be
recovered by reading at most ¢ bits from each column
in Sj,j S [k?]

b) An (s,k,m,t,¢) batch array code over ¥ is defined
by an encoding map £ : X* — (3Y)™ that encodes
s information bits x1,...,xs into a ¢t X m array and a
decoding function D that satisfies the following property.
For any multiset request of & bits i1, ...,i; € [s] there
is a partition of the columns into k recovering sets
S1,...,Sk C [m] such that z; , j € [k] can be recovered
by reading at most ¢ bits from each column in S;.

¢) An (s,k,m,t, () functional PIR array code over X
is defined by an encoding map £ : X% — (X!)™ that
encodes s information bits 1, ..., zs into a t X m array
and a decoding function D that satisfies the following
property. For any request of a linear combination v of
the information bits, there is a partition of the columns

into k recovering sets S1, ..., S; C [m] such that v can
be recovered by reading at most £ bits from each column
in Sj,j € [If]

d) An (s,k,m,t,¢) functional batch array code over

Y is defined by an encoding map £ : ¥° — (XY™
that encodes s information bits z1,...,zs into a
t x m array and a decoding function D that satisfies
the following property. For any multiset request of k
linear combinations vq, ..., v, of the information bits,
there is a partition of the columns into k recovering sets
S1,...,Sk C [m] such that v;, j € [k] can be recovered
by reading at most £ bits from each column in 5.

We refer to each column as a bucket and to each entry in
a bucket as a cell. Furthermore, it is said that a cell stores
a singleton if one of the information bits is stored in the
cell. In the rest of the paper we will refer to every linear
combination of the information bits as a binary vector of
length s, which indicates the information bits in this linear
combination. Our goal is to fix the values of s, k,¢ and ¢ and
then seek to optimize the value of m. In particular, we will
have that ¢ and ¢ are fixed, where ¢ > ¢, and then study the
growth of m as a function of s and k. Hence, we denote
by P (s, k), Bie(s, k), FP; (s, k), FBy (s, k) the smallest
m such that an (s,k,m,t,¢) PIR, batch, functional PIR,
functional batch code exists, respectively. In case £ =t = 1
we will simply remove them from these notations.

Remark I: The family of PIR codes that is studied in
the paper is different than the line of works that studied
the PIR capacity and the PIR codes for this model. The
PIR codes that are referred to in the paper are motivated
by the family of codes that was first studied in [19] for
PIR protocols that optimize both the upload and down-
load complexity. Thus, these codes are targeted to solve a
completely different problem that the ones that address the
PIR capacity and optimize only the download complexity;
see [2], [8], [23], [25], [35]-[37], [39] and references therein.
Furthermore, PIR codes are similar in their definition to
locally repairable codes with availability [30], [31], [44], with
the important distinction that PIR codes do not impose any
constraint on the size of the recovering sets as done for LRCs.
Hence, it is not possible to compare between PIR codes and
the above families of codes.

III. PREVIOUS WORK AND BASIC RESULTS

The following upper and lower bounds on the number of
buckets for PIR array codes have been shown in [5], [9], [50]
and are stated in the following theorem.

Theorem 2:

a) Pp(s k) > 222 (5, Th. 3],

b) For any integer ¢ > 2 and any integer s > ¢, P, (s, k) >
k-s-(2s—2t+1)
@it (s—o2 10> Th- 4] .
c¢) For any integer ¢ > 2 and any integer s > 21,

2k-s-(s+1)

Py (s, k) > G2 3si— 20 [50, Th. 16].

d) For any integer ¢ > 2 and any integer { < s < 2,
k-s-(2s—2t+1)

Pyi(s, k) < T2t it (-7 [5, Th. 6].

e) For any integers p,t with p < t + 1, P, (pt,k) <

m, where k = (,_ . ,)(;) and m = (,_;.,)(})
(220 (;21)- [9. Th. 10].

t—p+1/ \p
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TABLE I
SUMMARY OF PREVIOUS RESULTS

Code s k t |l Lower bound Upper bound Notes and References
7k
P s k t|t ?f [5, Th. 3]
k-s-(25s—2t+1)
P s k |t B2 )i (- t>2ands >t
[5, Th. 4]
2k-s-(s+1)
P s k t t [ =N arT t>2ands > 2t
[50, Th. 16]
k-s-(25s—2t+1)
P s k t t B2 )i (=2 t>2and t <s <2t
[5, Th. 6]
= =T
P p-t (r_;;+1)(i) bt (t_;.u)(f) + (tij)(;q) p<t+1
[9, Th. 10]

FpP 2t 3 111 3t+42 3t+2 t>2

[51]
FP 2t 4 1|1 3t+3 3t+3 t>2

[51]
FP 2t+1 3 111 3t+3 3t+4 t>2

[51]
FpP 2t 4 111 3t+4 3t+5 t>2

[51]

Note that for any two integers ¢ > 2 and s > ¢, the bound
in Theorem 2(b) improves upon the bound in Theorem 2(a).
This is.veriﬁed by show.ing th.at % — Q,SLH’ >0
by basic algebraic manipulations. However the lower bound
in Theorem 2(a) holds for all values of s, while the one in
Theorem 2(b) only for s > t¢. Also, in [50] it was shown
that for any two integers ¢ > 2 and s > 2t, the bound in
Theorem 2(c) is stronger than the bound in Theorem 2(b).

The result in Theorem 2(d) is achieved by Construction 1
in [5]. The authors of [5] presented another construction which
is not reported here due to its length. For the exact details
please refer to [5, Construction 4 and Th.8]. This construction
was then improved in [50] and in [9]. Several more construc-
tions of PIR array codes have also been presented in [9], [50].
For the convenience of the reader we provide a summary of
previous results in Table I.

The following theorem summarizes some of the known
basic previous results, as well as several new ones. The proofs
are rather simple and are thus omitted.

Theorem 3: For every s, k,t,{,a positive integers:

a) Pre(s,1) = Bye(s,1) = [s/t].

b) FP@[(S, ki + k?g) < FP@[(S, kl) + FP@[(S, kg) (also
for P, B, and F'B).

c) FP,y(s,a-k) < a-FP (s, k) (also for P, B, and
F'B).

d) FPtj(Sl + Sg,k) < FPt7£(817k) + FPt7£(82,k) (also
for P, B, and F'B).

e) FP.o(a-s,k) < a-FP, (s, k) (also for P, B, and
F'B).

f) FP,o(s,k) < a- FPyy(s,k) (also for P, B, and
FB).

One of the simplest ways to construct array PIR and batch
codes uses the Gadget Lemma, which was first proved in [22].

Lemma4 (The Gadget Lemmay): Let C be an (s, k,m,1,1)
batch code, then for any positive integer ¢ there exists an
(ts,k,m,t,1) batch array code C’ (denoted also by ¢ - C).

It is easily verified that the Gadget Lemma holds also for
PIR codes and therefore P; (s, k) < Py 1(s, k) < P([s/t], k)
and By (s, k) < Bpi(s, k) < B([s/t], k). However, unfor-
tunately, the Gadget Lemma does not hold in general for
functional PIR and batch codes. Even a weaker variation
of the Gadget Lemma, where ¢ = ¢, does not hold in
general for functional PIR and batch codes either. Assume
by contradiction that if there is an (s,k,m,1,1) functional
PIR code C, then for any positive integer ¢ there exists a
(ts,k, m,t,t) functional PIR array code. Then, this will imply
that F'P,,(ts,k) < FP(s,k). However, it is known that
FP(2,2) = 3 by the simple parity code. Thus, under this
assumption it would hold that F'P,2(4,2) < FP(2,2) = 3.
But, according to a lower bound on functional PIR array
codes, which will be shown in Theorem 9, it holds that

FPy5(4,2) > 2152+1§’ > 3, which is a contradiction.

IV. LOWER BOUNDS ON ARRAY CODES

In this section we present several lower bounds on func-
tional PIR and batch array codes. Let {7} be the Stirling
number of the second kind, which calculates the number of
partitions of a set of a elements into b nonempty subsets. It is
well known that {}} = ﬁz,l;:o(—l)b’i(?)i“.

Theorem5: For all s,k,t and ¢ positive integers
FB@@(S, k) = m™*, where m* is the smallest positive integer
such that

7

2L (mF\ [ e 25+ — 2

(VA Z0) )

i=k Jj=1

Proof: Let C be an optimal (s, k, m*, ¢, ¢) functional batch

array code. Since there are s information bits, there are (2°—1)
possible linear combination requests. Recall that by the def-
inition of functional batch array codes, each multiset request
has k& mutually disjoint recovery sets of linear combinations.
The number of possibilities to choose k elements from a set of
2% — 1 elements if repetitions are allowed is (2b+k],“_2). Thus,
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there are (QSJFkk*Q) possible multiset requests of length k. For
each multiset request of k& linear combinations w1, ..., vy of
the information bits, there is a partition of the buckets of the
code C into k recovering sets Si,...,S; C [m*] such that
v;,j € [k] can be recovered by reading at most ¢ bits from
each column in S;.

In each bucket there are t cells where at most ¢ cells
from them can be read. Thus, there are Z§=1 (;) nonzero
linear combinations that can be obtained from one bucket. For
any positive integer n, there are (Z?:l (;))” nonzero linear
combinations that can be obtained from n buckets while using
all the n buckets.

In order to satisfy a multiset request, the buckets must be
divided into £ disjoint recovering sets such that each set can

satisfy one requested linear combination. There are

< [m* 1

2 (7))
possibilities to divide at most m* buckets into k£ nonempty
disjoint sets. Each subset of the buckets of size at least k
can be divided into & nonempty sets. Thus, we take the sum
over all the subsets of the buckets of size at least k, where
for each such subset we count the number of possibilities to
divide it into k£ nonempty subsets using Stirling number of the
second kind. From each subset of size p where k < p < m*,
there exist (E§:1 (3)) linear combinations. Therefore, for
a given partition of i,k < ¢ < m* buckets into k£ subsets
such that the sizes of the subsets are pi,ps,...,pr Where
Z?zl p; = 1, the number of different k-sets of linear com-
binations such that each linear combination taken from one

subset is
() - (20)

J=1 Jj=1

%

II

pE{P1,p2, Pk}

In order to satisfy each multiset request by a set of k linear
combinations such that each linear combination satisfies one
requested linear combination. It must hold that the number of
different k-sets of linear combinations such that each linear
combination taken from one subset of the buckets, for all
partitions of the m* buckets into & nonempty disjoint subsets,
is larger than the number of multiset requests. Thus,

i

Uy AN Lot 254k —2

2 (7)A(20) 2O o
i=k j=1

|

A similar lower bound can be obtained for functional PIR
array codes. While in functional batch array codes there exist
(*"TF72) possible multiset requests, in functional PIR array
codes there exist 2° — 1 possible requests.

Corollary 6: For all s,k,t and ¢ positive integers
FP, (s, k) > m*, where m* is the smallest positive integer
such that

K3

m* m* i 4 ¢ .
() Ai (B0)) 2 e

1= 7j=1

Another combinatorial bound for functional PIR array codes
is shown in the following theorem.

Theorem?7: For all s,k,t and ¢ positive integers
FP, (s, k) > m*, where m* is the smallest positive integer
such that

(R0

i=1 j=1

i

WV

k(28— 1).

Proof: Let C be an optimal (s, k, m*, ¢, ¢) functional PIR
array code. Since there are s information bits, there are (2°—1)
possible requests. The code C must satisfy each request k
times by & linear combinations from £ disjoint recovering sets.
In other words, for each request there are k£ nonempty disjoint
recovering sets, such that each set has a linear combination
equal to the request. Each recovering set must be of size
at most m*—k + 1, in order to have other kK — 1 nonempty
recovering sets.

In each bucket there are ¢ cells where at most ¢ cells
from them can be read. Thus, there are >¢_, (*) nonzero
linear combinations that can be obtained from one bucket and
(Z§=1 (;) )™ from n buckets, for any positive integer n, while
using all the n buckets. We are interested in counting the
different linear combinations that can be obtained from at most
m* — k + 1 buckets. Thus, there are

=00

i=1 =N

i

such linear combinations. It must hold that the number of
different linear combinations that can be got from at most
m*—k 4 1 buckets is larger than k& times the number of the

possible requests. Thus,
1 PV

i=1

i

WV

k-(2°=1). (3

|
The following corollary is derived from Theorem 7.

Corollary 8: F'P, (s, k) > [w—‘ , for all s, k,t

Ing(Zf:o (1))
and ¢ positive integers.
Proof: The proof of Theorem 7 can be modified by using

a weaker constraint, that the size of each subset is at most m.
Thus, it must hold that 327, (7)- (2242, (4)) = k(20 =1),
From the equality >/ (") - 2' = (z +1)™, we get that,

(2 m

S(0-(%0) - (+50) -

m

i: <t) k(20 -1).

=0 M

Therefore, a lower bound over the minimal number of

. log, (k(2°=1)+1)
buckets, is F'P; ¢(s, k) > {71022(23{0 @ [ |
Lastly in this section we show a different lower

bound for functional PIR array codes, which is motivated
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20 bound
15 |
10 +
5+
01 —— Corollary 8
—— Theorem 9
0 5 10 15 20 25 30
S
Fig. 1. Lower Bounds of Corollary 8 and Theorem 9 for k = 5 and t = 2.

by the corresponding lower bound for PIR array codes
from [5, Th. 3].

Theorem9: For any s,k,t and ¢ positive integers,
FPtyz(S, k) 2 %

Proof: Suppose there exists an (s, k,m,t,¢) functional
PIR array code. There are 2° — 1 possible linear combination
requests which are denoted by u; for 1 < ¢ < 2° — 1. For
i € [2° — 1], we define by «; to be the number of recovering
sets of size 1 of the ¢-th linear combination request ;.

Since it is possible to read at most £ bits from each bucket,
every bucket can satisfy at most Ele (Z) linear combinations.
Thus, the number of recovering sets of size 1 is m - Zle (f)
and Z?;ll a; < m'Zle (!). Hence, there exists g € [2°—1]

¥4 t

i
such that oy < mfj(), so out of its k disjoint recovering

sets of u,, at most «, of them are of size 1, and the size of
each of the remaining k — «, subsets is at least 2. Hence,
Lyt
m- Ei:l (z)

m > ag + 2k — ag) = 2k — oy > 2k — ==

£ t
and therefore m(1l + (ifl(;)

251 ) >
FPt7[(S,k)>

2k, which implies that
2k(2°—1)

= ﬁ. .
) (25=1)+3>75 (7)

Figure 1 compares between the two lower bounds of Corol-
lary 8 and Theorem 9. In this comparison we specify the
parameters k = 5 and ¢ = 2. We can see that for 0 < s < 18
the lower bound of Theorem 9 is stronger, but for s > 18 the
lower bound of Corollary 8 is stronger.

V. GENERAL CONSTRUCTIONS OF ARRAY CODES

In this section we present several constructions of array
codes for functional PIR and batch codes.

A. Basic Constructions

Even though the Gadget Lemma cannot be extended in
general for functional PIR and batch codes, here we show
a variation of it that will hold. For any positive integer i, 0°
denotes the zero vector of length ¢, and for any two vectors v

and u, the vector vu is defined to be the concatenation of u
after v.

