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Abstract— A private proximity retrieval (PPR) scheme is a
protocol which allows a user to retrieve the identities of all
records in a database that are within some distance r from
the user’s record x. The user’s privacy at each server is given
by the fraction of the record x that is kept private. In this
paper, this research is initiated and protocols that offer trade-
offs between privacy, computational complexity, and storage are
studied. In particular, we assume that each server stores a copy
of the database and study the required minimum number of
servers by our protocol which provides a given privacy level.
Each server receives a query in the protocol and the set of
queries forms a code. The main focus in the paper is dedicated
to studying the family of codes generated by the set of queries.
These codes will be shown to satisfy a specific covering property
and will be called private proximity retrieval intersection covering
codes. In particular, since the query every server receives is a
codeword, the goal is to minimize the number of codewords in
such a code which is the minimum number of servers required by
the protocol. These codes are closely related to a family of codes
known as covering designs. We introduce several lower bounds
on the sizes of such codes as well as several constructions. This
work focuses on the case when the records are binary vectors
together with the Hamming distance. Other metrics such as the
Johnson metric are also investigated.

Index Terms— Private information retrieval, covering designs,
proximity searching, private proximity retrieval codes.

I. INTRODUCTION

HE growing amount of available information, which
mostly resides in the web and on the cloud, has made
information retrieval (IR) one of the more important com-
puting tasks. In fact, web search has become the standard
source of information search and in general, IR refers to
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information access in order to obtain data, in any form, from
any available information resources. However, this form of
communication also poses a risk to the user privacy, since
the servers can monitor the user’s requests in order to deduce
important information on the user and his interests. Therefore,
an important aspect of IR is hiding the information the user
is searching for.

A. Private Information Retrieval, Private Computation, and
Proximity Searching

Private information retrieval (PIR) is one of the well-known
studied problems that provide privacy to user’s requests. This
problem was introduced by Chor, Goldreich, Kushilevitz, and
Sudan in [9]. PIR protocols make it possible to retrieve a
data item from a database without disclosing any information
about the identity of the item being retrieved. This prob-
lem has attracted considerable attention since its inception,
see [3]-[7], [10], [39]-[42]. The classic PIR model of [9]
views the database as a collection of bits (or records) and
assumes that the user wishes to retrieve the ith record without
revealing any information about the index :. A naive solution
is to download the entire database, and in fact this solution
cannot be improved upon if the database is stored on a single
server [9].

In order to achieve sublinear communication complexity
it was proposed in [9] to replicate the database on several
servers that do not communicate with each other. One of the
disadvantages of this PIR model is that every record consists
of a single bit, while in practice a record is much longer.
As a consequence of this model’s drawback, this problem has
received recently significant attention from an information-
theoretic perspective, wherein the database consists of large
records (the number of bits in each file is much larger than
the number of files) and the goal is to minimize the number
of bits that are downloaded from the servers [6], [7]. This
reformulation of the problem introduces the rate of a PIR
scheme to be the ratio between the size of the file and the
total number of downloaded bits from all servers [33]. Since
then, extensions of this model for several more setups have
been rigorously studied; see e.g. [1], [2], [15], [20], [33], [34],
[36], [38] and references therein.

PIR protocols have been rigorously studied mostly for the
very basic IR problem which assumes that the user knows
which data records are stored in the database (but not their con-
tent) and simply asks for the content of one of them. However,
the user may be interested in other forms of information from
the database rather than just asking for a particular record.
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The recently-introduced problem of private computation is
a generalization of PIR which allows a user to compute an
arbitrary function of a database, without revealing the identity
of the function to the database. This problem has been studied
for linear functions in [25], [29], [35] and for polynomial
functions in [18], [31]. Many open questions about private
computation remain, especially for non-linear functions, one
of which is the topic of this paper. However, we note that in
the setup studied in the paper we are mostly concerned with
the indices of the records stored in the database rather than
the content of the records themselves.

Another important IR problem is that of proximity search-
ing. One example of proximity searching is the K-nearest
neighbor search (K-NNS), where the goal is to find the
K elements from the database that minimize the distance
to a given query [8], [22]. Proximity searching has sev-
eral applications, among them are classification, searching
for similar objects in multimedia databases, searching for
similar documents in information retrieval, similar biological
sequences in computational biology, and more. While prox-
imity searching has been well-studied in the literature, to the
best of our knowledge, there are no existing solutions which
offer both proximity searching and privacy simultaneously.
The assumption in proximity searching algorithms is that there
is only a single server which stores the database. However,
modern data storage systems are stored across several servers
in a distributed manner, and thus we can take advantage of
this setup in order to provide privacy for proximity retrieval.

B. Private Proximity Retrieval

In our setup of the problem we assume the user has a
record and is only interested in knowing the identities, i.e., the
indices, of the records in the database that are close to his
record. The measure of closeness is determined according to
some distance measure. This setup can fit for example to the
case when the records stored in the database are attributes
of different users. Given the user’s attributes, he is only
interested to know the users which have similar attributes to
his according to some distance measure between the attributes.
For example, a record may be a user’s location and the
database may consist of the locations of agents. In this context,
the user seeks to determine the identity of the agents nearest
to him, without necessarily knowing their exact locations,
while minimizing the amount of information that is exposed
to the servers about his location. This example is related to
the private proximity testing problem in which two users seek
to determine whether they are close to each other, without
revealing any information about each other’s location [27],
[28], [30]. Yet another example assumes that each record
is a file (song, movie, DNA sequence etc.), and the user is
interested in determining the records which are similar to his.

Assume an M-file database X = {x1,...,2p} C V is
stored on N non-colluding servers and the user has a record
x € V. Let B(x,r) be the ball of radius r centered at
x according to some distance measure d on V. The user seeks
to know the identity of every record in B(z,r) N X, i.e., the
index of every record in the database similar to his, which is
given by the set I(z,7) £ {m € {1,...,M}| x, € B(x,7)}.
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As opposed to the classical PIR problem, our solutions do not
provide full privacy. Thus, it is required that this computation
is invoked while minimizing the amount of information the
servers learn about x.

A private proximity retrieval (PPR) scheme consists of
three steps. First, the user generates, with some degree of
randomness, N queries which are sent to the N servers. Based
upon these queries and the database X', each server responds
back with an answer to the user, and finally the user calculates
the set I(x, 7). The user’s privacy at each server is defined to
be the fraction of information bits of  which are kept private
from the server. The schemes we study in this paper have a
common structure. The query sent to the nth server is given
by ¢n = (Yn,pn), where y, is an element of V and p,, is
a distance parameter, and the server’s answer is the set of
indices given by A,, = I(yn, pn). Finally, the user computes

the set I(z,7) = N,e(nv) An = Nnegn) L (Un, pn). The main
goal of our work is studying the trade-offs between the search
radius r, the privacy at each server, and the number of servers.
In general, one can achieve more privacy at the expense of
a smaller search radius or the use of more servers. Finally,
we note that albeit taking the intersection of all response sets of
the indices seems like a naive solution, we find this approach
to be the basic and straightforward one that should be well
studied under the scope of this problem. Clearly, other decision
algorithms, which take for example the number of times each
index appears in the sets, can also be of interest, however this
is out of the scope of this paper.

Remark 1: In the protocols studied in this paper the servers
respond only with the indices of the records that satisfy
their queries, and not the records themselves. Once the user
receives all indices he can then easily determine the required
ones, i.e., the set I(x,r), by simply intersecting all sets of
indices. Note that this solution is appropriate in case the
user is only interested to know whether the database contains
records that are close to his record and/or the indices of these
records. Moreover, in case the user is interested to receive the
records themselves, he can apply any of the classical private
information retrieval protocols in order to retrieve each one of
the records which their indices were sent back by all servers.
Since the size of the indices is significantly smaller than the
records size, the amount of information that is downloaded
from the servers is negligible. Motivated by this fundamental
difference with respect to all classical PIR protocols that
require to download the records, we observe that studying the
so-called download rate is no longer the figure of merit of
interest under this setup. Furthermore, the upload cost in all
of the proposed schemes is always the same since every server
receives only one record and a radius which in size is again
negligible. Hence, this paper focuses on the more important
and practical aspect of studying the trade-off between the
number of servers and the user privacy of his record.

Remark 2: 1t is worth noting that private proximity retrieval
can be viewed as another instance of the general private
computation problem, in which I(z,r) is the function to be
computed on &'. Here the user wishes to hide the identity of
this function amongst all functions of the form I(y,r) for any
y € V. However, the techniques developed in this paper are
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designed to suit specifically to the problem of PPR and, albeit
possible, we do not necessarily see them generalize to other
private computation problems.