Lemma 10: For any positive integer p, if there exists an
(s,p-k,m,t, ) functional batch array code, then there exists
an (p-s,k,m,p-t,¢) functional batch array code. Therefore,

FPpﬂ‘/,f(p - S, k) g FBp~t,€(p . 57k) < FBt,f(Sap . k)7

and in particular, F'P; 1(s, k) < FBy1(s, k) < FB([$],t-k).

Proof: Let C be an (s,p - k,m,t,{) functional batch
array code with encoding function £ and decoding function D.
We construct an (p-s, k, m, p-t,£) functional batch array code
C' by using the code C. Let S = {x; j : 1 <i<p,1 < j< s}
be the set of p - s information bits. The p - s information bits
can be partitioned into p parts, each of size s, such that part
i,ie[plisS; = {xi; : 1 <j < s} The code C' will be
represented by a pt x m array A, that contains p subarrays
A1, Ay, ..., A, each of dimension ¢ x m. In the encoding
function of the code C’, the i-th subarray A; stores the encoded
bits of the set S; by applying the encoding function £ of the
code C over the information bits in the set S;.

Let R = {vy,v2,...,v;} be a multiset request of size k
of the p - s information bits, where v;,7 € [k] is a binary
vector of length p - s that represents the ¢-th request, which
is a linear combination of the p - s information bits. For each
i € [k], denote v; = (v}, vZ,...,vY) where v],j € [p] is a
vector of length s that represents the linear combination of
the bits in S;. Let R* = {v] : 1 <i<k,1<j<plbea
multiset request of size pk, that has pk vectors of length s
each. By using the decoding function D of the code C with
the request R* we get pk recovering sets. For each i € [k] and
j € pl, let B] = {(hi1,wi1), (hig,wi2), ..., (Ria, Wia,)}
be a recovering set for v} of size a;, where for each g € [a;],
(hi,g,uig) is a pair of a bucket h;, with a vector u;,
of length ¢ that indicates the cells which are read from
the bucket h;,. For each B and f € [p], let B/, =
{(hi1, Ot(ffl)uiylot(pff)), o (hm“ot(ffl)ui’aigt(pff))}
be a recovering set for 'vg , that reads the cells of subarray
Ay. For each ¢ € [k], to satisfy the request v;, the union

UZ;=1Bzf,f is taken, since for each f € [p] the subset Bifj can

satisfy the request 'uzf .

For each f1, f2 € [p], 41,42 € [k] and j1,j> € [p], B
and Bg;’fz hav¢ disjoint_subsets of buckets if i1 # is or j; #
j2, because Bfll and ij have disjoint subsets of buckets if
iy # iy or ji # ja. Thus, for any i # j € [k], U}_  Bf . and
U’;lej{ 7 have disjoint subsets of buckets.

It remains to show that we read at most ¢ cells from each
bucket. Recall that for any v,,7 € [k] the union U’Jﬁ_lei{ s

satisfies the request v;. Thus, if the recovering set B} 7, Was

used then f; = j. Therefore, the recovering set Bf fs for each
f2 # f1 was not used. From the previous paragraph we showed
that B}, and BJ%, have disjoint subsets of buckets if ji # jo.
Thus, the recovering sets that were used to satisfy v; have
disjoint subsets of buckets. Thus, each bucket can appear in at
most one of these recovering sets, and it is known that each
one of these subsets uses at most ¢ cells from each bucket
from the properties of the code C.
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The last claim in the lemma holds by setting p = ¢ and
t=1 [ |

Another general construction is stated in the next theorem.

Theorem 11: For any positive integers, s,k,t,tg, and ¢,
FBye(s,k) < m + mg, where m = FByyy (s, k) and
mo = FBu(m . t(), k)

Proof:  Let C1,Co be an (s,k,m,t + to,f),(m -
to, k,mo,t,£) functional batch array code, respectively.
We construct an (s, k, m+my, t, £) functional batch array code
C by using the codes Ci,Co. First, the s information bits are
encoded using the encoder function of the code C; to get a
(t+tp) x m array A. Then, the to - m bits in the last ¢y rows
of A are encoded into a ¢ X mg array B using the encoder
function of the code Ca. The code C will be represented by a
t x (m+my) array, where the first m buckets (columns) will
be the first ¢ rows of the array A and the last mg buckets will
be the array B.

Let R = {vy, ..., v} be a multiset request of size k, where
v;,1 € [k] is a binary vector of length s that represents the i-th
request. Denote by { E1, . .., E} } the k recovering sets that are
obtained by using the decoding function of the code C; with
the request R. For each i € [k], assume that |E;| = p; and
denote E; = {(hi,1,ui1),---,(Rip,,Wip,)} where for each
J € [pil, (hij,u; ) is a pair of a bucket h; ; with a vector
u; ; of length t + ¢ that indicates the cells which are read
from the bucket h; ;. For each i € [k] and j € [p;], let u; ; be
the vector with the last ¢y entries of w; ; and let R} ; be the
sum of the bits in the cells that indicated by u; ;.

Let R = {3FL Ry j,...,>0% R} ;} be a multiset
request of size k. Denote by {Fi,..., F} the k recovering
sets that are obtained by using the decoding function of the
code Co with the multiset request R’. To satisfy wv;, the
code C can use the recovering set F; U E;, where E] =
{(hig,ufy), ..o, (hik,uj )} where for each j € [k], u;;
is the vector with the first ¢ entries of w; ;.

It remains to show that at most ¢ cells are read from each
bucket. Each v;,7 € [k] has a recovering set F; U E, where
the recovering set F; of Co uses at most £ cells from each
bucket from the property of the code Cs. Also, the recovering
set E; of C1 uses at most ¢ cells from each bucket from the
property of the code C;. Thus, E also uses at most £ cells. B

Note that a similar statement can hold for functional PIR
array code, where for any positive integers s, k,t,ty, and /,
FP, (s, k) < m+mg, where m = FPyy, ¢(s, k) and mg =
FBM(m . to, k?)

Example 1: In this example we demonstrate the construction
of a (12,1,4,4,2) functional batch array code according to
Theorem 11 by using a (12,1, 3,5,2) functional batch array
code as in Table II and a (3,1,1,4,2) functional batch array
code as in Table III. The construction is given in Table IV.
It can be verified that F'By2(12,1) = 4. Note that in this
example and in the rest of the paper the notation x;, z;, - - - x;,
is a shorthand to the summation x;;, + x;, + -+ x5, .

B. Constructions Based Upon Covering Codes

In this section it is shown how covering codes are used
to construct array codes. Denote by dy(x,y) the Hamming
distance between two vectors x, y, and denote by wy (x) the

TABLE 1I
(12,1, 3,5,2) FUNCTIONAL BATCH ARRAY CODE
Lt [ 2 ] 3 l
X1 X5 X9
X2 X6 X10
X3 X7 X11
X4 X8 X12
X1X2X3X4 | X5XeX7Xg | X9X10X11X12
TABLE III
(3,1,1,4,2) FUNCTIONAL BATCH ARRAY CODE
X1
X2
X3
X1X2X3
TABLE IV
(12,1,4,4,2) FUNCTIONAL PIR/BATCH ARRAY CODE
L1 [2]3] 4 l
X1 X5 X9 X1X2X3X4
X2 | X6 | X10 X5X6X7X8
X3 | X7 | X11 | X9X10X11X12
X4 | Xg | X12 | X1Xp---X12

Hamming weight of @. Also define (x, y) as the inner product
of the two vectors x,y. Next we remind the definition of
covering codes [12].

Definition 12: Let n > 1, R > 0 be integers. A code
C C Iy is called an R-covering code if for every word y € Fy
there is a codeword & € C such that dy(x,y) < R. The
notation [n, k, R|,; denotes a linear code over I, of length
n, dimension k, and covering radius R. The value g[n, R|,
denotes the smallest dimension of a linear code over F, with
length n and covering radius R. The value h[s, R], is the
smallest length of a linear code over I, with covering radius
R and redundancy s. In case ¢ = 2 we will remove it from
these notations.

The following property is well known for linear covering
codes; see e.g. [12, Th. 2.1.9].

Property 13: For an [n, k, R] linear covering code with some
parity check matrix H, every syndrome vector s € £~ can
be represented as the sum of at most R columns of H.

The connection between linear codes and functional batch
array codes is established in the next theorem.

Theorem 14: Let C be a [t,t — s,{] linear covering code.
Then, there exists an (s, 1, 1, ¢, ) functional batch array code.
In particular, F By ¢(t — g[t,¢],1) = 1.

Proof: Let € = (x1,...,x5) the vector of dimension
1 x s with the s information bits, and let H be a parity check
matrix of the code C, with dimension s x t. We construct
an (s,1,1,t,/¢) functional batch array code C’ by taking each
entry of the vector ¢ = (xH)T as a cell in the code. The
dimension of c is ¢ x 1, and thus, we get one bucket with ¢ cells
where each cell has a linear combination of the s information
bits.

Let u € ¥° be a request which represents the linear com-
bination (u,x) of the s information bits. From Property 13,
we know that there exists a vector y € X! such thaty-HT = u,
where w = wy(y) < L. Let A = {i:i € [t],yy = 1},
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where y; is the entry number ¢ of y. Thus, (u,z) = u-aT =
y-HT-xT =y-c= ), ,ci, Where ¢; is the entry number
i of c. Therefore, to satisfy the request (u, ) we should read
|A| = w < £ cells from the code C’.

Recall that g[t,¢] is the smallest dimension of a linear
code with length ¢ and covering radius ¢. Thus, there exists
a [t, g[t, ], ] linear covering code. We get that there exists a
(t—glt, €], 1,1,t,¢) functional batch array code, which implies
that F' By ¢(t — g[t, £],1) = 1. [ |

Theorem 14 holds also for functional PIR array code and
thus the following results are derived.

Corollary 15: Let s, k,t and ¢ be positive integers. Then,

&) FPo(s,k) < FBua(s,k) <k |7 |

b) FPiy, (s, k) < FP (s, k), where tog = g[t + to, /).

Also works for FB.

¢) FPy(s,k) < FByy(s,k) < k- ([2]+1), where

[£] <t—glt, 0], and a = (t+ 1) — g[(t + 1), 4].
Proof:

a) From Theorem 3(c) we get that F'B; (s, k) < k -
FByy(s,1) < k-FBi (=57 ;[t 7 (t—glt,?]),1). In addi-
tion, from Theorem 3(e) we get that &k - F'By 4(; 7g[t 7"
(t—g[t,),1) < k- t_g[u] - FBy(t —g[t, 0],1) and
from Theorem 14 it holds that F' By ¢(t — g[t,¢],1) <
Thus, FB.e(s,k) <k | =3z |

b) Let the code C be an (s, k,m,t,t) functional PIR array

code. From each bucket, which has at most ¢ cells,
we construct a new bucket with at most ¢ + ¢y cells to
get any possible linear combination of the ¢ cells in the
appropriate bucket. This is possible by taking the linear
combinations in the cells as the information bits and
using Theorem 14 where it holds that F'P,1 (¢,1) =
FPiyy,(t + to — gt + to],1) = 1. Given a request R
that the code must satisfy with & disjoint recovering sets
by reading at most ¢ cells from each bucket. The same
recovering sets for R as in the code C can be taken
while reading at most ¢ cells from each bucket in the
new code in order to get the needed linear combination.
Thus, we get an (s, k, m,t +to, £) functional PIR array
code, and hence, F'P;iq, ¢(s, k) < FP; (s, k).

¢) From Theorem 11 we can get that F'B;(s,1) <
m + FBye(m,1), where m = FDBiyq (s, k). From
the first claim in this corollary we know that m

FBiy1(s k) < [mw < b= gl 4.
Thus, from Theorem 14 we get that FB;,(m,1) =
1. Therefore, FBy(s,1) < m + FB;,(m,1) <

[m—‘ + 1. According to Theorem 3(e) we
get that FBy (s, k) < k- FByy(s,1) <k-([2] +1)
where o = (t + 1) — g[(t + 1), ¢].

|

C. The Cases of k = 1,2

Even though the cases of £ = 1,2 are the most trivial ones
when the codewords are vectors, they are apparently not easily
solved for array codes. In this section we summarize some of
our findings on these important and interesting cases.

Theorem 16: For each s, t,/ positive integers:
PP 1) > | —=——+|.
Mg e <;>>T

o) FPtl(LlogQ(t +1,1) = 1 and [m} <
FP(5,1) < | gty |

d) FPt7a.t(S, 1) S ’VW N where 0 < o < 1.
e) FP,;/(s,1) = +1, where t is even, { is integer, and

a) From corollary 8.
b) The lower bound over F'P; (s, 1) is obtained by using
the lower bound from the first claim of this theorem,

> |— s | = [=
FPi(s,1) > LO&(ZZ{U (,))—‘ [2]. The upper

bound can be verified by showing that there exists an
(s,1,[2],t,t) functional PIR array code. There are ¢
cells in each buckets. Then, in order to write all the s
information bits there is a need to [$] buckets. Each
request is a linear combination of the s information
bits. Thus, each request can be satisfied by reading
the information bits which included in the request.
It was shown that F'P,;(s,1) > [£] and there exists
an (s,1,m,t,t) functional PIR array code. Therefore,
FPt’t(S, ].) = .

c) A (|logy(t+1)],1,1,¢,1) functional PIR array code C
can be obtained by writing all the 2llg2(t+1I=1 < ¢
linear combinations of the information bits in at most ¢
cells of one bucket. Each request is a linear combination
of the information bits, and hence, for each request there
exists a cell in the bucket that satisfies it. Thus, the
appropriate cell can satisfy the request. The minimum
number of buckets is 1. Thus, F'P, 1([log,(t+1)],1) =
1. The lower bound over F'P,1(s,1) is derived from
the first claim of this theorem. Thus FP,q(s,1) >

Logz(zﬁ:o (t))—‘ = ’71032(87‘/"’_1)—‘. The upper bound is
shown by using Theorem 3(e),

FPi(s,1) = FPi1 ( |logy(t + 1), 1)

[logy (t + 1))

<FPt,1qmw - log,(t+1)], 1)

< {m—‘ - FP 1 ([logy(t+1)],1)

s
dirza=il
d) From Corollary 15(a).
e) The lower bound over F'P; ;/5(s,1) can be found using
the lower bound from the first claim of this theorem,