While the study of PPR schemes can be investigated for
arbitrary space V and distance measure d on V), the primary
focus of this paper is on the case V = FL, where d is the Ham-
ming distance on IFQL Then, the tradeoff between the number
of servers and the privacy can be translated to the problem of
finding the smallest subset C' of W; £ {y € FL | w(y) = s}
such that

B(0,r) = () Ble,r +9),
ceC

where s is a design parameter of the PPR scheme which
determines its privacy and w(y) is the Hamming weight
of y. Such a subset C' will be called an (L,s,r) Private
Proximity Retrieval Intersection Covering (PPRIC) code, and
the minimum size of C' will be denoted by N(L,s,r). Our
primary interest in the paper is to determine exactly the
value of N (L, s,r) for a large range of the parameters L, s, r
by providing tight lower and upper bounds on this value.
An important connection in studying the value of N(L, s, r) is
derived by showing that PPRIC codes are closely related to a
well-studied problem in design theory, called covering design.
Namely, an (n,k,t) covering design, n > k >t > 0, is a
collection of k-subsets (called blocks) of an n-set such that
each t-subset of the m-set is contained in at least one block
of the collection. The minimum size of an (n,k,t) covering
design is denoted by c(n,k,t). We will show that PPRIC
codes are also covering codes which have some additional
constraints. Thus, the existence of a PPRIC code implies a
corresponding covering design, but the opposite direction does
not always hold. Therefore, all lower bounds on covering
designs hold also for PPRIC codes and yet in many cases
the constructions of covering designs are still valid for PPRIC
codes. For the remaining parameters we show how to close
on the gap by the results that can be derived by covering
designs and present tighter lower bounds and specific code
constructions. In particular, our main new results concerning
the minimum size of (L, s,r) PPRIC codes are summarized
as follows.

1) If L > (r + 3)s, then N(L,s,r) = r + 3. A related
interesting result is derived for related codes with the
Johnson distance.

2) f L >2s+r+1,then N(L,s,r) > c¢(L,L—s,r+2).

3) Three constructions for PPRIC codes which are similar
to the ones for covering designs. Some constructions
are identical, but the required different proofs (from the
ones for covering designs) that the constructed codes are
indeed PPRIC codes, are given.

4) Proving that some lower bounds on PPRIC codes are
larger than the related ones on covering designs. Specif-
ically, if & < L < 9 then N(L,s,0) = 6 andif £ < if
then N(L,s,0) > 6.

C. Paper Organization

The rest of this paper is organized as follows. In Section II,
the PPR problem is formally defined and a specific
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PPR scheme is presented that will be studied throughout the
paper. Basic properties of this PPR scheme are presented when
the records are binary vectors with the Hamming distance and
it is studied how to achieve a high level of privacy. However,
this solution requires a significantly large number of servers.
This leads us to the main problem studied in the paper in
which the minimum number of servers that provide a given
privacy level is investigated. Lower bounds on this value are
studied in Section III. Upper bounds by specific constructions
are given in Section IV. The analysis of these bounds is
given in Section V. In Section VI, we generalize our results
beyond the Hamming metric to distance measures based on
distance regular graphs such as the Johnson graph. Finally,
Section VII concludes the paper with some more observations
and directions for future research.

II. PRIVATE PROXIMITY RETRIEVAL SCHEMES
AND BASIC PROPERTIES

A. Basic Definitions

Assume a database X consisting of M records is stored
on N servers, where each server stores the whole database.
Assume further that a user has a record x and wants to know
which records in the database are similar to his record, that is,
within some distance r with respect to a given metric. The user
wants to keep the contents of his record as private as possible,
i.e., reduce the amount of information which is revealed to the
servers about his record.

Let V be a finite set and let d be a metric on V,
d:V xV — Rs. For x € V, we define by B(z,r) its ball
of radius 7, that is, the set B(x,r) = {y € V | d(z,y) < r}.
Let X be a random variable on V and let X = (z1,...,za)
consist of M independent and identically distributed (i.i.d. in
short) samples of X. We refer to X as the database, and
assume a copy of X is stored on each of the IV servers.
A user has his own independent sample x of X, and wishes
to exactly compute the set

I(z,r) = {me{l,...,M}| z,, € B(z,7)}.

In other words, the user wishes to answer the question
“Is @y, € B(x,r)?” for all x,, in the database. We refer to r
as the search radius of the user.

We denote by H(-) the binary entropy function, given by
H(p) = —plogyp— (1 —p)logy (1 —p) for 0 < p < 1. For a
discrete random variable Y supported on a set )/, we define
its entropy by

H(Y) = Ey [10g2 (P )]

It will always be clear from the context whether the function
H(+) is taking a scalar or a random variable as its argument.
For a positive integer n, the set {1, 2,...,n} is denoted by [n].

Definition 1: Let X = (x1,...,xp) be a database of
M records sampled i.i.d. from a random variable X on a
metric space V. Suppose that X is replicated on N non-
communicating servers, and that a user has his own record
x € )V and a desired search radius » > (. A private

ZP?“

yey

) loga (Pr(y))-
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proximity retrieval (PPR) scheme for this setup consists of
three algorithms.

1) A randomized algorithm Q@ that forms N queries,
q,---,qn, depending on X, M, the user’s record =z,
and the search radius r.

2) An algorithm A that calculates answers A,,, forn € [N],
given a query ¢, generated by the algorithm Q, and the
database X.

3) An algorithm R that calculates exactly the set I(z,7),
given X, z, r, the set of queries qi,...,qy, and the
corresponding answers Ay, ..., An.

Definition 2: For a given PPR scheme, the user’s privacy
at a server n € [N] is defined to be

_ H(X|gn)
=)

The user’s privacy at server n € [N] measures the fraction
of bits of = which is kept private from server n. We note
that an alternative definition for the privacy can use the
mutual information I(X;q,) = H(X) — H(X|g,) = (1 —
P,)H (X) between the user’s record and the query sent to the
server. While we see these two definitions equivalent, we chose
the one presented in Definition 2 in order to reflect the fraction
of the bits of the user’s record that remains private. Note
that our definitions do not demand that a PPR scheme has
perfect privacy, and a major theme of this work will be the
trade-off between the privacy P,, the search radius r, and the
number of servers /N required by the PPR schemes. Lastly we
comment here that a more general definition of this problem,
which takes also into account the distortion of computing the
set I(z,r), has been presented in a research which has
motivated the current paper (see [12]).

Remark 3: The assumption under the model studied in the
paper is that all records stored in the database as well as the
user’s record are i.i.d. . We follow this setup for the simplicity
of the model and also to be consistent with the models studied
in PIR problems which carry the same assumption on the
records stored in the database and the requested record by
the user. Extending this model for other cases in which this
assumption no longer holds and specifically when the user’s
record depends on the records stored in the database is an
interesting problem by itself which is out of the scope of this
work and is thus left for future research.

B. A Simple Scheme for Hamming Space

The main part of the current work concentrates on the case
of V =TFL, dis the Hamming distance on FL, and the random
variable X whose distribution is the uniform distribution
over F%, and this is the case to which we now specify unless
stated explicitly otherwise. For two vectors u and v of the same
length, the Hamming distance between u and v is denoted by
d(u,v) and the Hamming weight of u is denoted by w(u).
The support of u will be denoted by supp(u). For s > 0, let
W, be the set of all vectors of weight exactly s in FL, ie.,
Ws = {y € F%¥ | w(y) = s}. The following proposition will
motivate our approach.
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Proposition 3: Given r,s, L. > 0 such that »r < L and
x € FZ, we have that

B(z,r) = ﬂ B(x+z,r+s) (1)
2€Ws
if and only if r +2s+4+1 < L.

Proof: Assume first that » + 2s + 1 < L. By trans-
lation invariance of the Hamming distance, we can assume
that + = 0. Let y € B(0,r), ie., y is a vector whose
Hamming weight is at most r. Clearly, y € B(z,r + s)
for all z € W, since d(z,y) < w(z) + w(y) < s + r. Hence,
B(0,7) CM,ep, Bz, r+s).

Now let w(y) > r, and without loss of generality we assume
that the support of y is exactly the first w(y) coordinates. Let
z € Ws be the vector with support on the last s coordinates.
We see that

d(y, z) = w(y) + w(z) — 2| supp(y) N supp(2)|
=w(y) + s — 2max{0,w(y) +s — L}.