> | | +1
_logz(zz':o (z))“ ’
_ ﬂ +1.
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For the upper bound, from Corollary 15(c) we get

that F'P;;/9(s,1) < [m} + 1. Since
glt +1,t/2] = 1, then FP,;/5(s,1) < s/t + 1. Lastly
we need to show that [mw <t —g[t, /)
in order to use Corollary 15(c). Since s/t < t — 1,
it is derived that [m = % <t-—-1=
t—glt +1,t/2] = g[t,t/2]. Thus, FP, ;o = 5 + 1.
|
Example 2: In this example we demonstrate the construction
of a (12,1,4,4,2) functional PIR array code according to
Theorem 16(e). The construction is given in Table IV. It can
be verified that F'Py 2(12,1) = 4.
An improvement for the case of ¢ = 1 is proved in the
following theorem.
Theorem 17: For any positive integers s1, So, and ¢,

logy (1 1>J b

where 252 — 1< ([m} i 1) (t — (2logat+1)] _ 1Y),
Proof: A construction of an (s + $2, 1, m, ¢, 1) functional
PIR array code for m = m—‘ + 1 is presented. The
first s; information bits are divided into m — 1 parts, where
hi,i € [m — 1] is the size of part 4, and h; < |logy(t +1)].
Then, all the linear combinations of part i € [m—1] are written
in the i-th bucket, so in each of the first m — 1 buckets there
are at least £ — (211°22(¢+1)] _ 1) empty cells. In the last bucket,
the parity of each of the first 2L1°22(:+1)) _ 1 rows is stored.
Since 22 —1 < m- (t — (21°82(4+1D] 1)), each of the 252 — 1
linear combinations of the so bits can be written in the empty
cells of the m buckets.
Let v = (v1,...,v,) be a request such that for any
i € [m — 1] the length of v; is h;, the length of v,, is
S92, and for simplicity assume that they are all nonzero. The
linear combination v,, is satisfied by the cell where it is
stored and assume it is in the j-th bucket, where j < m.
Assume that the cell in the j-th bucket where the linear
combination v; is stored is in row r. We read from each
bucket b € [m — 1], where b # j the cell with the linear
combination represented by v, + u,, where uy, is the vector
that represents the cell in bucket b in row 7, but if vy +u, = 0
do not read from bucket b. Also, we read the cell in row r from
the last bucket. Then, the obtained linear combination is the
combination that is represented by (v1,...,v,,—1), because
> 1<b<m. b Wo = v; and for each b € [m — 1] where b # j
we read the linear combination that is represented by v, + up,
from bucket b. u
For any ¢, s1, so where s = s1 + s2 and so > |log,(t+1)],
the upper bound in Theorem 17 improves upon the one in

FP,1(s1+ s2,1) < {

| g7 1) | 2 Llog;@l)ﬂ,“'
Example3: In this example the construction of a

(15,1,7,4,1) functional PIR array code is demonstrated
based on Theorem 17. It can be verified that the parameters
t = 4,51 = 12 and sy = 3 satisfy the constraints of
Theorem 17. The construction is given in Table V. The first
51 = 12 information bits are partitioned into 6 parts, each part
of size 2. All the nonzero linear combinations of part i, € [6]

Theorem 16(c) since {

TABLE V
(15,1,7,4,1) FUNCTIONAL PIR ARRAY CODE
L1 [ 27 317 4 [ 5 [ 6 ] 7
X1 X3 X5 X7 X9 X11 X1X3X5X7X9X11
X2 X4 X6 Xg X10 X12 X2X4X6X8X10X12
X1X2 X3X4 | X5X¢ X7X8 X9X10 X11X12 X1 - X12
X13 X14 X15 X13X14 | X13X15 X14X15 X13X14X15
TABLE VI
(8,2,7,2,2) FUNCTIONAL PIR ARRAY CODE
[t [2] 3 [4[S5[ 6 [ 7 |
X1 X2 X1X2 X5 X6 X5X6 X1X2X5X¢g
X3 | X4 | X3X4 | X7 | Xg | XyXg | X3X4X7Xg

are written in the ¢-th bucket with one cell remains empty. The
sum of each of the first 3 rows is written. Now, there are still
7 empty cells, which are used to store all the nonzero linear
combinations of the last so = 3 bits in the empty cells. It can
be concluded that F'P; 1(15,1) < 7, and from Theorem 16(c)
we get that F'P; 1(15,1) > 7. Thus, FPy;(15,1) =T7.

Lastly, we report on several results for £ = 2.

Theorem 18: 6 < FBy2(8,2) < 7.

Proof: The lower bound is obtained from Theorem 5. The
upper bound is verified using the construction which appears in
Table VI, i.e., the construction gives an (8, 2, 7, 2, 2) functional
batch array code. There are 8 information bits, 7 buckets, each
one with 2 cells, and we show that this code can satisfy each
multiset request of size 2. Let &1 = {1, 22, 23,24} be a set
of the first 4 information bits and Sz = {z5, 26, x7,25} be
a set of the last 4 information bits. Let R = {vq,v2} be a
multiset request of size 2, where v; and vy are vectors of
size 8. For each i € [2], v; = (v},v?) where v!,j € [2] is a
vector of length 4 that represents a linear combination of the
bits in §;. The possible linear combinations of S; are divided
into four different types in the following way.

a) The first type 77 includes the vectors that can be satisfied
by using only one bucket from the buckets 1 — 3.

b) The second type 73 includes any vector u that satisfies
the following constraint. The vectors w+ (1, 1,0,0) and
u + (0,0,1,1) can be satisfied by one bucket from
buckets 1 — 3. (The vector (1,1,0,0) represents the linear
combination x1 + s.)

¢) The third type 73 includes any vector w that satisfies
the following constraint. The vectors w+ (1,1,1,1) and
u + (1,1,0,0) can be satisfied by one bucket from the
buckets 1 — 3.

d) The fourth type 74 includes any vector w that satisfies
the following constraint. The vectors w+ (1,1,1,1) and
u+ (0,0,1,1) can be satisfied by one bucket from the
buckets 1 — 3.

These four types are disjoint and their union covers all the
nonzero linear combinations of S;. From the symmetry of the
first four information bits and the last four bits, the linear
combinations of Sy are divided in the same way. It is possible
to see that every two buckets from buckets 1 — 3 can satisfy
each possible linear combination of the first four bits. In the
same way, every two buckets from buckets 4 — 6 can satisfy
each possible linear combination of the last four bits. Also,
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the last bucket can satisfy each vector (u,u), where w € A. Construction A

{(1,1,0,0),(0,0,1,1),(1,1,1,1)}.

If one of the vectors {v},vi} is included in 7; (assume it is
v}) and one of the vectors {v?, v3} is included in 77 (assume
it is v%), then these two vectors can be satisfied by one bucket
from 1 — 3 and one bucket from 4 — 6. Then the remaining two
buckets of 1 — 3 can satisfy v} and the remaining two buckets
of 4 — 6 can satisfy v%. Therefore, in this case the request R
is satisfied by disjoint sets.

If there exist 2 < ¢1,q2 < 4 where v} € 7,, and v? € 7,,.
Then, there exists a vector u’ where v}+u’ can be satisfied by
one bucket from buckets 1 — 3 and v? +u' can be satisfied by
one bucket from buckets 4 — 6. Thus, the code can satisfy 'u%
and v%, that consist the request v, by one bucket from 1 — 3,
one bucket from 4 — 6, and the last bucket, which satisfies the
request (u’, u’) for each possible w'. Then, the remaining two
buckets of 1 — 3 can satisfy v} and the remaining two buckets
of 4 — 6 can satisfy v3. Similarly, if there exist 2 < q1, ¢2 < 4
where v} € 7, and v3 € 7,,, the code can satisfy the requests
v; and vy by disjoint sets.

The last case is when {vi,vi} C 7; and {v?,v3} C T,
where 2 < ¢ < 4 (or {v},v}} C 7, and {v?,v3} C 7).
In the beginning we satisfy vi by one bucket from 1 — 3.
Then, take a vector u”, such that v3 + u” can be satisfied
by one bucket, denote it by b;. The vector v} + u” can be
satisfied by the remaining two buckets from 1—3, denote them
by ba, bs. Then, the request Ry = {v},v3} can be satisfied by
{b1, b2, b3, 7} (where 7 is the last bucket). Lastly, the request
v? can be satisfied by the remaining two buckets from 4 — 6.
Thus, we can conclude that there exists 2 recovering sets for
each possible request, and hence, F'B3 2(8,2) < 7. [ |

The result in Theorem 18 can be generalized to different
values of s.

Corollary 19: log;(2°71+(2°=1)) < FBy2(s,2) < 7-]£].

Proof: The upper bound is derived from Theorem 18, and
Theorem 3(e). The lower bound is obtained from Theorem$5,
where F'Bj5(s,2) > m where m is the smallest positive

integer such that 7", () - {1} - (23:1 (3)) > (%) Itis
known that {1} = 2/=1—1. Thus, 1", (7)- (21 —1)-3! >
2571 . (2% — 1). For each i > 2, (27! — 1) -3" < 6%
Hence, it must hold that Y7 (™) - 6" > ", () - 6 >
2571.(2° —1). From the equality >/ (") -2’ = (z + 1)™,
we get that Y1 (") - 61 = 7™ > 2571 . (2° — 1). Thus,
FBy(s,2) = m > log, (2571 (25 — 1)). ]

According to Corollary 19, we get that for s large enough
logr (271 - (2° — 1)) = logy(2°~1) + logy(2* — 1) ~
(s —1)-log;(2) + s-log;(2) = (2s — 1) - log;(2) = 0.71s <
FBQ72(572) < IV%-‘ :

In addition, the result in Theorem 18 can be modified to
different value of ¢.

Corollary 20: 6 < F'Bs 1(8,2) < 7.

Proof: The lower bound is obtained from Theorem 5.

The upper bound is verified by Theorem 15(b), where

FB;31(8,2) < FB22(8,2) < 7. .

VI. SPECIFIC CONSTRUCTIONS OF ARRAY CODES

In this section we discuss three constructions of array codes.

We start with a construction given in [19, Th.20], where it
was proved in [9, Th.10] that this construction gives a PIR
array code for any integer ¢ > 2. We study how it can be used
also as batch and functional PIR array codes for ¢ = 2. First,
the construction for the general case is presented.

Construction 21: Let t > 2 be a fixed integer. The number
of information bits is s = ¢(t + 1), the number of cells
in each bucket (the number of the rows) is ¢. The number
of buckets is m = m' + m//, where m' = (t(tjl)), and
m’ = (t(ttill)) /t. In the first m’ buckets all the tuples of
t bits out of the ¢(t + 1) information bits are stored, which
needs (t(tjl)) buckets. In the last m” buckets we store all
possible summations of ¢ 4 1 bits, such that each one of the
t(t+1) bits appears in exactly one summation in every bucket
(in each summation there are ¢ 4 1 bits and there are ¢ rows).
There are (t(tt:ll)) such summations and since there are ¢ rows
then ¢ summations can be stored in each bucket, so the number
of buckets of this part is m’ = (t(tt_tll)) /t.

For any integer ¢ > 2 denote the code that is obtained from
Construction 21 by C;*. Construction 21 for the case of ¢ = 2
is demonstrated in Table VII.

Now we want to show that the code C{‘ isa (6,15,25,2,2)
batch array code, by using several properties which are proved
in the following three lemmas. For each i € [6], denote
by F; C [15] the subset of buckets from the first 15
buckets, that have a cell with the singleton x;. It holds that
for any ¢ € [6], |F;| = b, and for any different i,j € [6],
|F; N Fj| = 1. Assume that every multiset request R of
size k = 15 is represented by a vector (ki,...,ks), where
k; indicates the number of times x; appears in the multiset
request and k1 > -+ > kg.

Lemma 22: For any multiset request (ki,...,kg) of size
k = 15, the code C4' can satisfy all the requests of bits
T3, X4, X5, Te by using only the first 15 buckets.

Proof: The proof is divided into the following cases
according to number of different information bits that appear
in the request.

Case 1: If k3 = 0, then none of the bits x3, x4, T5, T iS
requested and the property clearly holds.

Case 2: If k4 = 0, then it necessarily holds that
ks < 5. Assume by contradiction that k3 > 5. Then, it holds
that k1 > ko > 5, and hence, k = k1 + ko + k3 > 15, which is
a contradiction. Thus k3 < 5 and the code can use k3 buckets
from Fj.

Case 3: If ks = 0, then it necessarily holds that
ky < ks < 4. Assume by contradiction that ky > 4.
Then, it holds that k;y > ko > ks > 4, and hence, k =
k1 + ko + ks + k4 > 15, which is a contradiction. Assume by
contradiction that k3 > 4, when ks > 1. Then, it holds that
k1 > ko > 4, and hence, k = k1 + ko + ks + k4 > 15, which
is a contradiction. Thus k3 < 4 and the code C{‘ can satisfy
the bit requests of x3 by taking k3 buckets from F3. Then the
code C4' can satisfy the bit requests of x4 by taking ks < 4
buckets from Fy \ (Fy N F3), where |Fy \ (Fu N F3)| = 4.

Case 4: If kg = 0, then it necessarily holds that ks < ky < 3
and ks < 4. Assume by contradiction that k5 > 3. Then,
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TABLE VII
CONSTRUCTION 21 FORt = 2

[T [ 2 3[4 ]516[7 [ 80 10]1Il]

1213 1415 ]

X1 X1 X1 X1 X1 X2 X2 X2 X2 X3 X3 X3 X4 Xq X5
X2 X3 X4 X5 X6 X3 X4 X5 X6 X4 X5 X6 X5 X6 X6
16 [ 17 [ 18 | 19 | 20 [ 21 [ 22 [ 23 | 24 | 25 |
X1X2X3 X1X2X4 X1X2X5 X1X2X6 X1X3X4 X1X3X5 X1X3X6 X1X4X5 X1X4Xe X1X5X6
X4X5X6 X3X5X6 X3X4X6 X3X4X5 X2X5X6 X2X4Xe X2X4X5 X2X3X6 X2X3Xs5 X2X3X4

it holds that k1 > ko > ks > k4 > ks > 3, and hence,
k = ki1 + ko + k3 + kg + ks > 15, which is a contradiction.
Assume by contradiction that k4 > 3, when ks > 1. Then,
it holds that k1 > ko > k3 > k4 > 3, and hence, k =
k1 + ko + ks + ks + ks > 15, which is a contradiction. Assume
by contradiction that k3 > 4, when k5 + k4 > 2. Then, it holds
that k1 > ko > k3 > 4, and hence, k = k1 + ko + k3 + k4 +
ks > 15, which is a contradiction. Thus, k3 < 4 and the code
C4' can satisfy the bit requests of x3 by taking k3 buckets
from F3. Also, ks < 3, then the code C§' can satisfy the
bit requests of x4 by taking k4 buckets from Fy \ (F4 N F3).
Lastly, the code C4' can satisfy the bit requests of x5 by taking
ks < 3 buckets from F5 \ ((F5 N Fa) U (Fs5 N F3)), where
|.7:5 \ ((.7:5 n .7:4) U (.7:5 N .7:3))| =3.

Case 5: If k¢ > 0, then it necessarily holds that
ke < ks < 2, ky < 3 and k3 < 4. Assume by contradiction
that kg > 2. Then, it holds that k1 > ko > ks > kqy > k5 > 2,
and hence, k£ = Z?zl k; > 15, which is a contradiction.
Assume by contradiction that ks > 2 when kg > 1. Then,
it holds that k1 > ko > k3 > ks > 2, and hence,
k = Z?:1 k; > 15, which is a contradiction. Assume by
contradiction that ks > 3 when kg + ks > 2. Then, it holds
that k; > ko > k3 > 3, and hence, k = Y0 k; > 15, which
is a contradiction. Assume by contradiction that k3 > 4 when
ke + ks + k4 > 3. Then, it holds that k1 > ko > 4, and
hence, &k = Z?:l k; > 15, which is a contradiction. Thus,
1 < k3 < 4 and the code C{‘ can satisfy the bit requests
of x3 by taking k3 buckets from F3. Then the code Cf can
satisfy the bit requests of x4 by taking k4 < 3 buckets from
F4\ (F4NF3). Then the code Cs' can satisfy the bit requests of
x5 by taking ks < 2 buckets from F5 \ ((FsNF1)U(F5NF3)).
Lastly, the code C4' can satisfy the bit requests of z by taking
ke < 2 buckets from Fg \ ((FsNF5)U(Fs NFa)U(FsNF3)),
where |-7:6 \ ((-7:6 n .7:5) @] (-7:6 N .7:4) @] (-7:6 n .7:3))| =2. N

Lemma 23: In the code C{‘, for any information bit z;
and for any bucket by € [15]\ F;, there exists a bucket
by, 16 < b < 25 such that {b;,bs} is a recovering set of
x;. In addition, the | [15]\ ;| recovering sets are mutually
disjoint.