Now if w(y) < L — s, i.e., the vectors y and z share no
support, it holds that d(y,z) = w(y) + w(z) > r + s and
hence y ¢ B(z,r + s). On the other hand, if y > L — s
it holds that d(y,z) = w(y) + w(z) — 2(w(y) + s — L) =
2L —w(y) —s > L —s > r + s, where the last equation
follows from L > r 4 2s. Hence, y ¢ B(z,r + s).

For the other direction, let B(z,7) = (), Bz + z,
r + s) and assume for contradiction that r + 2s +1 > L.
We will exhibit a vector y which is in (1), B(z+z,7+s)
but not in B(x, ), which will lead to a contradiction. Given z,
consider the all-ones vector 1 and let y = = + 1. Clearly
y & B(x,r) since d(x,y) = L > r. One can easily ver-
ify that d(z + z,y) = d(z,1) = L — s <r+ s and hence y
is contained in B(x + z,r + s) for all z € W,. Thus,
r+2s+1< L. |

Proposition 3 suggests that to construct a PPR scheme for
retrieving I (x,r), we should apply a PPR scheme wherein the
user randomly picks a different translation vector z € W for
each of N = |W;| = (f) servers, and sends each server the
vector = + z. The queries are of the form (z + z,r + s) for
all z € W,, and are transmitted to a set of servers indexed
by the elements of W;. Thus, the server corresponding to an
element z € W, will respond with the indices I(z+ z,7+ s).
By Proposition 3, we have

I(x,r) = ﬂ I(x + z,7+ s), 2)
zeEWs

and hence the user can compute I(x,r) exactly. The next
example demonstrates the ideas of the proposed scheme.

Example 1: Assume that M = 8, L = 8,r = 1,5 = 2,
the user record is the zero vector 0 € FS, and the database is
X = (z1 = 10000000, 29 = 01110001, x5 = 00100000, x4 =
00100100, z5 = 00010000, z¢ = 00011101, z7 = 01101010,
xg = 00000011). Hence, the user is interested in computing
the set

100,1) = {m € {1,...,8} zm € B(0,1)} = {1,3,5}.

Following the scheme proposed by Proposition 3, we use
the set Wa = {y € F§ | w(y) = 2} and |[Ws| = 28 servers.
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Each server is assigned with a query of the form (z,1+2 = 3)
where z € Vs and transmits the set of indices in the set
I(2,3). One can verify that B(0,1) = [1,cy, B(2,3) and
thus 7(0,1) = (,cyy, I(2,3). The privacy at each server is

log, (5 . .
ngT(Z) ~ 0.6, since every server only knows that the distance

between its query and the user’s record is exactly two.

However, the number of servers /N for such a scheme
is unacceptably large. With the intention of reducing the
number of servers but retaining the general scheme outline,
we introduce the following family of PPR schemes.

C. A General PPR Scheme and Some Basic Properties

While the PPR scheme described in the previous subsection
using the set Vs has the advantage of being easy to describe,
the number of servers is (é ) , which even for small values of L
is unreasonable. Our general strategy for improving on this
construction will be to consider subsets Z C W, which satisfy
the equation of Proposition 3, but for which |Z]| < |W;|.
We formalize the family of PPR schemes we will consider in
the following definition.

Definition 4: Let X = (x1,...,xp) be a database of
M records sampled i.i.d. from a random variable X on a
metric space V. Suppose that X is replicated on N non-
communicating servers, and that a user has his own private
record x € V), which is chosen uniformly at random over
V. The user also has a desired search radius » > 0, another
integer parameter s > 0, and a set of query vectors Z C W, of
size N, all of which are public knowledge.

The PPR scheme PPR(r,s,Z) associated with this setup
is defined to consist of the following algorithms:

1) The algorithm Q applies a uniform random permutation
of [L] to the coordinates of all vectors z, € Z, and
then sends the query ¢, = (x + z,,7 + s) to server
n=1,..., N, where x is the user’s record.

2) The algorithm A computes

An =1z + zp, 7+ 9)
={m e [M] | d(x+ zn,zm) <7+ s}.

3) The algorithm R computes
I(z,r) = ﬂ A, = ﬂ (x4 zp,r + s).

ne[N] ne[N]

Proposition 5: For the PPR scheme PPR(r, s, Z), the pri-
vacy at any server n € [N] satisfies
p - logs ()
n L N
In particular, if o = s/L is constant with respect to L, then
P, — H(c) as L — .

Proof: The coordinate permutation used in the algo-
rithm Q guarantees that any single server observes an element
x4z which is chosen uniformly at random amongst all vectors
of IF% which are at distance s from z, i.e., the set x + W;.
Therefore H(X|q,) = log, |[Ws|. Since x is a sample of
the uniform distribution on FZ, we have H(X) = L and
the result holds. In case o0 = s/L, computing the limit as
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L — oo is straightforward and may be done using Stirling’s
approximation. |

Let P = P, for the PPR scheme PPR(r,s,Z), which by
Proposition 5 is independent of n. It is not hard to show that
P < H{(o), thus approximating P ~ H (o) for large L slightly
overestimates the privacy level. Nevertheless, to maximize
privacy, one wants o to be as close as possible to 1/2, so that
H(o) ~ 1. Apart from its role in the above brief analysis of
the privacy of PPR(r,s,Z), the random coordinate permu-
tation used by the algorithm Q is largely immaterial to the
analysis of the scheme, and in what follows we will largely
ignore it.

From the definition of the PPR scheme PPR(r,s,Z),
we see that it is possible to successfully compute the
desired set of indices I(z,r) if the set Z satisfies
I(xz,r) =(,cz I(x + 2,7+ s). Furthermore, the scheme

uses N = |Z| servers and obtains an asymptotic privacy
level of H(o) where o = s/L. Hence, for given values of
L,s,r, the goal is to find a set Z of minimum size, which
translates to the number of servers required by the PPR scheme
PPR(r,s,Z). For the rest of the paper we study this value
which will be denoted by N(L,s,r). That is, N(L,s,r) is
the minimum size of a set Z such that for all z € V, it holds
that I(z,7) = (\,c; I(x + 2,7 + s). The main ideas of this
scheme are demonstrated in the next example.

Example 2: In this example, we continue Example 1 and
note that instead of using the set WW,, one can use the set
Z = {11000000,00110000,00001100,00000011} and still
receive that B(0,1) = [),., B(z,3). Hence, instead of
using 28 servers as in Example 1, it is possible to use only
four servers and still successfully compute the set 1(0,1) =
.cz 1(2,3), as required by the user.

Note that the privacy level is the same as in Example 1, since
the user is actually sending four queries of weight two with
disjoint supports, rather than sending Z itself. Therefore, from
the perspective of each server, there are still 28 possibilities
for the user’s record, and not four possibilities.

III. LOWER BOUNDS ON THE SIZE OF PPR CODES

In this section, we start in analyzing the quantity N (L, s, 1),
which is the minimum number of servers required for the PPR
schemes introduced in Definition 4. The set of query words
related to these servers form a code for PPR schemes. This
section starts by giving a formal definition and an appropriate
name for these codes and continue with lower bounds on
the size of such codes. Upper bounds will be provided in
Section IV and analysis on the lower and upper bounds will
be discussed in Section V.

Proposition 3 has motivated the definitions of PPR schemes
and the quantity N(L,s,r) in Section II. We note that the
righthand side of (1) reflects the elements which are covered
by intersection of balls centered at words whose distance
from the record of the user is s. This is the motivation for
the following definition. For given L, s, and r, such that
L >r+2s-+1,let C be a subset of W, such that

B(0,r) = ﬂ Ble,r + s). 3)
ceC
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Such a set C' will be called an (L,s,r) Private Proximity
Retrieval Intersection Covering code, or an (L, s,r) PPRIC
code in short. Let N(L,s,r) be the minimum number of
codewords in such an (L, s,r) PPRIC code C. We continue
and discuss bounds on the sizes of such codes and some
properties related to their structure. Our main interest is
in bounds for which r is fixed, L — oo, and ¢ = %
is fixed.

An important concept that will be used in our lower bounds
and constructions for PPRIC codes is a word which has a
nonempty intersection with the support of each codeword
of a given PPRIC code. Given a PPRIC code C, a word
v € F% is called an intersection PPR word related to C, if
supp (v) Nsupp (c) # @ for each ¢ € C. Such a word v is
called a minimal intersection PPR word (an MIPPR word in
short) if there is no other intersection PPR word u such that
supp (u) C supp (v).

Lemma 6: Let r, s, and L be nonnegative integers, such
that L > 2s+r + 1, and let C C W, be an (L, s,r) PPRIC
code. If v is an MIPPR word, then wt(v) > r + 3.

Proof: Assume to the contrary that v is an MIPPR word
with respect to C' and wt(v) < r + 2, and let y € F% be
any word of weight r 4+ 2 such that supp (v) C supp(y).
Since supp (v) N supp(c) # @ for all ¢ € C and
supp (v) C supp(y), if follows that | supp(y) Nsupp(c)| > 1
for all ¢ € C. Hence, for any ¢ € C, we have that

d(y, ¢) = wi(y) + wi(c) — 2| supp(y) N supp(c)|
=r+2+s—2|supp(y) Nsupp(c)| <7 +s

and therefore, y € (.. B(c,r + s), a contradiction to (3)
since wt(y) > r. [

The number of codewords in a PPRIC code C' is always an
upper bound on the weight of the related MIPPR word and
hence

Corollary 7: If r, s, and L are nonnegative integers, such
that L > 2s+r+ 1, then N(L,s,r) > r + 3.

By Lemma 6, the weight of an MIPPR word is at least r+-3.
This motivates constructions and lower bounds on the sizes of
(L, s,r) PPRIC codes for which the weight of each MIPPR
word is exactly 7+ 3. Lemma 6 also implies that we can obtain
bounds on N(L,s,r) by considering words which intersect
the support of every ¢ € C' (where C' is a PPRIC code which
attains the value of N(L, s, r)) in at least one coordinate. This
approach was used to prove the following theorem presented
in [12] which is proved by repeatedly applying Lemma 6.

Theorem 8: If r, s, and L are nonnegative integers, such
that L > 2s +r + 1, then

r+3—k
N(L,sr) > max { [7(1 — w } , ©)

where o = s/L.

One can easily verify that the values in (4) are increasing
with k, as long as k < |[r+4 — 1/o]|. Thus, N(L,s,r) >
P*‘g_k where 0 = s/L and k = max{0, [r +4 —1/c]}.

(1—o)k |
Note that Theorem 8 implies Corollary 7. In the sequel
we obtain a lower bound which also implies Theorem 8. The
new lower bound is based on design theory, and specifically
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on covering designs, and we will present first the required
definitions for this lower bound. These definitions will be also
used in our constructions given in the next subsection. We
will show that our PPRIC codes are covering codes (more
commonly known as covering designs or just coverings) which
have some additional constraints.

An (n, k,t) covering design,n >k >t > 0, is a collection
of k-subsets (called blocks) of an n-set, w.l.o.g. [n], (whose
elements are called points), such that each t-subset of the
n-set is contained in at least one block of the collection. Let
¢(n, k,t) denote the minimum number of blocks in such an
(n,k,t) covering design. Finally, the complement S of the
design S is defined by

S£{n]\B : BeS}.

Similarly for a binary code C' of length n, the complement C
is the code formed from the binary complements of all the

codewords in C. In other words, the codewords in C' are
exactly all the words whose set of supports is

{[n] \'supp (c)

Covering designs were extensively studied mainly from a
combinatorial point of view [24]. They have also found many
applications, especially in various problems related to coding
theory, e.g. [14]. Bounds on the sizes of covering designs,
i.e. on ¢(n,k,t), are very important in our discussion as a
consequence of the connection between PPRIC codes and
covering designs given in the next result.

Lemma 9: The set of supports in the complement of an
(L,s,r) PPRIC code is an (L, L — s,r + 2) covering design.

Proof: Let C' be an (L,s,r) PPRIC code. Define
S £ {supp(c) c € C} and S its complement design.
By Lemma 6, for an (L, s,r) PPRIC code all MIPPR words
have at least weight r 4 3. It implies that there are no r + 2
coordinates which contain an element from the support of each
codeword. In other words, for each subset P C [L] of size r+2
there exists a codeword ¢ € C such that PNsupp (¢) = @. It
follows that for each subset P C [L] of size r + 2 there exists
a block B € S such that P C B. Moreover, in S each block
has size L — s. Thus, S forms an (L, L — s,7 + 2) covering
design. [ ]

An (L,s,r) PPRIC code C is the complement of an
(L,L — s,r +2) covering design. Therefore, for every word
v of weight 7 4+ 1 or r + 2, there exists a codeword ¢ € C'
such that supp(c) N supp(v) = @. However, a PPRIC code
has some more requirements. Equality (3) suggests that, for
each word v of weight r+2v—1 or r+2v, v > 1, there exists
a codeword ¢ € C such that |supp(c) N supp(v)| < 7. This
implies that d(v,c) = wt(v) + s — 2| supp(c) N supp(v)| =
r+2y—14+s—2(y—1)>r+ s as expected.

These properties of PPRIC codes imply a method to verify
whether a code C' is indeed an (L, s,7) PPRIC code. To show
that C' is a PPRIC code, we just need to prove that any word
of length L which intersects each codeword of C' in at least
~ coordinates should have weight at least » 4+ 2y + 1. Equiv-
alently, to show that C' is not a PPRIC code, we just need to
find one word of weight r+ 2~ which intersects each codeword

:ceCh
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of C in at least v coordinates, and therefore has distance at
most 4+ s from all the codewords of C.

Remark 4: Lemma 9 (see also Corollary 50) implies that
given an (L, s,r) PPRIC code C, for each word v of length L
and weight L —r — 2, there exists a codeword ¢ € C such
that supp(c) C supp(v). For each word v of length L and
weight L — r — 2 — 2+, v > 0, there exists a codeword ¢ € C'
such that |supp(c) Nsupp(v)| > s — . This is exactly what
is required for data compression as explained in [14], where
some bounds including asymptotic bounds in this direction are
given.

Lemma 9 also implies the following important lower bound.

Corollary 10: If r, s, and L are nonnegative integers, such
that L > 2s +r + 1, then N(L,s,r) > ¢(L,L — s,r + 2).
(or in the notation of covering designs, N(n,n — k,t —2) >
c(n, k,t).)

Corollary 10 implies several lower bounds on N(L,s,7).
In fact, most of our lower bounds are based on the lower
bounds on the size of the related covering designs, but there
are some parameters for which N (L, s,r) > ¢(L, L —s,7+2)
as we will see in the sequel. The first lower bound is the basic
covering bound implied directly from Corollary 10.

Lemma 11: If r, s, and L are nonnegative integers, such
that L > 2s +r + 1, then

(o)
N(L,s,1) > -7 .
(r+2)
The next result is well known as the Schonheim’s

bound [32].
Lemma 12: If n > k >t > 0, then

c(n, k,t) > {%c(n

Lemma 12 can be applied iteratively to obtain several
results.

Corollary 13: 1f n >k >t > 0, then

c(n, k,t) >

nfn-1 [n-t+1
[E [k?—lm[k—€+1c(n_£’k_£’t_£)w"~H .
Corollary 14: If n > k >t > 0, then
nin—1 n—t+1
> |- )
c<n,k,t)/[k[k_1 [k—tJrJ H

Corollary 15: If r, s, and L are nonnegative integers, such
that L > 2s +r + 1, then

—1,k—1,t—1)] .

N(L,s,7) >
L—0+1

L L—-1 —
L—s|L—s—1 L—s—(+1

Lemma 11 can be derived from Corollary 14 as similarly
Corollary 15 implies Lemma 11. Corollary 14 also implies that

c(n, k,t) > t+1 (since [”—Hl [" 1M] >M+1

k—t+1
for any positive integer M and 0 < ¢

o(r-t,L-s-tr42-0)| ||

]/Zand

< k—1) and by applying
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Corollary 15 we obtain Theorem 8. By Corollary 15 and since
s = oL 1t follows that

N(L7'57T)>
" L—-t+1
L(l—o0)—(+1

>t + 1 we have that

[L(lL—a)"' C(L—Z7L—S—Z,r+2—£)“...-‘7

and since c(n, k,t)

N(L,s,r)
L L1 L—t+1
ZIi-0) TU-0)=1 Th-o)—tx1" 379
L
> (714(1]: 0')) (r+3-2),

and hence Theorem § follows.