Proof: For any information bit z;, the buckets of [15]\ F;,
are the buckets from the first m’ = 15 buckets that does not
include x;. Each bucket by € [15]\ F; has two singletons
Zj,,xj, which are different than x;. From the construction of
the code C4' we know that there exists a bucket by from the
last 10 buckets that has the summation x; + x;, + xj,. Thus,
the subset {b1, by} is a recovering set of ;.

We want to show that for any two different buckets

1,0 € [15]\ F;, the recovering sets {b,b5} and {b/, b5}

of z; are disjoint. Assume that b} has the two bits z;/,x
and bf has the two bits x;v, ;. Assume that x5 # xju.
It holds that {b}} N {bY,b5} = 0 because it holds that
by # by and b] # by because b € [15] but by ¢ [15].
In addition, {b5} N {b{,b5} = O because it holds that
by, ¢ [15] but bf € [15]. Also, b, # b} because b}, has
the summation z; + x; + zj and by has the summation
T + xjr + Xy The two summations are different because
zj # xjy. From the construction we know that each bucket in
the last 10 buckets has exactly one summation with ;. Thus,
bl # bf. m

For any information bit x;,¢ € [6] denote by R; the
recovering set that uses bucket b € [15] and can satisfy x;.
For example, R} = {1} and R}, = {12,22}.

Lemma 24: For the two information bits 1, x2, the buckets
{10,11,...,15} are divided into 3 pairs, P = {(10,15),
(11,14),(12,13)}, such that for any pair (b, b2) € P, it holds
that [R}, NRZ | >0 and |RZ N R} | > 0.

Proof: For the first pair, (10,15), it holds that R}, =
{10,20}, R?, = {10,25},Ri, = {15,25}, and R3,
{15,20}. Then, it holds that |Ri, N R%;| = [{10,20}N
{15,20}| > 0 and |R3, N R} 5| = [{10,25}N {15,25}| > 0.
Similarly, the claim holds also for the pairs (11,14) and
(12,13). ]

Now, we are ready to show that the code C{‘ is a
(6,15,25,2,2) batch array code.

Theorem 25: The code C4' is a (6,15,25,2,2) batch array
code. In particular, By 2(6,15) = 25.

Proof: The lower bound is derived from Theorem 2(c),
Bs2(6,15) > Wf&% > 24. The upper bound is derived
from the code Ci'. Let (ki,...,ks) be a multiset request
of size kK = 15. The first step is to satisfy all the requests
of bits x3, x4, x5,z according to Lemma 22 by using only
the first m’ = 15 buckets. Then, the remaining requests
are of the bits x1,x2. Denote by ay,as the number of the
remaining buckets from the first m’ = 15 buckets that include
x1,x2 as singleton, but not both of them, respectively. Then,
take min{ks, o} buckets as a recovering sets of zo and
take min{ky, oy} buckets as recovering sets of x1. The first
bucket which contains the singletons x1,z2 is not used yet.
Denote by r the number of bit requests from the multiset
request that were satisfied so far. Furthermore, denote by k7, k)
the number of remaining bit requests of x1,x2, respectively,
where k] = k1 — min{k1, a1} and k5 = ko — min{kz, as}.
After this step we still have 15 — r buckets in the first
m' = 15 buckets, including the first bucket and all the last
m’” = 10 buckets. Therefore, for x1 and xo there are 15 — r
possible recovering sets.
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The second step is to satisfy the remaining 15 — r bit
requests from the multiset request. If ¥ = 0 or k), = 0,
then it is possible to satisfy them by using the remaining
k —r = 15— recovering sets of x1 or 5. Otherwise, k] > 0
and k5 > 0. So far we used all the buckets from the set
(F1 U Fa) \ {1} which is of size 8 and another p buckets
from the subset {10,11,...,15}. Thus, &} + k}, = 7 — p.
Let G C {10,11,...,15} be the subset of buckets from
{10,11,...,15} that were not used in the first step and let
p =6 — |G|. According to Lemma 23, there are at least 7 — p
remaining recovering sets for each bit of {x1, x>}, which are
the set {1} and the sets of R} where b € G and i € [2].
According to Lemma 24, the buckets {10,11,...,15} are
divided into 3 pairs, where the b-th bucket is paired with
the (25 — b)-th bucket, for 10 < b < 15. The subset G is
partitioned into two subsets, U; = {b€ G: (25—0b) € G} and
Us = {b cg: (25 — b) ¢ g} Let ﬁl = |I/{1| and ﬁg = |I/{2|
The following cases are considered.

Case 1: If p is even and k] is even (or & is even). Since
p is even, it is deduced that (35 is even as well. Assume that
k7 is even, then also (k] — [(2) is even. In order to satisfy 1
we can take min{ s, k] } recovering sets that use min{ /s, k{ }
buckets from U>. We can see that $; + 32 = 6 — p and &} <
6 —p =01+ 02 then k] — B2 < (1. If K} > [, then we
can satisfy the remaining requests of z; with (k] — (32)/2
pairs of buckets from U{;, where for each bucket b from the
(k] — P2) buckets we can take R,ﬁ as a recovering set for x.
It is possible to show that each recovering set for x; that uses
a bucket from U intersects with only one recovering set for
xo that uses a bucket from G. Also, each pair of recovering
sets for x; that uses a pair of bucket from U/, intersects with
only two recovering sets for x5 that use buckets from G. Thus,
from the 7 —p recoveging sets of xo it is not possible to use
only max{k], O2+2- @} = k) of them. Thus it is possible
to use the remaining 7 —p — &} = K to satisfy the k/ requests
of xo. The case when k] is odd but % is even can be solved
similarly while changing between x1 and xo.

Case 2: If p is odd and k7 is odd (or k) is odd). Then (s is
odd. Assume that &} is odd, then also (k] — [(2) is even and
the rest is similar to Case 1.

Case 3: If p is even and k{, k% are odd. Then start with
satisfying x; with a recovering set {1}. Then we still have an
even number of remaining requests of x; that must be satisfied,
and the rest is similar to Case 1.

Case 4: If p is odd and K}, k5 are even. Then start with
satisfying x1 with a recovering set {1}. Then we still have an
odd number of remaining requests of z; that must be satisfied,
and the rest is similar to Case 2.

Thus, we can conclude that the code can satisfy
each multiset of 15 information bits, and hence,
3272(6, 15) = 25. |

In addition it is possible to show that the code C3' is a
(6,11,25,2,2) functional PIR array code.

Theorem 26: The code C4' is a (6,11,25,2,2) functional
PIR array code. In particular, 21 < F'P; 5(6,11) < 25.

Proof: The lower bound is obtained from Theorem9,

where FP5(6,11) > Qéfég?’ = 21. The upper bound can

be obtained from the code C3'. Given a request R, a linear
combination of the information bits, that the code Cé“ must
satisfy k£ = 11 times by disjoint recovering sets. Because of
the symmetry of z;,7 € [6], it is sufficient to check requests
according to their length (number of information bits). Thus,
the proof is divided into the following cases according to
number of information bits that appear in the request.

Case 1: If the request contains one information bit then it
is the case of PIR.

Case 2: If the request contains two information bits, then
assume that it is z; + z2. Then the recovering sets are
the following {{1}, {2,6}, {3,7}, {4,8}, {5,9}, {16,11},
{17,10}, {18,13}, {19,12}, {20,25}, {21, 24}, {22,23}}.

Case 3: If the request contains three information bits, then
assume that it is 1 + 22 +x3. Then the recovering sets are the
following {{16}, {1, 2}, {17,10}, {18,11}, {19, 12}, {20, 7},
{21,8}, {22,9}, {23,5}, {24,4}, {25,3}}.

Case 4: If the request contains four information bits, then
assume that it is x3 + x4 + =5 + . Then the recovering sets
are the following {{16, 2}, {17,3}, {18,4}, {19,5}, {20, 25},
{21,24}, {22,23}, {10,15}, {11,14}, {12,13}, {6,7,8,9}}.

Case 5: If the request contains five information bits, then
assume that it is zo+x3+2x4+25+2¢. Then the recovering sets
are the following {{16, 1}, {17,2}, {18,3}, {19, 4}, {20,5},
{21, 11}, {22,12}, {23, 13}, {24, 14}, {25,15}, {6,7,8,9}}.

Case 6: If the request contains all the information bits, that
it is x1 + 2 + 3 + x4 + x5 + x6. Then the recovering sets
are the following {{16}, {17}, {18}, {19}, {20}, {21}, {22},
{23}, {24}, {25}, {1,10,15},{2,8,14}, {3,9,11}, {4,7,12},
{5,6,13}}. ]

B. Construction B

Next we generalize an example given in [19] of a PIR code
for any integer » > 3 and study how it can be used also as
batch array codes. We first present the construction for the
general case.

Construction 27: Let r > 3 be a fixed integer, the number
of information bits is s = r(r + 1), the number of the buckets
is m = r + 1, and the number of the cells in each bucket is
t = (r — 1)r + 1. The information bits are partitioned into
r + 1 parts each of size r, denote by S; the part ¢ of the bits.
For each i € [r+1], write the linear combination } s ; to
bucket ¢. For each i, € [r 4 1] write each one of the subsets
of size r — 1 of §; as singletons in a different bucket other
than bucket 7.

For any integer > 3 denote the code that is obtained from
Construction 27 by CB. Construction 27 for the case of r = 3
is demonstrated in Table VIII. It is possible to show that for
any r > 3 the code CZ is an (r? +r,r,r+ 1,72 —r+1,7r—1)
PIR array code.

Theorem 28: For any integer r > 3 the code CZ from
Construction 27 is an (72 + 7, 7,7 + 1,72 —r 4+ 1,7 — 1) PIR
array code. In particular,

re (472 4+ 3r —1)

47“2—7' 1 g Pr27r+1,r71(702 + T, T) g r+ 1.
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TABLE VIII
CONSTRUCTION 27 FORT = 3
L 1 [ 2 [ 3 [ 4 ]
X1X2X3 X1 X2 X1
X4 X2 X3 X3
X6 X4X5X6 X4 X5
X7 X7 X5 X6
X8 X9 X7Xg8X9 X8
X10 X10 X11 X9
X11 X12 X12 X10X11X12

Proof: The lower bound can be obtained by using
Theorem 2(b),

PTQ—T+1,T—1(T2 + r, T) 2 PTQ—T‘+17T2—T‘+1(T2 + r, T)
re(r?4+r)(4r —1)

P D=+ )+ @r 1)
B r(4r3 —r?+4r? —r)
4r3 —4r2 +4r —r24r—14+4r2 —4r+1
242 +3r—1) r-(4r?4+3r—1)
4r3 —r2 47 dr2—p 417

The upper bound is verified by using the code CZ. There
are s = r(r+1) information bits, and the number of buckets is
m = r+1. For each i € [m)], there exists a cell with the linear
combination } s 7, and another r(r — 1) cells to store one
(r — 1)-subset from each S;,j € [r + 1], where j # i. Thus,
the number of the rows is 72 — r + 1.

Let x; be a request that the code CB must satisfy by r
disjoint recovering sets. Assume that z; € S;,¢ € [r+1]. There
are 7 — 1 buckets which include x; as a singleton, because x;
appears in r — 1 subsets of length » — 1 of part S;. Thus,
each bucket of the » — 1 buckets is taken as a recovering set,
while reading only one cell from it. In addition, in the ¢-th
bucket there exists a cell with ges: Las which includes x;.
The (r — 1)-subset, S; \ {«;}, is written in a bucket p, which
is different from bucket 7, and is different from the buckets
that were taken so far (because z; ¢ S; \ {z;}). Thus, the set
{1, p} is a recovering set of z;, and it is sufficient to read from
bucket i one cell, which is 3 s x4 and to read r — 1 cells
with the r — 1 bits of S; \ {x]} from bucket p. Thus, there
exist r disjoint recovering sets for x;, where at most 7 — 1
cells are read from each bucket. [ ]

Next we want to show that for any integer » > 3 the code
CBisan (r?+rrr+1,72 —r+ 1,7 — 1) batch array code,
by using a property stated in the following lemma.

Lemma 29: For any integer © > 3 it holds that every two
buckets of the code CZ can form a recovering set of every bit
x; by reading at most » — 1 cells from each bucket.

Proof: Given a pair of buckets from CZ, for simplicity we
assume that they are the first two buckets. The first bucket has
a cell with } ;s x;, and has exactly r — 1 bits as singletons
from each §;,2 < j < r 4+ 1. Hence, the first bucket does
not include exactly one of the information bits from each
S5j,2 < j < r 4+ 1. Thus, the number of bits that do not
appear as singletons in the first bucket is 2r. Hence, the first
bucket can satisfy each information bit except to these 27 bits,
by reading exactly one cell.

The second bucket contains r — 1 bits out of the 7 bits of
S as singletons. Thus, each one of these (r — 1) bits from S;
can be satisfied by reading each one of them as a singleton
from the second bucket. Also, the remaining bit of S; can be
satisfied by reading the r — 1 singletons of &; from the second
bucket with the cell ), s @; in the first bucket.

The first two buckets include different (r — 1)-subsets of
each part other than &1, So. Then, the information bit that does
not appear as a singleton cell or as part of the cell ) ;s z; in
the first bucket, definitely appears as a singleton cell or in the
cell 3 ;cs, v in the second bucket. Then, each bit z, € S
where 3 < j < r + 1 can be satisfied by reading it as a
singleton from the second bucket. There are » — 1 such bits,
and thus, it remains to show that the code can satisfy the bit
Zq, € So that is not part of the (r — 1)-subset of singletons
which are stored in the first bucket. We can satisfy z,, by
reading the » — 1 singletons of Sy from the first bucket with
the cell Eie S, Ti in the second bucket. Thus, the first two
buckets of the code CZ can form a recovering set of every bit
;. Similarly, it holds for any two buckets of the code CZ. W

Now, we are ready to show that for any integer » > 3 the
code CB is (r2+r,7,7+ 1,72 —r+1,7—1) batch array code.

Theorem 30: For any integer r > 3 the code C” from
Construction 27 is an (r? + 7, 7,7+ 1,72 —r+ 1,7 — 1) batch
array code. In particular,

re(4r2 +3r —1)

< 1.
dr2—pr 41 r

< Br27r+1,r71(r2 + T, T)

Proof: The lower bound is follows from the lower bound
of P2_yy1,-1(r* + r,r). The upper bound is achieved by
using Contruction 27. Let R = {zi,%4,,..., 2.} be a
multiset request of r information bits. First, we want to show
that the code CZ can satisfy the first »— 1 bits of the request by
using only r—1 buckets. From Construction 27 it is known that
each information bit x; appears as a singleton in » — 1 buckets
out of the » + 1 buckets. Thus, in each subset of buckets of
size at least 3, there is at least one bucket that contains a cell
with ;. Therefore, the first » — 1 bits of the request can be
read by singletons from r — 1 different buckets.