Usually, (n,k,t) covering designs were considered for
small k and ¢, i.e. n > 2k. In our context we need small ¢
and large k, i.e. small n — k. These types of designs were
considered for a given m and ¢, and pairs (n, k) such that m =
¢(n, k,t). There has been extensive research in this direction,
which is exactly what is required for our bounds on PPRIC
codes. The main difficulty as was pointed in [24] is to establish
the correct lower bound. This usually has required a very long
and complicated proof. Mills [23] and Todorov [37] found the
maximum ratio 7 on the pairs (n, k) such that m = c(n, k, t).
The first value was given by Mills [23, Theorem 2.2 and
Theorem 2.3]. This is quoted as in Todorov [37, Theorem 2].

Theorem 16: Let n > k > t > 0 and assume that m =
an’ k,t). If m and ¢ are positive integers such that ¢ < m <

3 t;”, then
n _3t+3—-—m
kS 3t+1—
Therefore, if 7 i then c(n, k t) t+1:;Ift+1<m<
304D and 3t+4 — < noL SE3Tm then c(n, k,t) = m

2 3t+2—m kX 3t+1—m’ .
Clearly, we have to translate the results from the pair

of parameters (n, k) to the pair (L, s) which is performed

by the simple equation % = . This implies that

5 Ls k k L—s

C S S —

n L = =1- T and =1- e ' '
Corollary 17: Letr, s and L be nonnegative integers, such

that L > 2s+r+ 1. If m and r are nonnegative integers such
that 7 + 2 < m < w, then

s~ 2
IfL>r4+3 then N(L,s,r) =r+3;Ifr+3<m<
and ‘3”9 m <L« M then N(L,s,r) > m.
Theorem 16 Was extended by Todorov [37] as follows.
Theorem 18: If n > k > ¢t > 0 and m = ¢(n, k,t), then
for every integer ¢ > 1 we have the following results

1) Ifm=30+1andt=20(—1,then 2 < 3=

L . 37“+9—m.

3(r—r3)

N 907
2) If m=30+2 anclt:%,then%ggg—f3
3) If m=30+3and t = 20, then % < 3HL

Theorem 16 and Theorem 18 lead to the following conse-
quences.

Corollary 19: If n > k >t > 0 and m = ¢(n, k,t), then
for every integer £ > 1 we have the following results.

1) If ¢t is odd and 32 < n/k < 2T

Gris 31 gi—5> then
c(n, k,t) > 35,
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2) If ¢ is even and 3t < pn/k < 33 then
c(n, k,t) > 342, [ [
3) If ¢ is even and 243 < pn/k < 32 then

c(n, k,t) > 36,

Corollary 20: Let r, s, and L be nonnegative integers, such
that L > 2s +r + 1.

1) If r is odd and %

N(L,s,r) > 3L

2) If r is even and 2282 < L/s < 3410 then we have

N(L,s,r) > w.
3) If r is even and # < Lfs < #, then we have
N(L,s,r) > w

So far we have listed several lower bounds of N(L,s,)
implied by lower bounds on c¢(n, k,t). In the sequel it will
be shown that equality holds for almost all the bounds in
Corollaries 17 and 20, by presenting optimal covering designs
whose complement are PPRIC codes. The covering designs
will be constructed in Section IV, where the analysis and the
exact parameters for which they are attained are summarized
in Section V. However, there is one exception for Corol-
lary 20(3) when r = 0, which is the next result, demonstrating
the difference between the lower bounds on c¢(n,k,t) and
N(L, s,r). The proof is quite tedious and to simplify some
parts we present some auxiliary claims throughout the proof.
The complete proof is presented in Appendix A.

Theorem 21: If L and s are integers such that L/s = 2+,
where € < %, then N(L,s,0) > 6.

Theorem 21 is important as it presents a set of parameters
for which the smallest PPRIC code has larger size than the
smallest related covering design. This will be further discussed
in Section V.

< L/s < 3’"4—"’9, then we have

IV. UPPER BOUNDS ON THE SIZE OF PPRIC CODES

In this subsection we present a few constructions for PPRIC
codes which imply upper bounds on N (L, s, ). Some of these
bounds can be derived from constructions of covering designs
in [17], [23], where the covering designs can be proved to
be also PPRIC codes. But, these constructions of covering
designs are not always PPRIC codes, and for many parameters
no constructions are given. Other bounds known from the
general constructions on covering designs are given in [16].
Analysis of our construction, and especially with comparison
of related covering designs, will be given in Section V.
By Proposition 3 we know that for an (L, s,r) PPRIC code,
L >2s+r+ 1. There are only trivial requirements on the
parameters of an (n,k,t) covering design. By Corollary 10
we have that N(L,s,r) > ¢(L,L — s,r + 2) and hence for
the related (L,L — s,r + 2) covering design we only have
L>2L—-—s>r+2,ie. L > s+r+ 2. The first result implies
that if L > (r + 3)s, then the optimal (L, s, ) PPRIC code is
derived in a trivial way.

Theorem 22: 1If r, s, and L are nonnegative integers such
that L > (r + 3)s, then N(L,s,r) <r+ 3.

Proof: Let L > (r+3)s and C be a code which consists of
r—+3 codewords with r+ 3 disjoint support sets. In view of the
definition for an (L, s,r) PPRIC code, we only have to show
that for any vector v of weight r+2vy—1 or 42+, v > 0, there
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exists a codeword ¢ € C such that d(v,¢) > r + s. Let v be
such a vector. If | supp (¢) Nsupp (v)| = 7 for each ¢ € C,
then since the codewords of C' have disjoint support sets it
follows that wt(v) > (r 4+ 3)y > r + 27, a contradiction.
Hence, there exists at least one codeword ¢ € C such that
|supp (¢) Nsupp (v)| < . For this codeword ¢ we have
d(v,c) = s+ wt(v) — 2|supp (c) Nsupp (v)| > r + s
and therefore C' is an (L, s,r) PPRIC code and the proof is
completed. |

In view of Theorem 22 and Corollary 7 (also Theorem 8
with k£ = 0) we have the following corollary.

Corollary 23: If r, s, and L are nonnegative integers such
that L > (r + 3)s, then N(L,s,7) =r + 3.

As a consequence of Corollary 23, henceforth we only
consider values of L for which 2s +7r+ 1< L < (r + 3)s.
It appears that many of the constructions of optimal covering
designs or almost optimal, are also constructions for opti-
mal PPRIC codes or almost optimal, respectively. But, for
some range of parameters there are constructions of covering
designs which are certainly not PPRIC and also constructions
of optimal covering designs which are not PPRIC codes.
These will be discussed in Section V. Upper bounds on
¢(n, k,t) are not translated immediately into analog bounds
on N(n,n — k,t — 2), but most upper bounds (constructions)
on the size of covering designs have analog upper bounds
(constructions) for PPRIC codes. These bounds on ¢(n, k, t)
for which a related bound on N (n, n—k, t—2) can be obtained,
will be discussed in the next few paragraphs. These bounds
can be found for example in [17].

Lemma 24: If n > k >t > 0 then ¢(n + 1,k + 1,1) <
c(n, k,t).

Corollary 25: If n > k >t > 0 and o > 0 are integers,
then c(an, ak,t) < c(n, k,t).

The analog of Lemma 24 is the following lemma which can
be easily verified.

Lemma 26: If L, s, and r, are nonnegative integer such that
L>2s+r+1,then N(L+1,s,7) < N(L,s,7).

Corollary 25 also has an analog bound on N(L,s,r) as
follows.

Lemma 27: If L, s, r, and «, are nonnegative integer such
that L > 2s+r + 1, then N(aL,as,r) < N(L,s,r).

In contrary to Corollary 25 which is an immediate con-
sequence from Lemma 24, Lemma 27 is not a consequence
of Lemma 26 and a proof has to be provided. We omit the
proof which is very similar (and relatively simpler) to proofs
of results given in the sequel.

We continue with a construction for PPRIC codes which is
general and all our other constructions for PPRIC codes are
variants of this construction. To this end, we will need the
following definition. For a given ¢ > 0 a design of Type /
is a collection of blocks of size s from a set () having the
following property. For any subset P C @, intersecting with
each block in a subset whose size is at least ¢, we have that
|P| = ¢+ t. In other words, for a subset R C @ of size less
than ¢ + t, there exists at least one block whose intersection
with R is smaller than ¢.

Construction 1: Let {y,...,{,, p > 2, be nonnegative
integers and let r =" | ¢; + p — 3. Choose p designs of
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Types {1, ..., £, on p subsets of disjoint coordinates of [L] to
form a code C.

Theorem 28: The code C produced in Construction 1 is an
(L, s,r) PPRIC code, where r = " | ¢; +p— 3.

Proof: Let S;, 1 < i < p, be the related design of
Type ¢;. It is sufficient to show that for each word v of weight
r+2t—1 or r + 2t, where ¢t > 1, there exists a codeword
c € C,such that d(v,c) > r+s. Since r+2t = >, l;+p+
2t —3 <Y P (6 +1t) — 1, it follows that there exists one 4
for which |supp(v) N .S;| < ¢; + t. Hence, at least for one of
codeword (block) ¢ € S; we have | supp(v) N supp(c)| < ¢
and hence

die,v) Zs+r+2t—1-2(t—-1)>r+s

which completes the proof. [ ]

Next, we consider how to construct the best PPRIC code
by using Construction 1. For this purpose, an important upper
bound on ¢(n, k, t) is the following theorem of Morley and van
Rees [26] generalized in [17]. Covering designs obtained by
the related methods are referred in that paper and also in [16]
as a special case of a dynamic programming construction.

Theorem 29: If ny >ny —s >t >0 and ng > no — s >
to > 0 are integers, then

c(ny +no,ny +mno —s,t; +ta+ 1)

< c(ni,ng — s,t1) + c(na, ng — s, t2).

Construction 1 implies a related result for PPRIC codes.
Theorem 30: If L1 > L1 —s>t1 >0and Ly > Ly —s >
to > 0 are integers, then

N(Li1+La, s, t1+ts — 1)<c(Ly, L1 —s,t1)+c(La, Ly —s, to).

To apply Construction 1 we have to consider constructions
for designs of Type ¢. For this we will define the concept of a
superset. Let .S be a collection of «a-subsets (called blocks) of
an n-set, where « divides s and S is an (n,n — o, t) covering
design. An S-superset is a set of ”* elements partitioned into
n pairwise disjoint subsets called grain-sets, where each grain-
set has size =. Each S-superset will contribute exactly |S]
codewords to the related PPRIC code, which will be a union
of such S-supersets. Each codeword is defined by the support
of « distinct grain-sets related to the |.S| blocks of S. Clearly,
each support of such a codeword has weight s. The following
lemma is required to apply Construction 1.

Lemma 31: If S is an (n,n — «,f) covering design, then
the related S-superset (obtained from S), where each grain-set
has size =, is a design of Type .

Proof: In the S-superset there are n grain-sets each one
of size & with labels {1,2,...,n}. Let Q be the union of
all these grain-sets. For any block B € S whose size is «a,
we form a codeword of size s from the grain-sets related
to B.

Assume the contrary that the S-superset is not a design of
Type /, i.e. that we have a subset Q' C @ of size at most
¢+t — 1, which intersects each block from the S-superset in
a subset whose size is at least t. We distinguish now between
two cases:

Case 1: Q' contains elements from at least ¢ distinct grain-
sets. Let P C Q' be a subset of size ¢ with elements
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from distinct ¢ grain-sets. P intersects ¢ grain-sets with
labels {iy,...,i¢} C {1,2,...,n}. By the definition of an
(n,n — «a, ) covering design, {i1,...,i¢} is contained in
some (n — a)-subset B € S. Therefore the block B € S is
disjoint from the grain-sets with labels {41, ..., 7, }, and hence
|IBNQ'| <t—1, a contradiction.

Case 2: @' contains elements from exactly ¢’ distinct grain-
sets, where ¢/ < ¢, with labels {iy,... i} C {1,2,...,n}.
By the definition of an (n,n — «,f) covering design,
{i1,...,ip} is also contained in some (n — a)-subset B € S.
Therefore the block B € S is disjoint from the grain-sets with
labels {i1,...,%¢}, and hence BN Q' = @, a contradiction.

Therefore, we have proved that any subset of (), which
intersects each block from the S-superset in a subset whose
size is at least ¢, should have size at least £ + ¢. Thus, an S-
superset is a design of Type /. [ ]

For the following two constructions, which are special cases
of Construction 1, let (k,1)-superset denote an S-superset,
where S is the trivial (k + 1,1,1) covering design which
consists of k+ 1 blocks, each one of size one. This is a design
of Type 1.

Construction 2 (A construction for odd r): Let k > 1 and
t, 0 <t < =L be an integer such that

2

£> r+3 Nk+l k+2 (r+3)(k+1) ¢
s\ 2 k E+1 2k k(k+1)
Let {A; : 1< i<t} beafamily of ¢ (k+ 1, 1)-supersets

and {A; t+1 <4 < ’"‘53}beafamily0f’“—42'3—t

(k, 1)-supersets, where the supersets are pairwise disjoint.
From each (k + 1,1)-superset we form %k + 2 codewords
of weight s and from each (k,1)-superset we form k + 1
codewords of weight s.

Theorem 32: Construction 2 produces an (L, s,r) PPRIC
code with

(

codewords.
Proof: First, note that since

3 k+1 k+2
L?(r—’— —t) R

r+3
2

TJf—t) it 1) +t(k+2)= TFIEHD

+t

2 k k+1
it follows that it is possible to choose T;“g pairwise disjoint

supersets as required. The size of the code is readily derived
by its definition. In view of (3) we only have to show that for
any vector v of weight r + 2y — 1 or r + 27, v > 0, there
exists a codeword ¢ € C' such that d(v,c) > r + s. Assume
to the contrary, i.e., there exists such a vector v for which
v € NeecB(e,r + ), ie. d(v,c) < r+ s for each ¢ € C.
Since wt(c) = s for each ¢ € C and d(v,c¢) < s+, it follows
that | supp(v) Nsupp(c)| =  for each ¢ € C. For any (¢,1)-
superset S, ¢ € {k,k + 1}, supp(v) must have a non-empty
intersection with at least one of its £+ 1 grain-sets. The other
¢ grain-sets of S form the support set of a codeword ¢ and
hence intersects supp(v) in at least vy elements. Therefore,
|supp(v) N'S| = v + 1 and since there are “t3 supersets,

2
it follows that this argument holds to all these supersets and
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hence we have

r+3
2

r 42y > wt(v) > (v+1),

which is not possible when v > 0 and r is an odd positive
integer. [ ]
Construction 3 (A construction for even r):
Letk>1and ¢, 0 <t < g, be an integer such that

L 2 k+1 k+2
Lo (T2t e
S

2 k E+1
_(r+2)(k+1) t 41
2k kE(k+1)
Let {A; 1 < i < t} be a family of ¢ (k + 1,1)-

supersets, {A; : t+1<i< ’""52} be a family of ’“—42'2 —t
(k, 1)-supersets, where the ’""52 supersets are pairwise disjoint.
From each (k + 1,1)-superset we form k + 2 codewords
of weight s and from each (k,1)-superset we form k + 1
codewords of weight s. To these codewords we add the last
codeword of weight s whose support is disjoint to the supports
of all the other codewords (which can be considered as a
design of Type 0 itself).

Similarly to the proof of Theorem 32 one can prove the
following theorem.

Theorem 33: Construction 3 produces an (L, s,r) PPRIC
code with

CHBEED i

(“;2 —t) (k+ 1) +t(k+2)+1=

codewords.

The disadvantage of Construction 3 is that s elements of [L]
are occupied by just a single codeword and it requires just one
element from a related MIPPR word with 7+ 3 elements. The
other supersets occupy either s+ 2 or s+ k—frl elements of [L)]
for two elements from the related MIPPR word. Consider
this single codeword and an arbitrary superset. Together they
contribute three elements to an MIPPR word. Replacing them
by another type of superset, which still contributes three
elements to an MIPPR word, but occupies less elements of [L],
may improve our upper bounds. Moreover, using other types
of supersets and their combinations will yield better upper
bounds and upper bounds for more parameters.

Finally, for many parameters we might find a smaller
upper bound on N(L,s,r) than the one obtained via our
constructions. One example is when » = 0 and L/s > 17‘7.
We have constructed the following (L, s,0) PPRIC code C' =
{c1,¢a,¢3,c4, 5,06} of size six implying that N (L, s,0) = 6.
We define the following six sets of intersecting pairs, triples,
and quadruples (note, that codewords are represented by
s-subsets).

A1 £ C1 ﬂCQ ﬂCgﬁC4, A2 £ C1 ﬂCQﬁC5, A3 £ C3 ﬂC4ﬁC5,
A4 e c1 NeyNcg, A5 e co M ey Ncg, and Aﬁ e cq N cg.
Furthermore, let |A1| = s/8, |As| = 5s/8, |4A3] = 3s/8,
|Ay4| = s/4, |As| = s/4, and |Ag| = s/2. The code C consists
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of the following six codewords:

c; = 11111100011000000,

ce = 11111100000110000,

¢z = 10000011111110000,

¢4 = 10000011100001111,

¢5 = 01111111100000000,

ce = 00000000011111111.
Theorem 34: The code C'is an (L, s,0) PPRIC code of size

SiX.