After the first step, we still have 2 buckets and from
Lemma 29 it is known that these two buckets can satisfy each
x;, in particular z;,. |

According to Theorem 28 and Theorem 30 it can be verified
that for any » > 3, r < %ﬁf_ll) < Poepqi,o
(r* +rr) < B ,i1,10% + 1) < r+ 1. Thus,
we conclude that Construction 27 gives optimal PIR and batch
array codes.

C. Construction C

We now present our third construction, and study how it
can be used as PIR and functional PIR array codes for specific
parameters.

Construction 31: Let s > 2 be a fixed integer. The number
of information bits is s and the number of the cells in each
bucket (the number of the rows) is 2. Let G be the set of all
linear combinations of the s information bits. All the different
disjoint pairs from the set G are stored where each disjoint
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TABLE IX
CONSTRUCTION 31 FOR 5 = 4

(1 [2[3[4[5][6] 7 [ 8 [ 9 [ 10 I [ 12 ] 13 ] 14]
X1 X1 X1 X2 X2 X3 X1 X1 X1 X2 X2 X2 X3 X3

X2 X3 X4 X3 X4 X4 X2X3 X2X4 X3X4 X1X3 X1X4 X3X4 X1Xx2 X1X4
(15 [ 16 | 17 | 18 | 19 [ 20 | 21 [ 22 [ 23 | 24 | 25 |

X3 X4 X4 X4 X1 X2 X3 X4 X1X2 | X1X3 | X1X4

X2X4 X1X2 X1X3 X2X3 X2X3X4 X1X3X4 X1X2X4 X1X2X3 X3X4 X2X4 X2X3

851

pair is stored in one bucket. Each disjoint pair has at most s
information bits. Thus, we need m = >7 ,((%)-{%}) buckets.
Then,

— 2%,

S(2)e =2

=2

For any integer s > 2 denote the code that is obtained from
Construction 31 by CSC. Construction 31 for the case of s =4
is demonstrated in Table IX and provides the following results.
First, we show that the code C§ is a (4,16, 25,2, 1) PIR array
code.

Theorem 32: The code C§ from Construction 31 is a
(4,16,25,2,1) PIR array code. In particular, 23 < P, 1(4,16)
< 25.

Proof: The lower bound is obtained using Theorem 2(b),
Py1(4,16) > P2 5(4,16) > £52% > 22. The upper bound is
verified using the code C§. Let x;,4 € [4] be a request, that
the code C§ must satisfy 16 times. From the symmetry of the
code, assume that z; = ;. The following are the recovering
sets of x1, where from each bucket only one cell is read.
{15425 {35 {7}, {8}, {9}, {19}, {10,6}, {11,5}, {13,4},
{14, 18}, {15,17}, {16, 12}, {20, 23}, {21,24}, {22,25}}. &

Next, we show that the code C{ is a (4,14,25,2,2)

Construction 31 for the case of s = 5 is demonstrated in
Table X and provides the following result.

Theorem 34: The code CS from Construction 31 is a
(5,48,90,2,2) functional PIR array code. In particular,
88 < F'P22(5,48) < 90.

Proof: The lower bound is obtained using Theorem 9,
FP,5(5,48) > QJﬁigl > 87. The upper bound is verified
using the code CS. Let R be a linear combination request that
the code C§ must satisfy 48 times. From the symmetry of the
code, the proof is divided into the following cases according to
the number of information bits that appear in R. If the number
of information bits that appear in R is p then we assume that
the request is o1 +xo + - - + ).

Case 1: The recovering sets are the following {{1}, {2},
{3}, {4}, {11}, {12}, {13}, {14}, {15}, {16}, {41}, {42},
{43}, {44}, {61}, {17,26}, {18,32}, {19,38}, {20,23},
{21,29}, {22,35}, {24,33}, {25,39}, {27,30}, {28,36},
{31,40}, {34,37}, {45,8}, {46,9}, {47,10}, {49,6},
{50,7}, {48,51}, {53,5}, {52,54}, {565,67}, {57,72},
{58,69}, {59,66}, {64,56}, {65,60}, {62,78}, {63,79},
{71,81}, {73,82}, {83,80}, {68,85}, {70,88}, {74,86},
{75,90}, {76,89}, {77,87}}.

Case 2: The recovering sets are the following {{1},
{23},{29}, {35}, {66}, {67}, {68}, {81}, {2,5}, {3,6},
{4,7}, {9,53}, {8,49}, {10,88}, {11,20}, {12,21},

functional PIR array code. {13,22}, {14,17}, {15,18}, {16,19}, {24,26}, {25,27},
Theorem 33: The code C§ from Construction 31 is a {30,32}, {31,33}, {36,38}, {37,39}, {41,45}, {42,46},
(4,14,25,2,2) functional PIR array code. In particular, {43,47}, {44,85}, {51,52}, {54,57}, {55,56}, {59,60},
24 < FPyp(4,14) < 25. {61,28}, {62,34}, {63,40}, {64,74}, {65,77}, {69,80},
Proof:  The lower bound is obtained using Theorem 9, (70,79}, {71,72}, {73,78}, {75,82}, {84,87}, {86,48},
FPy5(4,14) > i{ﬁé‘r’ > 23. The upper bound is verified {50,581}, {76,83}}.

using the code C'. Let R be a linear combination request, that
the code C§ must satisfy 14 times. From the symmetry of the
code, the proof is divided into the following cases according to
the number of information bits that appear in R. If the number
of information bits that appear in R is p then we assume that
the request is o1 +xo + - - + x).

Case 1: The recovering sets are the following {{1}, {2},
{31 {7}, {8}, {9}, {19}, {10,6}, {11,5}, {13,4}, {14,18},
{15,17}, {16, 12}, {20, 23}, {21, 24}, {22,25}}.

Case 2: The recovering sets are the following {{1}, {13},
{16}, {23}, {2,4}, {3,5}, {7,10}, {8,11}, {9,12}, {14, 15},
{17,18}, {19,20}, {21,22}, {24,25}}.

Case 3: The recovering sets are the following. {{7},

Case 3: The recovering sets are the following {{11},
{17}, {23}, {53}, {57}, {90}, {1,8}, {2,6}, {3,32}, {4, 38},
(5,16}, {7,36}, {9,29}, {10,890}, {30,66}, {12,401,
{13,34}, {14,39}, {15,33}, {18,80}, {19,79}, {20,37},
{21,31}, {22,88}, {24,76}, {73,86}, {26,74}, {27,68},
{28,87}, {35,63}, {41,64}, {42,65}, {43,81}, {44,47},
(45,60}, {46,60}, {48,82}, {49,56}, {50,590}, {51,781},
(52,85}, {54,67}, {55,70}, {58,77}, {61,75}, {62,711,
(72,84}, {25,83}}.

Case 4: The recovering sets are the following {{41},
{45}, {49}, {53}, {65}, {66}, {69}, {72}, {1,8}, {2,6},
(3,5}, {10, 11}, {9,12}, {7,14}, {4,20}, {13, 28}, {15,22},
{16,21}, {17,34}, {18,27}, {19,40}, {23,64}, {24,62},

{10}, {13}, {22}, {1,24}, {2,23}, {3,25), {4,17}, {5,14}, {25,33}, {26,61}, {29,63}, {30,48}, {31,38}, {32,44},
(6,16}, {8,20}, {9,211, {11,12}, {18,19}1. (35,88}, {36,39}, {37,85}, {42,90}, {43,809}, {46,68},

Case 4: The recovering sets are the following. {{19}, {20}, {47,67}, {50,71}, {51,87}, {52,84}, {54,74}, {55,70},
(211, {22}, {23}, {24}, {25}, {1,6}, {2,5}, {3,4}. {7, 11} (56,75}, {57,78}, {58,79}, {59,73}, {60,76}, {7781},
{8,101}, {9,13}, {12, 16}, {14,18}, {15,17}}. {82,861 1.
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TABLE X
CONSTRUCTION 31 FOR 5 = 5
[T 234516789 10] 11 [ 12 ] 13 ] 14 [ 15 ] 16 [ 17 | 18 [ 19 | 20 [ 21 | 22 |
(ala[a[alo[wlulxs[xs[xu] x [ o [ a [ x [l x[xw [ o] x]xn ][] ]
l X2 [ X3 [ X4 [ X5 [ X3 [ X4 [ X5 [ X4 [ X5 [ X5 [ X2X3 [ XoX4 [ X2Xs5 [ X3X4 [ X3X5 [ X4Xs5 [ X1X3 [ X1X4 [ X1Xs5 [ X3X4 [ X3Xs5 [ X4X5 l
[(25 [ 24 [ 25 [ 26 [ 27 [ 28 | 29 [ 30 | 31 [ 32 [ 3 [ 3% [ 35 [ 36 | 37 [ 38 [ 39 [ 40 |
[ xs [ x [ x5 [ x5 [ x [ x5 [ xa [ % [ x [ x [ v [ x [ x [ x | x5 [ x5 [ x5 [ x5 |
l X1X2 [ X1Xa [ X1X5 [ X2Xa [ X2 X5 [ X4X5 [ X1X2 [ X1X3 [ X1X5 [ X2X3 [ X2 X5 [ X3X5 [ X1X2 [ X1X3 [ X1Xa [ X2X3 [ XoXg [ X3X4 l
[ 41 [ 4 | 43 [ 4 [ 45 | 4 [ 41 [ 48 [ 49 [ 50 [ 51 [ 52 [ 53 | 54 ]
X1 X1 X1 X1 X2 X2 X2 X X3 X3 X3 X3 X4 X4
X2X3X4 X2X3X5 X2X4X5 X3X4X5 X1X3X4 X1X3X5 X1X4X5 X3X4X5 X1X2X4 X1X2X5 X1X4X5 X2X4X5 X1X2X3 X1X2X5
[ 55 [ 5 [ 5 [ 5 [ 59 [ 6 [ 6 | 6 [ 6 [ 6 | 6 ]
X4 X4 X5 X5 X5 X5 X1 X2 X3 X4 X5
X1X3X5 X2X3X5 X1X2X3 X1X2X4 X1X3X4 X2X3X4 X2X3X4X5 X1X3X4X5 X1X2X4X5 X1X2X3X5 X1X2X3X4
[66 [ 67 [ 68 [ 6 [ 70 [ 71 | 72 [ B | 74 [ 75 | 76 [ 77 | 78 [ 19 | 80 ]

[ X1X2 [ X1X2 [ X1X2 [ X1X3 [ X1X3 [ X1X3 [ X1X4 [ X1X4 [ X1X4 [ X1X5 [ X1X5 [ X1Xs5

l X3X4 [ X3X5 [ X4X5 [ XoX4 [ X2Xs5 [ X4Xs5 [ X2X3 [ X2Xs5 [ X3X5 [ X2X3 [ XoX4 [ X3X4

l
[ X2X3 [ XoX4 [ X2 X5 ]
[ X4Xs5 [ X3X5 [ X3X4 l

[ 8 [ 8 [ 8 | 8% [ 8 ]

8 | 8 | 88 [ 8 [ 9% |

[ X1X2 [ X1X3 [ X1X4 [ X1X5 [ X2X3 [

X2 X4 [ X2 X5 [ X3X4 [ X3X5 [ X4Xs5 [

l X3X4X5 [ X2X4X5 [ X2X3X5 [ X2X3X4 [ X1X4X5 [ X1X3X5 [ X1X3X4 [ X1X2X5 [ X1X2X4 [ X1X2X3 l

Case 5: The recovering sets are the following {{61},
{62}, {63}, {64}, {65}, {81}, {82}, {83}, {84}, {85}, {86},
{87}, {88}, {89}, {90}, {66,4}, {67,3}, {68,2}, {69,7},
{70,6}, {71,1}, {72,9}, {73,5}, {74,17}, {75,10}, {76, 8},
(77,18}, {78,11}, {79,12}, {80,13}, {41,40}, {42,34},
{43,28}, {44,19}, {45,39}, {46,33}, {47,27}, {48,14},
{49, 38}, {50,32}, {51,20}, {52,15}, {53,37}, {54,26},
{b5,21}, {56, 16}, {57,31}, {58,25}, {59, 22}}. [ |

VII.

The goal of this section is to provide a figure of merit in
order to compare between the different constructions of array
codes. For simplicity we consider the case where ¢ = ¢, that
is, it is possible to read all the bits in every bucket. Under this
setup, it holds that F'P, (s, k) < sk/t for all s, k, and ¢. This
motivates us to define the following values

Xt;t(s, k)
sk/t

where X € {P, B, 'P, F'B}. Since array codes have different
parameters, the goal of this figure of merit is to have a
measure that will allow for a fair comparison between different
code constructions. This is accomplished by removing the
dependency on the number of bits s while fixing the values
of k£ and ¢ as done in Equation (4). In many of the existing
constructions the value of s is fixed and constructions for a
larger number of bits are achieved by concatenation of the
smaller blocks of a smaller number of bits. Thus, for fixed
values of k£ and ¢ it is possible to compare between two
code constructions even if they have a different number of
information bits.

The case where t = 1 has been studied in several previous
works. For example for functional PIR array codes we have
Rrep(l,k) > W for any even integer k > 4 [51, Th. 14].
Also, for functlona batch array codes it holds from [51, Th.
22] that Rpp(1,k) < m where ¢, = % and ¢y is the

ASYMPTOTIC ANALYSIS OF ARRAY CODES

Rx(t,k) = limsup

§— 00

“)

root of the polynomial H(z) = H(cy)— zH (c). The function
H(-) denotes the binary entropy function defined by H(p) =
—plogp — (1 — p)log (1 — p). For the case k = 1 we have
Rrp(t,1) = Rpp(t,1) =1 from Theorem 16(b). According
to the bounds and constructions studied in the paper, we can
already summarize several results in the following theorems
for ¢ = 2 and general values.

Theorem 35:

a) Rrp(2,2) < Rpp(2,2) < I = 0875 and
Rrp(2,2) > 0.71.

b) Rrp(2,11) < ;-3 =0.758

¢) Rrp(2,14) < §_§ = 0.893

d) RFP(2,48) g Z = 0.75.

e) Rp(2,16) < 2 53 = 0.78125.

f) Rp(2,15) < g = 0.556

Proof:

a) From Theorem 18 we have F'Bjs(s,2) < 7 -
[£]. Thus, Rpp(2,2) = limsup, .. 71:322;2/(28’2) <
lim sup,_, ., 7“/8] < limsup,_, w = g.
From Corollary 19 we have F'Bs s(s, 2) 0.71s. Thus,

Rrp(2,2) = limsup,_, 7F32282/(28 2)

8Tl — .71.

> limsup,_,

b) From Theorem26 we have FP;5(6,11) < 25.
Then, it is possible to use Theorem3(e) to get that
FPQ;Q(S,].].) < 25 - {%—I ThllS, RFP(Q,].].) =
. FP;a(s, . s
limsup,_, ., % < limsup,_, 2?1(572” <
limsup,_, o % = % = 0.758.

¢) From Theorem33 we have FP(4,14) < 25.
Then, it is possible to use Theorem3(e) to get that
FPyo(s,14) < 25 - [2]. Thus, Rpp(2,14) =
limsup,_, ., % < limsup, . 2 LSS/ 1 <
. 255/4)+25 25
limsup,_, ., ~—%—— = 55 = 0.893.

d) From Theorem34 we have FP;5(5,48) < 90.