Proof: Let v be a word which intersects each codeword
in C' in at least ¢ coordinates, ¢ > 0. For each 7, 1 <1 < 6,
let a; be the size of the intersection of A; and v. Since v

intersects each codeword of C' in at least ¢ coordinates,
it follows that the following six inequalities must be satisfied.

forci: a1 +as+aqg >t (5)
forco: a1 +as+as >t (6)
forecz: a; +as+aqg+as >t, (N
forcs: a1 +as+as > t, (8)
for cs5: as +asz > t, )
for cg : a4 +as +ag > t. (10)
Assume now that v has weight at most 2¢, i.e.
a1 +as + a3z + aq + as + ag < 2t. (11)

Equation (11), equation (9), and equation (10) imply that
a; = 0. Equation (11), a; = 0, equation (6), and equation (8)
imply that as = 0. Equation (11), as = 0, equation (5), and
equation (10) imply that az3 = 0. Equation (11), a; = 0,
as = 0, equation (5), and equation (7) imply that ag = O,
contradicting (8). Therefore, wt(v) > 2t + 1 which implies
that C' is an (L, s,0) PPRIC code. [ |

Theorem 21 and Theorem 34 imply the following result

Corollary 35: 1f % < % < % then N(L,s,0) = 6 and if
L < 1T then N(L,s,0) > 6.

The (L, s,0) PPRIC code C = {c1, ¢, 3, €4, ¢5, ¢ } should
motivate further research to find more constructions for
(L, s,r) PPRIC codes with r > 0. The related covering design
presented in [23] has size six, but it is not a PPRIC code. This
will be further discussed in Section V.

V. ANALYSIS OF THE LOWER AND UPPER BOUNDS

In this subsection we present a short analysis for the lower
and upper bounds on N(L,s,r) which were obtained in
the previous subsections. We are interested to know the gap
between the upper and the lower bound on N(L,s,r) and
in particular when these bounds coincide, i.e. the exact value
of N(L,s,r) is known. We would like to know the range of
parameters for which the bounds in Corollary 10 is attained,
i.e. when the (L, s,r) PPRIC code of the minimum size has
the same size as the minimum size of an (L,L — s,r + 2)
covering design. A followup question is for which range the
size of the minimum PPRIC code is strictly larger? Is there a
region in which any (L, L — s, + 2) covering design is also
an (L, s,r) PPRIC code?
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By Corollary 23 for L > (r + 3)s we have that
N(L,s,r) =r+ 3. The results of Mills and Todorov [23],
[37] on covering designs provide several lower bounds for
N(L,s,r) for certain regions of L& <, while our constructions
meet some of these bounds. To be more specific:

e The lower bound of Corollary 17 for odd r is met by
applying Construction 2 and Theorem 32 with £ = 1 and
arbitrary ¢;

e The lower bound of Corollary 17 for even r is met by
applying Construction 3 and Theorem 33 with £k = 1 and
arbitrary ¢;

e The lower bound of Corollary 20(1) is met by applying
Construction 2 and Theorem 32 with k =2 and t = 1;

e The lower bound of Corollary 20(2) is met by applying
Construction 1 with /2 (2, 1)-supersets, 7 > 0, and the design
of Type 2 with 5 blocks coming from the (9,5,2) covering
design with the blocks

{1,2,3,4,5},{1,2,3,4,6},{1,2,7,8,9},
{3,4,7,8,9},{5,6,7,8,9}.

e The lower bound of Corollary 20(3) for » > 0 is met
by applying Construction 1 with /2 (2, 1)-supersets and the
design of Type 2 with 6 blocks coming from the (4,2,2)
covering design with the blocks

{123, {1, 3}, {1,4},{2,3},{2,4}, {3,4}.

To summarize, we have the following exact bounds on
N(L,s,r).

Theorem 36: Let r, s, L, be nonnegative integers such that
L>22s+r+1.

D If £ > 7+ 3 then N(L,s,r) =r+3.

2) If7“—|-3 <m< 3(7"+3) and 3r+9 m < L o 3r+120 m
then N(L,s,r) =m.

3) If » is odd and % < % < 3T4—+9, then
N(L,s,r) = 3’""511
4) If r is even and 22 < L < 30 then

N(L s 7,,) _ 3T+10

5 If r > 01sevenand3’“f‘j'8 < %
N(L s 7") — 3r+12

6) If r = 0 and & 17 <L <8, then N(L,s,0) = 6.

Given any other set of parameters L, s, and r, what is the
best strategy to form the smallest possible (L, s,r) PPRIC
code? Clearly, this is a difficult question, for which also
the answer for the related covering designs is not known.
Construction 1 is our general construction and it can be
applied recursively using Theorem 30. But, this application is
not unique, so dynamic programming (as mentioned in [17])
should be used to obtain the best bound. Note, that since our
main interest is for an (L, s, ) PPRIC for fixed r and % (note
that o = %), where L — oo, it follows that our construction
will be based on supersets.

Example 3: Suppose that » = 11 and % = 7. We choose
L =56 and s = 8 and write 56 = L = L1 + Ly = 28 + 28,
ie. L1 = Lo = 28. Since ¢(28,20,6) < 25 [16] it follows
that N(L,s,11) < 50 for this case. Note that other covering
designs can be used in this case. In general using (n,k,t)
covering designs with larger n would be better. For this case

< 3%“9, then

[ V)
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¢(21,15,6) < 27 yields an (L, s,11) PPRIC code of size 54,
and ¢(35,25,6) < 27 yields an (L,s,11) PPRIC code of
size 54 implying that for small covering designs we sometimes
have to be careful in our choice of code on which we apply
Construction 1.

Is the value of N(L,s,r) always equal to the one of
¢(L, L — s,r +2)? The answer is definitely no. For example,
by Theorem 21 and Corollary 35, for r = 0, L/s = 2 + ¢
where ¢ < %, we have N(L,s,r = 0) > 6, while
e(L,L —s,r 4+ 2 = 2) = 6 [23]. Moreover, for any given non-
negative integers L, s, r, such that L = 2s+r+41, there exists

n (L,L — s,r + 2) covering design S, where S is not an
(L, s,r) PPRIC code. Let A and B be two disjoint subsets of
size 2s and r + 1, respectively. AU B will be the set of points
for the design. Let R be any (2s, s, + 2) covering design on
the points of .A. The set of blocks of the design is defined by

S2{TUB : T €R}.

Clearly, the size of a block in S'is s+r+1 =L — s,
the number of blocks in .S is the same as the number of blocks
in R,and S'is a (2s+7r+1,s+r+ 1,7+ 2) covering design.
Moreover, the codewords in S have weight s. Let v be the
vector of length 2s + r + 1 for which supp(v) = A. It is
readily verified that the weight of v is 2s and since s > r,
it follows that 2s > r + 1. But, d(v,x) = s < r + s for each
x € S, contradicting (3) and hence S is not an (L, s,7) PPRIC
code.

A related interesting question is the value of N(2s + r +
1,s,r) for each r and s > r. It is easy to verify that for r odd

r+1
N(2s+r+1,s,7) <2<8+ 2 >
s

For r even

T r+2
N(25+r+1,s,r)<<8+2)+<8+ 2 >
s

S

The construction for these bounds is by a partition of
[2s + 7 + 1] into two subsets S; and Sy of size which differ
by at most one, and taking from .S; and S5 all the s-subsets.

As indicated, some of the exact values for ¢(L, k,t) given
in [23], [37] are also exact values for N(L, L — k,t—2). The
construction of the related covering designs yields also PPRIC
codes. The constructions given in [23], [37] are special cases
(or variants) of Construction 2 and Construction 3. For any
given r and o = 7, there exists an integer mq(r, o) such that
for all m < mo, N(L,s,r) = ¢(L, L—s,r+2) = m, for large
enough L. Finding mq(r, o) as well as proving more relations
between PPRIC codes and covering designs are interesting
problems for future research. The gap between the size of the
optimal PPRIC code and the related covering design is a very
intriguing question for future research as well.