Then, it is possible to use Theorem3(e) to get that

Authorized licensed use limited to: Technion Israel Institute of Technology. Downloaded on February 23,2022 at 17:34:32 UTC from IEEE Xplore. Restrictions apply.



NASSAR AND YAAKOBI: ARRAY CODES FOR FUNCTIONAL PIR AND BATCH CODES 853

FPy5(s,48) < 90 - [£]. Thus, Rpp(2,48) =
lim sup,_, 7ij§g(/82’48) < lim supsHoo 90;2 5 <
lim sup,_, o w 19200 =2 =0.75.

e) From Theorem 32 we have P, 1(4 16) < 25. Then, it is
possible to use Theorem3(e) and get that P 1 (s, 16)

25 - [£]. Thus, Rp(2,16) = limsup,_, . Pas(s 16]

16s/2
25 (5/4] (25s/4)+25 25
8s

< limsup, o ~—5— = 55 =

N IN

limsup,_, .
0.78125.

f) From Theorem 25 we have Bz 2(6,15) = 25. Then, it is
possible to use Theorem3(e) and get that Bs (s, 15) <

25 - [%W Thus,(7/3%3(2, 15) = limsu?s_,/oj %7215) <
. 25(s/6 . 25s5/6)4+25 _ 25
limsup,_, T5s/2 < limsup,_, ihsm o T a3
0.556.
| ]
Theorem 36:
2
a) Foranyr >3, Rp(r?—r+1,r) < % (also
for B).
b) For any t > 2, Rp(t, k) < %, where k = (t(tjl))

(t(t+1))
and m = k + L

¢) For any two 1ntegers t and k, Rpp(t,k) < m,
where ¢; = % and ci1 is the root of the polynomial
H(z) = H(ey) — zH (cg).

d) For any positive integers ¢,k and a, Rx(t,a - k) <
Rx(t,k), where X € {P, B, FP, FP}.

e) For any positive integers ¢, k and a, Rx (t, k)
t,k), where X € {P, B, FP, FP}.

Proof:

a) From Theorem28 we have for any r > 3,
P yyq,1(r* +r,7) < r+ 1. Then, it is possible
to use Theorem3(e) to get that P2, ,_1(s,7) <

(r+1)- [

J. Thus, for a given r, it holds that

< Rx(a-

Pr2—r+1,r2—r+1(5a7')
rs/(r2 —r+1)

Prz—r—i-l,r—l(sar)

rs/(r2 —r+1)

<limsup —————
s—oo TS/(r2—r—+1)

(r+1)s + (7"+ 1)

r24r

Rp(r® —r +1,7) = limsup

§—00

< lim sup

§—00

(r+1)(r? —r—f—l).

<l =
i rs/(r2 —r+1) r(r2+r)
b) From Theorem 2(e) we have forany ¢ > 2 and p = t+1,

P y(t(t +1),k) < m, where k = (t(tfl)) and m =
t(t41)
k+ (i) =N ) . Then, it is possible to use Theorem 3(e) to

get that Pi(s, k) < m - [mw Thus, for a given

t, it holds that Rp(t, k) = limsup,_, . %ﬁk) <
_ s . mes

lim sup,_, % < limsup,_, o % =
m

R+

¢) From Lemma 10, we have F' By ;(s, k)
FB([s/t],t-k). Rep(t k) = limsup, .

< FBt,l(Svk) <
F By (s,k) <

sk/t
limsup,_, ., %ﬁ’m = limsup,_, FB(fz/?,tk) .
. Thus, according to [51, Th. 22], Rpp(t,k) <

imsup, o PELALEN L < b e o — }
and cj1 is the root of the polynomial H(z) = H(cy) —
zH (cg).

d) From Theorem 3(c) we have that for any pos-
itive integer ¢ and any X € {P,B,FP,FP},
Xii(s,a-k) < a-Xy(s, k). Thus, Rx(t,a - k) =

lim sup,_, ., Xt;k(%tk < limsup,_ af;cé(/stk)
limsup, o, 7 = R (4, F).

e) From Theorem 3(f) we have that for any posi-
tive integer @ and any X € {P,B,FP,FP}, a -

a t,a- t(S If) 2 Xt,a.t(s, If) = Xt’t(S, If) Thus,
Rx(t,k) = limsup, X‘S‘k(/st’k) < limsup,_,
a-Xa.t,at(s,k) _ 7. Xa-t,a-t(s,k
7sk/t( ) = lim sup,_, ., 7%/((1(” ) Rx(at, k).

|

We analyzed the results in this paper mostly for the case of
t = 2 in Theorem 35 to find the best constructions for several
values of k. In Theorem 36 several more results were derived.
We see this figure of merit as a comparison measure for more
future constructions.

We can think about Rx (¢, k) as the rate of the code. Due
to the fact that our aim is to find the minimum value of
X1, (s, k), then, a smaller value of R x (¢, k) indicates a better
construction. For example, from Theorem 35 we can conclude
that the construction that leads to the result of Theorem 35(d)
is better than the constructions that lead to the results of
Theorem 35(a)(b)(c).

VIII. LocALITY CODES

In this section we study a new family of array codes which
is a special case of functional PIR array codes in the sense
that each recovering set is of size at most r and all the cells of
each bucket can be read, i.e., £ = ¢. This new family of array
codes will be called locality functional array codes. In order
to find lower bounds and constructions for locality functional
array codes we will use codes and designs in subspaces and
covering codes.

A. Definitions and Basic Constructions

This section is studying the following family of codes.

Definition37: An (s,k,m,t,r) locality functional array
code over X is defined by an encoding map & : X% — (Xf)™
that encodes s information bits x1,...,xs into a ¢ X m array
and a decoding function D that satisfies the following property.
For any request of a linear combination v of the information
bits, there is a partition of the columns into k recovering sets
S1,...,Sk C [m] where |S;| < r for any j € [k].

We denote by D(s, k,t,r) the smallest number of buckets
m such that an (s, k,m,t,r) locality functional array code
exists. For the rest of the section, assume that the parameters
s, k,t and r are positive integers such that ¢ < s. The following
theorem summarizes several results on D(s, k, ¢, ) based upon
basic bound and constructions.

Theorem 38:

a) D(s,k,t,r) = m®*, where m* is the smallest positive
integer such that S _k“}( DI
k(25 —1).
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b) For any integer a where 1 < a < t, D(s,k,t,r) <
D(s —a,k,t—a,r).

¢) For every positive integers s1, s2,71,72 and p, D(s1 +
52, kvta r + 7A2) < D(slv ka tvrl) + D(SQa kvta TQ)'
In particular, D(ps, k,t,pr) < p- D(s, k,t,r).

Proof:

a) Similar to the proof of Theorem 7 but with minor
changes. Here, all cells from each bucket can be read.
Hence, for any positive integer n, there are (2 — 1)
nonzero linear combinations that can be obtained from
n buckets while using all the n buckets. Also, each
recovering set must be of size at most min{r,m* — k+
1}. Thus, we get that E?:lf{r’m —hHL) (M2 -1)i >
k(2% —1).

b) LetC be an (s—1,k, m,t—1,r) locality functional array
code with m buckets such that each bucket has ¢ — 1
cells. For the s information bits x1,...,xs, we encode
the first s — 1 bits using the encoder of C to get m
buckets where each bucket has ¢ — 1 cells. For each
bucket, a new cell that stores z, is added. Assume that
R is the request which is a linear combination of the s
information bits. Let ?; be the part of the request which
is a linear combination of the first s — 1 information
bits. From the properties of C, for the request R, there
exist k disjoint recovering sets {S1,Sa,...,Sk} such
that |S;| < r for any j € [k]. If R = Ry, then
the same {Si,Ss,...,Sk} are recovering sets for R.
If R = x4, we can take the first k buckets as k recovering
sets each of size 1. If R includes x,, then the same
{81, 82,...,8k} are recovering sets for R, where we
can read x, from one of the buckets in each S;. Thus,
D(s,k,t,r) < D(s—1,k,t—1,r) and we can get that
D(s,k,t,r) < D(s — a, k,t—a,r) by induction on a.

c) Let C; be an (s1,k,ma,t,71) locality functional array
code and Cy be an (s2, k, ma,t,72) locality functional
array code. The codes C; and C5 are used to construct an
(814 82, k,m1+ma, t,r1 +12) locality functional array
code by encoding the first s; bits using the encoder of C;
and the last so bits using the encoder of C5. Assume that
R is the request which is a linear combination of the s;+
so information bits. Let R, Ry be the part of R which
is a linear combination of the first s, last so information
bits, respectively. According to Ci,Co, there exist k
recovering sets {S},S3,..., St} {82, 83,...,87} for
Ry, Ry such that each recovering set has size at most
r1, T3, respectively. Then, the set S]1 USJ2 for any j € [k]
is a recovering set for R with size at most r; + ro.
Therefore, the sets {S} U S?,83 U S3,...,85; U S}
are k recovering sets for R such that the size of
each recovering set is at most r; + ro. Thus, D(s; +
So, k,t,ry + 7“2) < l)(Sl7 k,t, 7“1) + D(SQ, k,t, 7“2) and
we can get that D(ps,k,t,pr) < p- D(s,k,t,r) by
induction on p.

|

B. Constructions Based on Subspaces

In this section we show connections between the problem of
finding the minimal number of buckets for locality functional

array codes and several problems in subspaces. Subspaces
were used in [34] to construct array codes and to examine
their locality and availability. The family of array codes that
was defined in [34] is a linear subspace of b X n matrices over
IF, such that each codeword is a b x n matrix where each entry
is called a symbol. The weight of each codeword was defined
to be the number of nonzero columns in the codeword and
the distance of the code is the minimal weight of a nonzero
codeword.

The problem that was presented in [34] was to examine
locality and availability of array codes where two types of
locality were defined. The first one is node locality. A code-
word column j € [n] has node locality 7,4 if it can be recov-
ered by a linear combination of the symbols of the columns
in a recovering set of size r,q4. If all codeword columns have
node locality 7,4, then r,4 is also called the node locality
of the array code. The second type is symbol locality g,
which is similar to node locality but instead of recovering the
whole column, here only one symbol (entry of the codewords
matrices) is needed to be recovered. Similarly, there are two
types of availability. The node, symbol availability, denoted
by tnd,tsp 1s the number of pairwise disjoint recovering sets
of size at most r,4,7s for any codeword column, symbol,
respectively.

To simplify the problem, they flattened each b x n codeword
into a vector of length bn by reading the symbols of the
codeword column by column from first to last entry. The
M x bn generator matrix (G, where each row is a flattened
codeword, can represent the array code C, where the columns
(j—1)b+1,...,5b of G correspond to the symbols of the
j-th codeword column of C' and these columns are called the
j-th thick column of G. By this way, the j-th thick column
of G which corresponds to the j-th codeword column of
C, can be represented by V; which is a b-subspace of F’.
Thus, an equivalent constraints of node and symbol locality
can be formed using subspaces as stated in [34, Lemma 3],
where a subset S = {j1,...,7p} C [n]\ {j} is a recovering
set for the codeword column j € [n], if and only if V; C
Vi, +---+Vj, . Similarly, S is a recovering set for the symbol
(4,4),i € [b],j € [n] if and only if g(;_1yp1; € Vj, +---+Vj,,
where g(;_qy,4, is the i-th column in the j-th thick column
of G that corresponds to the i-th entry in the j-th codeword
column of C.

In our work we are interested in the problem of recovering
the requests which are all possible linear combinations of
the information bits, which is different from the problem
in [34] where the nodes or symbols that are part of the
code are needed to be recovered. We can apply some of the
results and constructions from [34] in our case. Recall that
we defined > = IFo. Let X° be a vector space of dimension s
over >. We can consider each bucket which has ¢ cells, as a
subspace of ¥° with dimension ¢ and denote a subspace of
dimension ¢ as a t-subspace. The following claim is motivated
by [34, Lemma 3].

Claim 1: The value of D(s,k,t,r) is the smallest number
m of t-subspaces of ¥ such that there exists a partition of
the subspaces into k subsets, Si,...,Sk, that satisfies the
following property. The size of each subset S; is at most
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r and for every request R, which can be represented by a
1-subspace W, it holds that for each S;, W C Z;;O&J where
S;, is the j-th subspace in S; and [S;| =" < 7.

Let © = (x1,x2,...,x5) be the vector of dimension 1 X s
with the s information bits and let V' be a ¢-subspace of X°.
It is said that a bucket with ¢ cells stores a t-subspace V if
for a given basis B = {v1,v2,...,v:}, the i-th cell i € [t] of
the bucket stores the linear combination (v;, ). Note that the
choice of the basis B does not matter and we can choose any
basis of V. Each request R which is a linear combination of
the s information bits can be represented by a 1-subspace W
of X%, It is said that a request is contained in a bucket b if the
set {b} is a recovering set for the request. Note that if W is
contained in a ¢-subspace V then the request R is contained
in the bucket that stores V.

Let G,(s,t) denote the set of all ¢-dimensional subspaces
of the vector space IF;. The set G,(s,t) is often called the
Grassmannian [18]. It is well known that

1Gy(s,t)] = m _ @ -D@ —)( -)

(¢ =gt =1)-(¢g=1)
where [ﬂ is the g-ary Gaussian coefficient [40]. The follow-

ing is a definition of spreads from [21] which are partitions
of vector spaces.

Definition 39: Let s = at. Then a set S C G,(s, ) is called
a t-spread if all elements of S intersect only trivially and they
cover the whole space Fy.

It is known that the size of a ¢-spread of [y i :71 when
s is a multiple of ¢ [21]. It is also follows that spreads do not
exist when ¢ does not divide s. In case s is not a multiple of ¢
there is a notion of partial spreads, where a partial t-spread
of I is a collection of mutually disjoint ¢-subspaces. For the
problem we are studying in this section, partial spreads cannot
be used due to the fact that they do not necessarily cover the
whole space. Thus, in order to deal with the cases when ¢
does not divide s we use covering designs which are defined
as follows [17].

Definition40: A covering design C,(s,?,a) is a subset
S C G,(s,t) such that each element of G,(s,a) is contained
in at least one subspace from S.

The covering number C,(s,t,a) is the minimum size of a
covering design C4(s,t,a). From [17, Th. 4.6] we get that for
any 1 <t < s,

Cyls,t,1) = [qs — ﬂ - )

q'—1
q (Sa tv 1)
is exactly a ¢-spread of Fy. Now, we will define another family
of partitions and another family of codes that can be used to
construct locality functional array codes. The following is a
definition of \-fold partitions from [16].

Definition41: Let A be a positive integer. A \-fold partition
of the vector space V' = [y is a multiset S of subspaces of V/
such that every nonzero vector in V' is contained in exactly A
subspaces in S.

Note that a 1-fold partition of F; that does not contain a
subspace with dimension larger than ¢ is also a covering design

Cgy(s,t,1). Denote by A,(s,t, A) the minimum size of a A-fold
partition of [y that does not contain a subspace with dimension
larger than ¢. In [16], it is also possible to find results on
A-fold partitions. For example, there exists a construction of

a (ﬁ)-fold partition of »° wit

p =gcd(s, t). Therefore, Ao (s, t, 2= 1) < g,,j

Lastly, the following is a definition of covering Grass-
mannian codes from [18].

Definition42: For every positive integers « and ¢ where
d+1t<s, an a-(s,t, 6)2 covering Grassmannian code C is
a subset of G,(s,t) such that each subset of o codewords of
C spans a subspace whose dimension is at least 6 + ¢ in FFy.

The value B,(s,t,d;c) will denote the maximum size
of an a-(s,t,d); covering Grassmannian code. The follow-
ing theorem summarizes some bounds on D(s, k,t,r) using
spreads, covering designs, A-fold partitions, and covering
Grassmannian codes.

Theorem43: For each s,t, k and r positive integers

&) D(s,1,4,1) = Ca(s, ;1) = | 521 ].
b) D(s,1,t,r)<r- {221*11 where 7s.
C) D( k t ]. < AQ(
d) D(s, Bg( t,s t,r) s,t,s — ;7).
e) D(s, i 1, 1) < , where ¢t > 1.
2
f) D(s, {f?r +1,t,7) é% , where s = rt.

Proof:

a) To prove this part we use a construction motivated
by [34, Construction 2]. Let C be a Ca(s,t,1) cov-
ering design with C(s,t, 1) t-subspaces. To construct

n (s,Ca(s,t,1),t,1) locality functional array code,
we take Cs(s,t,1) buckets where each bucket stores
one of the t-subspace from C. From Definition 40, every
1-subspace of >° is contained in at least one ¢-subspace
from C. Thus, each request R which can be represented
by a 1-subspace of X°, is contained in at least one
bucket. Therefore, by using Equation (5) we get that
D(s,1,t,1) < Ca(s, t,1) = | 54
For the other direction, assume that C is an (s, 1,m, ¢, 1)
locality functional array code with m buckets. We con-
struct a Ca(s,t,1) covering design with m t-subspaces
of ¥° that are stored in the m buckets of C. Let
W be a 1-subspace of X° that represents a request
R for the code C. From the property of the code C,
there exists one bucket that contains R. Therefore, there
exists one t-subspace in C that contains W. Thus,
Cy(s,t,1) < D(s,1,¢,1).

b) This result holds from part (a) in this theorem and
Theorem 38(c).

¢) Let S be a k-fold partition of ¥° that does not contain
a subspace with dimension larger than t. Assume that
|S| = m. To construct a locality functional array code,
we take m buckets where each bucket stores one of
the subspaces from S. Assume that R is the request
which can be represented by a vector u of >°. Then,
from the property of the multiset S, the vector w is
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contained in exactly k subspaces in S. Therefore, R
is contained in exactly k buckets. Thus, the m buckets
form an (s, k, m, ¢, 1) locality functional array code, and
hence, D(s,k,t,1) < Aa(s,t, k).

d) Let C be an 7-(s,t, s —t)2 covering Grassmannian code
with m t-subspaces of >°. We take m buckets where
each bucket stores one of the ¢-subspaces from C. Let
R be the request. From the property of the code C, every
subset of r t-subspaces of C spans the whole space X°.
Hence, every subset of r buckets contains R. Therefore,
we can partition the m buckets into |m/r] parts, where
each part contains R, and hence, there exist |m/r]
recovering sets for R. Thus, the construction with the m
buckets forms an (s, |m/r], m,t,r) locality functional

array code.
e) To prove this part we use a construction
motivated by [34, Construction 1]. We construct
s—1 s

an ,t,1)  locality  functional

(s
-1, e,

array code by taking buckets where each

2
bucket has ¢ cells and stores one of the t-subspaces
of ¥°. Every 1-subspace of ¥° is contained in exactly
s—1
t—1],
which can be represented by a 1-subspace is contained

Thus,

t-subspaces. Therefore, every request R

in exactly buckets. we get that

s —

t—1],
s—1 s

D(Sa|:t_1:| at71)< t

2 2

f) Let s = rt and S be a t-spread of 3° such that

|S| = gt—j To construct a locality functional array
code we store each t-subspace in S in a bucket with
t cells. Assume that R is the request which can be
represented by a 1-subspace W of X°. From the property
of spreads, there exists a subspace in S that includes 1.
Therefore, there exists a bucket that contains R which

can form a recovering set of size 1. Then, partition the
—1 _ 1 = 2=2" pyckets into J}QS_TJ

2°—1
2t—1 2t—1 r-2t—r

parts where each part has size r. Each part P; has r
mutually disjoint ¢-subspaces U;,,U,,, ..., U;, . Hence,
25:1 Ui, = X¥°. Thus, each part P; is a recovering

. . s_ot
set of R of size r. Then, there exist 1 + {%

recovering sets each of size at most r and the code is
2° 2! 2°—1

an (s, {WJ + 1, 57—, t,7) locality functional array

remaining

code.

|

The following is an example of Theorem 43(c).

Example4: In this example we will use an example of
a 2-fold partition from [16] in order to construct a locality
functional array code. Let s = 3. The following multiset S of
subspaces of Y2 is a 2-fold partition that does not contain a
subspace with dimension larger than ¢ = 2.

S = {{100,011,111},{010,001,011},{001,110,111},
{110,010, 100}, {101}, {101}}.

We represent each element in X2 as a binary vector of
length 3 and every subspace in S by its elements except

the zero vector. It holds that any binary vector of length 3
is contained in exactly two subspaces in S, and hence,
As(3,2,2) < 6. We construct a (3,2,6,2,1) locality func-
tional array code with the following buckets that are obtained
from S.

Lt [2] 3 [ 4[5 | 6]
T3 X9 X1 T2X3 r1x3 r1x3
T1xo | 1 | Toxs ]

For example, if the request is z; + 2, then the recovering
sets are {{1},{2}}.

The following is an example of Theorem 43(f).

Example 5: For s = 4,t = 2 and r = 2, the following set
S is a 2-spread of ¥4 of size gij =5.

S = {{0001,0010}, {0100, 1000},{0101, 1010}, {1001,
0111},{0110,1011}}.

We represent each element in X% as a binary vector of
length 4 and every 2-subspace as a basis with 2 vectors.
We construct a (4, 3, 5, 2, 2) locality functional array code with
the following buckets that are obtained from S.

(tf2] 3 [ 4 [ 5 |
X1 T3 r1x3 T1T4 ToX3
To T4 ToX4 T1X2X3 L1X2T4

For example, if the request is 1 + x2, then the recovering

sets are {{1},{2,3},{4,5}}.

C. Bounds and Constructions Based Upon Covering Codes

In this section we show how covering codes are used to
construct locality functional array codes and to get lower
bounds for D(s, k, t,r). For the rest of the section we assume
that € = (x1,x2,...,xs) is the vector of dimension 1 x s with
the s information bits. For the case of ¢ = 1 the following
result can be obtained. Remember that hls, r|, is the smallest
length of a linear covering code over I, with covering radius
r and redundancy s.

Theorem44: D(s,1,1,r) = h[s,r].

Proof: There exists an [h[s, ], h[s,r] — s,7] linear cov-
ering code with some parity check matrix H. To construct
a locality functional array code we store in each bucket the
linear combination (h;, ) where h; is the i-th column of H.
Assume that R is the request which can be represented by a
binary vector v € X°. From Property 13, we know that the
vector u can be represented as the sum of at most » columns
of H. Therefore, there exists a recovering set of size at most
r for the request R. The number of buckets is the number of
columns of H which is h[s,r]. Thus, D(s,1,1,r) < h[s,r].
The lower bound can be obtained from Corollary 56 which
will appear later. [ ]

We can generalize the connection of covering codes and
locality functional array codes with general t. We start by
defining a partition of matrices.

Definition45: A t-partition of a matrix H is a collection
‘P of subspaces of dimension ¢ with the property that every
column vector of H is contained in at least one member of P.
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A t-partition is called strict if every column vector of H is
contained in exactly one member of P.

The next theorem shows the connection between covering
codes and locality functional array codes with k = 1.

Theorem46: Let H be a parity check matrix for an
[n,n — s,7] covering code, and let p be the smallest size of a
t-partition of H. Then, D(s,1,t,r) < p.

Proof: Let H be a parity check matrix of a given
[n,n — s,r] covering code. Let P be a t-partition of H,
that contains p subspaces of dimension ¢. We construct an
(s,1,p,t,r) locality functional array code C by storing each
t-subspace from P in one bucket with ¢ cells. Let u € ¢
be a request which represents the linear combination (u, x)
of the s information bits. From Property 13, we know that
there exists a vector y € X" such that H - y = wu, where
w = wy(y) < r. If wy(y) = r' < r, then the request u
is equal to the sum of 7’ columns of H and denote them by
hi,,hi,, ..., hi. We know that each 1-subspace with a basis
{hi,},j € [r'] is contained in one subspace from the partition
P, and hence, the vector h; is contained in one bucket of C.
Thus, we can get all the v’ columns from at most ' < r
buckets. [ ]

Now, the method to get locality functional array codes from
covering codes over I, is established. We follow an example
from [7] and for that we use the following definition in the
rest of this section.

Definition47: Let B = {1,¢,€%,...,¢“"1} be a basis for
Fow over X where € is a primitive element of Fow. For each
i €[0,2% —2] let (¢*),, be the binary column vector of length
w that represents the element €' of Fy. with respect to the
basis B. Let Uy be the binary matrix of size (w x (2% — 1))
that has in column number 4,i € [0,2% — 2] the vector (€'),,.
For each i € [0, 2" —2], let U; be the matrix which is obtained
from Uy by cyclically rotating its columns ¢ places to the left.
Note that for each i € [0,2% — 2] the first column in matrix
U; is the vector (€%),,.

For an element €' over Fow let 7 (e) = U; be a matrix over
Y of size (w x (2% — 1)) and let 7 (0) be the (w x (2% — 1))
zeros matrix. We define the same transformation for vectors
and matrices, where for a matrix M; of size (a x b) over Fow
let 7 (M;) = M> be the matrix over 3 of size (aw xb(2* —1))
that is obtained from M; by replacing each element « of
Fow in the matrix M; by its appropriate (w x (2% — 1))
matrix 7 ().

The following is an example to demonstrate Definition 47.

Example 6: Let B = {1,¢!,€?} be a basis for Fys over X,
where € is a primitive element of Fys chosen to satisfy the
primitive polynomial 234+ x4+ 1, and hence, €2 = €+ 1. Then,
the coordinates of the successive powers of € with respect to
B are the columns of the matrix U

1001011
U=10 1 0 1 1 1 0].
0010111
For example, the following matrix is 7 (e!)
0010111
TE)=]1 01 1100
01 01110

We show that the transformation defined in Definition 47 is
a linear transformation.
Lemma 48: The transformation 7 : Fow — wa(Z Disa
linear transformation.
Proof: ~We want to show that for any €“,e? €

Fow, T (") + T (¢2) = T (e + €2). Assume that € +
€2 = ¢, From Definition 47, we know that 7 (e!) +

T(e?) = U;, + U;,. From Definition 47, for every j €
[2*¥ — 1], the j-th column of U, ,U;,,U,, Ui, + Uiy 1is
(€1 ), (€21 )y, (€1, (€17 + €277),,, respectively.

Also, €1t 4 €21 = (et + €2) = €31, Thus, the j-
th column of Uf;, is equal to the j-th column of Uf;, + U;, for
all j € 2@ —1]. Thus, 7 (") + T (€2) = Uy, + U, = Uy, =
T (e + €2). [ |

The same transformation 7 that was defined for vectors
and matrices in Definition 47 is also a linear transformation
following similar proof as for Lemma 48. The following result
can be found in [7, Lemma 3.1], but we want to prove it in a
different way, by constructing a specific parity check matrix
in order to use it in other claims.

Lemma49: Let H be a parity check matrix of an
[n,n — s,7]2w covering code. Then, the matrix 7 (H) is a
parity check matrix of a binary [(2 — 1)n, (2¥ — 1)n —ws, 7]
covering code. In particular, hlws,r] < (2% — 1) - hls, r]zw.

Proof: Let C be an [n,n—s,r|sw covering code and let H
be a parity check matrix of the code C of size (sxn). We want
to show that the matrix H' = 7 (H) is a parity check matrix
of a binary [(2* — 1)n, (2 — 1)n — ws, r] covering code. The
size of H' is (ws x (2 —1)n). Given a binary column vector
u of length ws, we show that there are at most r columns of
H' that their sum is u.

The vector u can be partitioned into s vectors of length
w where u = (uy,us,...,us)7. Each vector u; of length
w can represent an element of Fyw according to the basis
from Definition 47. Hence, u = ((€")T, ()T ,...,(e*)I)T
and from the s elements we can get a column vector v =
(€r,€,...,€=)T of dimension s x 1 over Fow. The first
column in each U;,i € [0,2% — 2] is the vector (¢'),,. Then,
from the construction of 7 (v), the first column of the matrix
7 (v) is the vector u.

From the property of the code C, it is known that there exists
a vector y € IE‘ .» such that H -y = v, where wy(y) < r.
Let A = {i:i € [n],y; # 0} and note that |A| < r. Let
h; be the i-th column of H. Then, ). ,yih; = v. For
each i € A we define h; = y;h; and from the linearity of
the transformation 7 we have 7 (v) = T(Zie,A h)) =
SieaT(hy). Thus, the vector (3 ,c,T(hy))1 =
>iea T(hi)1 = u, where T (h;); is the first column of the
matrix 7 (h}).

For each i € A, assume that y; = €Ji. Then, the first column
of the matrix 7 (h}) is the j;-th column of the matrix 7 (h;).
Thus, > ;c 4 T (h;)j, = u, where 7 (h;);, is the j;-th column
of the matrix 7 (h;). For each i € A, the matrix 7 (h;) has
size (ws x (2% —1)) and it is a sub matrix of H’ that starts in
the column number (2% —1)(i—1)+1 of H'. Hence, the j;-th
column of the matrix 7 (h;) is the column number (2* —1)(i—
1) + ji; of the matrix H'. Therefore, .. 4 Riguw_1y(i—1y+j; =
u, where h; is the i-th column of H’. Thus, the vector u
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is a sum of |A| < r columns of H' and the matrix H' is a
parity check matrix of a binary [(2¥ — 1)n, (2% — 1)n —ws, 7]
covering code. [ ]
An upper bound on the value of D(s,1,¢t,7) can be
obtained in the next theorem using non-binary covering
codes.
Theorem 50: For any positive integer w such that ¢|w,

D(ws, 1,1 r)<w_

t_

Proof: Let C be an [n,n—s, r|aw covering code over Fauw,
where n = h[s,r]ow. Let the matrix H be a parity check
matrix of C of size (s x n). From Lemma 49, we get that
there exists a binary [(2¥ — 1)n, (2% — 1)n — ws, r| covering
code with parity check matrix H' = 7 (H). We want to find
the smallest size of a ¢-partition of H'.

Let j1,72,43 € [0,2¥ — 2] be such that €/t + €2 = €2,
Then, in the matrix Uy from Definition 47, it holds that the
sum of the j;-th and ja-th columns is the j3-th column. In the
matrix U;,i € [0,2% — 2] the ji-th, jo-th, js-th column is
(€ - €M), (€ - ej2) (€ - e“)w, respectively. It holds that
€€l tetel2 = ¢ (/1 +€72) = €'-¢J3. Thus, we can conclude
that in the matrix U, € [0, 2" — 2] it also holds that the sum
of the ji-th and jo-th columns is the js-th column. Let (14;),
be the j-th column of U/;. Assume that a basis that includes
the columns {(Uo);,, Uo)jss---,Uo);, } spans the columns
{Uo)j,, Uo)js, - -, (Uo)j, , } of the matrix Up. Then, the
basis that includes the columns {(U;);,, (Us)js,-..,(Ui); }
spans the columns {(U;);,, (Ui)jy,---,(Ui)j, ,} of the
matrix U;, i € [0,2% — 2].

The matrix U includes all the nonzero column vectors of
length w, which means that it includes the space F¥ \ {0}.
It is given that t|w. Hence, there exists a t-spread of
Fy. Thus there exists a strict ¢-partition P of Uy with
p = 2, 1 t-subspaces. Each subspace of P is represented
by a basis of ¢ column vectors of Uy and denote them by

H o)1, Uo)jzs -, Uo)jr ks {(Uo)jz, (Uo)jz,

e {(Z/{o)jf, (Uo)» ., ...y, (Uo)rt}.  The p  t-subspaces
{W)jr, Ui)jy,- - (U ) ) {(u i)z, Ui)jz, .- Uiz},
{(U, ) s Ui)jps s Us) g }} form a strict t-partition

of U;. For each i € [n] let h; be the i-th column of
the matrix H. The matrix 7 (h;) includes s matrices
of size (w x (2% — 1)) that all have the same partition
regarding the column numbers. Hence, the partition
{{(( ) 1y ( 12); y e (ulb);ri)-ra R ((ull);tl7 (uiz)}-tlv ce
( ) ) }a . 7{(( )fﬂ( 12);{’7"'7(“7;5);{’)1-""’((uil);f’
(Z/{Q)]Tt ey (Z/{S)jt) }} is a strict ¢-partition of 7 (h;) with
p = 2;__11 t-subspaces.
t-partition of the matrix H’ with % t-subspaces.
Thus, By using Theorem 46 we get that D(ws,1,t,r) <
(2% — 1)h[s, r|ow
o1 |
We can use Theorem 50 to find upper bounds on the value
of D(s,1,t,r) by using previous bounds on the size of non-
binary covering codes.
Example 7:
a) In[14]a[1097,1097—8,2]s covering code is provided.
Thus, h[8,2]5s < 1097. Then, from Theorem 50, D(3 -
8,1,3,2) = D(24,1,3,2) < 33—1h[8 2]ps = 1097.

Therefore, there exits a strict

- (Uo)jz }s

For a lower bound, we can use Theorem 38(a) to get
D(24,1,3,2) > 828.
b) For r = 3, the following result can be obtained from [13,
Theorem 4.3]. For ¢ = 4 and p = 3, h[s = 3p+2, 3], <
(9 ¢ +22=L) = 154. Hence, h[11, 3]y < 154. From
Theorem 50, D(22,1,2,3) < 154. For a lower bound,
we can use Theorem 38(a) to get D(22,1,2,3) > 99.
The following is another use of Theorem 50 to find bounds
on the value of D(s,1,t,r) using another general family of
non-binary covering codes.
Corollary 51: For any positive integers w and ¢, where t|w,

w o w—+1
D(4wa17ta 2) B (2 1)(2 +1)

t_
Proof:

In [7, Theorem 3.2] there exists a construc-
tion of a (4 x (2¥*! 4 1)) parity check matrix H of a
[2wtl + 1,2¢Ft + 1 — 4,2]w covering code over Fau.
Therefore, h[4,2]ow < 2w+l 4 1. From Theorem 50 we get
2w — 1)(2wt 41
9t _
For any positive 1ntegers w and t, where tlw we have
D(4w,1,t,2) < 2 - Qt 11 from Theorem 43(b), and from
(211) 1)(2w+1+1)
Corollary 51 we get D(4w,1,t,2) < ?7_ Thus,

2w ow_1)(2wH+lyq _
we can save 2 - 22f =1 — ( )( - ) Z—1 buckets.

The following is an example of a locahty functlonal array
code that is obtained from Corollary 51.

Example 8: For the case of w = 4 and ¢t = 2, we have
s =4w = 16. Let V be F3. = Fi4. To get a basis for V as a
vector space over 3, we first choose a basis B = {1, ¢, €2, €3}
for F14 over X where € is a primitive element of 15 chosen
to satisfy the primitive polynomial z* + x + 1. It holds that
€* = ¢ + 1. Then, the coordinates of the successive powers of
e with respect to the basis B are the columns of the matrix

10001001 101O011 1-|
Uy — 01 o0o06011010111100

0010011010111 10f"

0001001101 0111 1J

In [7, Theorem 3.2], there exists a construction of a parity
check matrix of a [33,33 — 4, 2]ow covering code.

1 1 1 --- 1 1 0 O0O0 O 0
H— L e e - 0100 0 0
Tl e s B oo o011 1
1 0 0 -+ 0 00 1 1 ¢ ... ¢4
Let (U;); be the j-th column of U;. The following is a
strict t-partition of U;, P; = {{(Uz)l, (Ui)g, (ui)u}, {(uz)g,
Us)7, Ui)r2}, {U:)3, Us)s, Us) izt {(Us)a, Ui)o, (Us)1at,

{Us)s, U;i)10, U,

)15} }, where we represent every subspace
in P by its elements except the zero vector. In addition, each
subspace can be represented by a basis of two vectors.

From Lemma 49 we get that H' = 7 (H) is a parity check
matrix of a binary [495,495 — 16, 2] covering code. Recall
that in the transformation 7, each element of 14 is replaced
with an appropriate matrix U; of size (4 x 15). Each column
in H has 4 elements of 15 and is replaced with 4 matrices
such that each matrix U; of size (4 x 15) that has a strict
t-partition P; with 5 subspaces. Each column in H is a
(16 x 15) matrix in H’, which can be stored in 5 buckets
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such that each bucket stores one subspace from the partition,
and hence, the 33 columns of H can be stored in 335 = 165
buckets. Thus, we get that D(16,1,2,2) < 165.

Next, another possible way to obtain locality functional
array codes from covering codes is presented. First, we define
a possible modification for matrices that we will use in order
to construct new parity check matrices for covering codes from
given parity check matrices.

Definition 52: Given a matrix H of size (n x s), its i-th
modified matrix denoted by H® of size (n + 1 x s) is the
matrix that has the same rows of H except of row ¢, where it
has the complement of row ¢ of H, with an additional column
with only 1 in row 1.

The next theorem shows that for a given parity check
matrix of a covering code, the modified matrix is also a
parity check matrix of another covering code. Even though
the following seems to be a basic property, we could not
find its proof, and hence, we add the following proof for
completeness.

Theorem 53: For a parity check matrix H for a binary
[n,n — s,2] covering code and an integer ¢, the i-th mod-
ified matrix H® is also a parity check matrix of a binary
[n+1,n+ 1 — s,2] covering code.

Proof: ~Let H be a parity check matrix of an
[n,n — s,2] covering code. For a given i € [s], let H(*) be the
i-th modified matrix of H. The size of H") is (s x (n+1)).
From Property 13, for each vector v € ¥ there exists a vector
y € X" such that H -y = v where wy(y) < 2. Let h;, h
be the i-th column of H, H®, respectively. If wy(y) = 2,
assume that v = h;, + h;,. The column vector h;- is different
from the column vector h; only in row %, where h; has the
complement of the element in row ¢ in h;. Thus, it holds that
v = h;1 + h;z

If wy(y) = 1, assume that v = h;. From the construction
of H®_ it holds that h; = h; + hln+1' Therefore, we can
get v as a sum of two columns of H®). Thus, H® is a
parity check matrix of a binary [n+ 1,n+ 1 — s, 2] covering
code. [ |

One possible way to use Theorem 53 to get locality
functional array codes is shown next.

Theorem 54: D(7,1,2,2) = 1.

Proof: From [20, Theorem 1] and the example after it,
we can get a construction of a parity check matrix for a binary
[19,19 — 7, 2] covering code. The following is a parity check
matrix H of the code.

oo0o0111111111111111 1]
0110011001 10011000°0
10101010101010100¢00O0
0000011010101 10001T1
0000110001101 0101O0T1
060oo0oo0o000O0OOCOO0OI1TI1ITI1II1IT1T1TT1T1
060oo0oo0o0001111000011T1T1

The following is the matrix H (1) the first modified matrix
of H where the first row is the complement of the first row of

H and a new column with only 1 in the first entry is added.

11100 0O0O0OO0OO0OO0OO0OO0OO0OTO0OOTO0OTUO0OO0T1
0110011001 10O011O0O00O0O0
1P 0101010101010 1O0O0O0O00O0
oo00O0O060O1101O010110O0O0T1T1O0
oo0o00110O0O0O1T10101O0101O0
oo0o0O0OO0OOOOOOOTI1IT111 11110
oo0o0O0OOOOT11110O0O0O0T1T1T11O0

From Theorem 53, the matrix H(1) is a parity check matrix
of a binary [20, 20 — 7, 2] covering code. Note that the fourth
column is all zero column which we can remove to get the
following matrix H (" which is a parity check matrix of a
binary [19,19 — 7, 2] covering code.

1110 00O0OO0OO0OOOOOOOOTO0OO0O1
011011001 10O0O0T11O0O0O0O0O0
1 0110101010101 O0O0O0O00O0
0o00O0O1101O01O0110O0O0T1T1TFO0
o001 10O0O0O17T1O01TO01O010 10
o00O0O0OO0OO0ODO0ODO0OSOODTI1TT1T111111O0
o00O0O0OO0OT1T1110O0O0O0T1TT1T1T1FO0

Let h/; be the j-th column of the matrix H?". We can find a
2-partition of the matrix H M, We will present the partition as
a set of 7 2-subspaces such that each subspace is presented by
a basis with two columns of H()". The following is a possible
2'partiti0n of H(z), P = {{hl% 111}7{h;37h/12}a{hg)7 113}7
{R}g, Py}, {Ry, he} {h], ko), {hs, hlg}}. We can see that
14 out of 19 columns form the bases. It can be verified that
hy + hi = hg, hy + hiy = his, hg + hjy = hig, hg +
k', :_ill/n and hg + h'; = h/g. Therefore, P is a 2-partition
of H®" with size 7. Thus, from Theorem 46 we get that
D(7,1,2,2) < 1.

For the lower bound, assume by contradiction that there
exists a (7,1,6,2,2) locality functional array code. Then,
from Theorem 55 we get that h[7,2] < 18. But from [12]
we have that h[7,2] = 19, which is a contradiction. Thus,
D(7,1,2,2) > 1. ]

Next, we show how to construct covering codes using
locality functional array codes.

Theorem 55: Let C be an (s,1,m,t,r) locality functional
array code. Then, h[s,7] < m - (2! —1).

Proof: Assume that C is an (s, 1,m,t,r) locality func-
tional array code which has m buckets such that in each bucket
stored at most ¢ linear combinations of the s information bits.
From the ¢ cells in each bucket we can get at most (2! — 1)
different linear combinations. We can represent each linear
combination as a binary vector of length s. Then, we construct
an (s x m - (2" — 1)) parity check matrix H where we have
all the vectors that we get from the linear combinations of all
the m buckets as columns of the matrix. Let u € X° be a
column vector of length s which can represent a request for
the code C. From the property of C, there exists a recovering
set S C [m] where |S| < r that satisfies the request. Assume
that S = {by,ba,...,b} where 7 < r. From each bucket
b; € S we read a linear combination v; of the ¢ cells which
is a linear combination of the s information bits. From the
construction of/H , the column vector v; is a column in H.
Then, u = ZZ=1 v;, and hence, the vector u is a sum of at
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TABLE XI
SUMMARY OF THE RESULTS

Code B k t l r Lower bound Upper bound Notes
FP/FB s 1 t t - =] =]
Theorem 16
S S
FP/FB s ! t 1 - ’Vlogz(Hl)“ ( [Tog, (t+1)] “
Theorem 16
FP/FB s 1 t t/2 — P41 P41 tis even, § is integer, and § <t —1
Theorem 16
S1+s B s s
FP/FB | 51+ 1 t 1| - [ et ] ‘m‘ﬂ 2271<< m’H).
(t — (2Uog2(+1)) _ 1)) Theorem 17
FP/FB s 1 t at | — [WW 0<a<1
Theorem 16
FB s k t 1 - FB(3,t-k) ¥ is integer
Lemma 10
FB 8 2 2 2 — 6 7
Theorem 18
FB 5 2 2 2 — | log, (27T (2° - 1)) 78]
Corollary 19
P 2tr r Z—r+1[r-1] - r+1 r+1 r=3
Theorem 28
B 2 4r r Z—r+1 r—1 — r+1 r+1 r>=3
Theorem 30
B 6 15 2 2 — 25 25
Theorem 25
FpP 6 11 2 2 — 21 25
Theorem 26
P 4 16 2 1 — 23 25
Theorem 32
FP 4 14 2 2 — 24 25
Theorem 33
FpP 5 48 2 2 — 88 90
Theorem 34
L s 1 t b 2] [2-1]
Theorem 43
L s 1 t t r . sz:lﬂ rls
Theorem 43
L s 5 1J t t 1 H
L -1 2 tl,
Theorem 43
L s LZSZTE;J +1 t t r %:j s=rt
Theorem 43
L 3 2 2 2 1 5 6
Example 4
L s 1 1 1 r hls, ] h[s, 7]
Theorem 44
hlws,r 2% — 1)hls, r]pw
L ws 1 t t r ‘ 2[t — 1] % tlw
Corollary 56, Theorem 50
w w+1
L 4w 1 t t 2 @ -1DE" +1) tlw
2t —1
Corollary 51
L 24 1 3 3 2 828 1097
Example 7
L 22 1 2 2 3 99 154
Example 7
L 7 1 2 2 2 7 7
Theorem 54

most r columns of H. Thus, the matrix [ is a parity check
matrix of a binary [m - (28 — 1), m - (2" — 1) — s, 7] covering
code, and hence, h[s,r] <m- (2" —1).

Now we will use Theorem 55 to get a lower bound on the

value of D(s,1,t,r).
Corollary 56: D(s,1,t,1) > {

hls, 7]
2t —1

|

i o

m < L[é—’,i From Theorem 55 we have h[s, 7] < m - (2
his,r] ., S -

1) < T (2" — 1) = h[s,r] which is a contradiction.

Proof:  Assume by contradiction that D(s,1,¢,7)

} o
m < {%—‘ . The number of buckets m is an integer. Then,

t
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We can get upper bounds on the value h[s,r] from [12].
For example, h[2s —1,2] > 2° — 1 for any s > 3 and we can

2% —1
conclude that D(2s — 1,1,¢,2) > [——‘

IX. CONCLUSION

In this work we studied constructions and bounds of sev-
eral families of codes. We defined and presented functional
PIR array codes, functional batch array codes, and locality
functional array codes. Lower bounds on the smallest num-
ber of buckets of these codes were given. Several upper
bounds on the smallest number of buckets were shown based
on general constructions, specific constructions, subspaces,
and covering codes. In Table XI, we provide a summary
of most of the results that appear in the work. The first
column specifies the family of codes that the result refers to.
Denote a PIR array code, batch array code, functional PIR
array code, functional batch array code, locality functional
array code by P, B, FP, FB, L, respectively. The next five
columns specify the values of the parameters of the codes.
The following two columns refer to lower and upper bounds
on the codes and the last column includes notes such as
constraints on the parameters and where the results appeared
in the work. Lastly, we note that there are plenty of problems
which remain for future research, such as generalizing the
specific constructions and finding new bounds for different
parameters.
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