VI. GENERALIZATIONS TO OTHER METRICS

In our exposition so far we have considered the database to
consist of binary words of length L and the distance measure
which was taken between the words was the Hamming metric.
It appears that our framework of the PPR scheme and the
PPRIC codes is not restricted for binary words and to the
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Hamming scheme. In this section we consider the PPR scheme
in other metrics. Some of the basic foundations of our setup
are true to other metrics as well. The result of Proposition 3 (as
well as many other results in this work) can be generalized for
other metrics on other spaces. In other words, the database X’
need not to be a set of binary words of length L with
the Hamming distance taken as the distance measure. The
generalization of the PPRIC codes to other metrics yields
interesting covering codes in other metrics which were not
examined before. In this section we consider a general frame-
work for some of these spaces with their related distance
measures.

Let V be a space with a distance measure d. By abuse of
definition we call such a pair, a (V,d) scheme. The largest
distance L in the scheme is called the diameter of the scheme.
A scheme will be called symmetric if

o for any two elements uy, ug € V such that d(uy,us) = k,

there exists a vertex v € V such that d(u;,v) = L and
d(ug,v) = L — k;
o the size of a ball with radius r around a word x € V does
not depend on z.
We will be interested only in symmetric schemes, some of
which are defined in the next few paragraphs.

The Hamming scheme Hg(L) consists of all words of
length L over an alphabet of size gq. The Hamming distance
dp(z,y) between two words x and y of length L over an
alphabet with ¢ letters is the number of coordinates in which
they differ, i.e., dg(z,y) = |{i : 2 # yi}|.

The Johnson scheme J(n, L) consists of all L-subsets of an
n-set (equivalent to binary words on length n and weight L).
By abuse of notation we won’t distinguish between the rep-
resentation by words or the one by L-subsets. The one which
will be used will be understood from the context. The Johnson
distance dj(x,y) between two L-subsets x and y is half of
the related Hamming distance, i.e., ds(z,y) 2 dg(z,y)/2
which also implies that that d;(z,y) = | supp(x) \ supp(y)|-
The Johnson schemes J(n, L) and J(n,n— L) are isomorphic
and hence w.l.o.g. we always assume that 2L < n.

The Hamming scheme and the Johnson scheme (as well as
some other schemes) are symmetric (the proof can be found
in [21] as all these scheme are association schemes). There are
other interesting and important schemes in coding theory, but
we restrict ourselves to the previous metrics and ignore the
others. For more information on other metrics and schemes
the interested reader is referred to [21].

Our PPR schemes can be adapted to any symmetric scheme.
We will leave this claim as an exercise to the reader and
only refer in the sequel to the random permutation used in
the scheme. For example, in the Hamming scheme over an
arbitrary alphabet this permutation is exactly as in the binary
Hamming scheme.

In our exposition there are three parameters — the radius r
for the record of the user, the radius s from the proximity
queries, and the diameter L of the scheme. For an element
r € V, let WZ denote the set of words in ¥V which are at
distance s from x, i.e. W? £ {2 : d(z,z) = s}.

Given x € V, we want to express the ball B(x,r) as an
intersection of some other balls. The first step towards this goal
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is proved in the next result which generalizes one direction of
Proposition 3.

Proposition 37: 1If r, s, L are nonnegative integers such that
L > r+ 2s+ 1 and z is an element in a symmetric scheme V
whose diameter is L, then

B(z,r) = ﬂ B(z,7+s) .
ZzEW?

12)

The proof of Proposition 37 is presented in Appendix B.
Note, that the other side given in Proposition 3 for the binary
Hamming scheme is not true for all the other related schemes.
It is not difficult to verify this claim and it is also left for the
interested reader.

As for the binary Hamming scheme, a PPRIC code C'is a
subset C' C WZ such that B(x,7) = (\.cc Blc, 7+ s5). We
continue to examine PPRIC codes in symmetric schemes. For
L,r, s, let us denote by Ny(L,s,r) the minimum size of a
PPRIC code with these parameters in a scheme with metric d.
Some of our analysis for the binary Hamming scheme can be
generalized for the Hamming scheme over an alphabet with ¢
letters.

Theorem 38: 1If r,s, L are nonnegative integers such that
L>r+2s+1,then Ny(L,s,r) < N(L,s,r).

Proof: Let C be a binary (L, s, ) PPRIC code whose size
is N(L, s,r). We claim that C is also a PPRIC code over an
alphabet of size ¢ > 2. To complete the proof it is sufficient to
show that for each word y of length L, over an alphabet with
size g, whose weight is r 4 ¢, t > 1, there exists a codeword
¢ € C such that dg(y,c) > r + s. Let y be such a word and
y' be the binary word obtained from y by replacing all the
nonzero elements in y with ones. Since C' is a binary PPRIC
code, it follows that there exists a codeword ¢ € C' such that
d(y’,c) > r + s. Hence we have

du(y,c) 2 d(y',c) >+,

and the proof of the claim is completed. |

Our next step is to generalize the concept of an MIPPR word
for a PPRIC code over an arbitrary alphabet in the Hamming
scheme. Given a PPRIC code C, over an alphabet of size g,
a word v of length L is called an intersection PPR word related
to C, if for each ¢ € C there exists a coordinate ¢ such that
v; = ¢; # 0. Such a word v is called an MIPPR word if there
is no intersection PPR word u such that supp(u) C supp(v).

Lemma 39: Let r, s, and L be integers, such that
L>2s+r+1, and let C C W, be a PPRIC code over
an alphabet with ¢ letters. If v is an MIPPR word, then
wt(v) = r+ 3.

Proof: Assume to the contrary that v is an MIPPR word
with respect to C' and wt(v) < r + 2, and let y be any vector
of weight r + 2 such that v; = y; if v; # 0. Since v in an
MIPPR word, the definition of y implies that for all ¢ € C, y
has at least one nonzero entry ¢ such that y; = ¢;. Hence, for
any ¢ € C, we have that

dly,c) S wt(y) +wt(c) —2=r+2+s—-2<r+s

and therefore, y € (..o B(c,r + s), a contradiction to the
assumption that C' is a PPRIC code since wt(y) > r. [ |
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Corollary 40: For any admissible L, s, r, and an alphabet
with at least two symbols, Ny (L, s,r) > r + 3.

Combining Theorem 38, Corollary 23, and Corollary 40
implies

Corollary 41: If L > s(r + 3) in the Hamming scheme
H,(L), then Ny (L,s,7) =1+ 3.

Corollary 41 implies that in the extreme case when
L > s(r + 3) the size of optimal PPRIC codes is the same
for all the Hamming schemes. This is not the case for all
admissible values of L, s, and r. One can verify that

Theorem 42: For all admissible values of L, s, and r, if ¢
is large enough then Ny (L,s,r) = r + 3 over an alphabet
with ¢ letters.

Next, we discuss the Johnson scheme. We note again that
the PPR scheme is defined exactly as in the Hamming scheme,
with one exception. The PPRIC code, formed by the queries,
is related to a binary word of length n and weight L. Clearly,
all such words are isomorphic and hence w.l.o.g. we can take
x to be the word with ones in the first L coordinates, and it is
akin to the all-zero word in the Hamming scheme. The set W
which replaces Ws, consists of all words of length n with L—s
ones in the first L coordinates and s ones in the remaining
n — L coordinates. Finally, the random permutation (used
for privacy) on the L coordinates in the Hamming scheme
is replaced by two random permutations, one on the first L
coordinates and a second one on the last n— L coordinates. We
continue to consider bounds on N;(L, s, ) and to establish a
result which is analog to Corollary 23 and to Corollary 41.

Theorem 43: If L > s(2r + 3) in the Johnson scheme
J(n,L), then N;(L,s,r) < 2r+ 3.

Theorem 44: If L > s(2r + 3) in the Johnson scheme
J(n,L), then N;(L,s,r) > 2r+ 3.

The proofs of Theorem 43 and Theorem 44 are presented
in Appendix B.

Corollary 45: If L > s(2r + 3) in the Johnson scheme
J(n,L), then N;(L,s,r)=2r+ 3.

PPRIC codes have their own combinatorial interest and not
just as the minimum number of servers in the PPR schemes.
For the Johnson schemes, an (n, L, k, t) covering code C'is a
collection of binary words of length n and weight L with L—k
ones in the first L coordinates, such that for each vector v of
length n and weight L with L —t ones in the first coordinates,
there exists exactly one codeword ¢ € C' such that d;(c,v) =
k — t. These types of codes (designs) were considered for
various problems, e.g. [11]. Bounds on their size were not
considered before, but they can be easily derived from (n, k, t)
covering design.

A Steiner system S(t,k,n) is a collection of k-subsets
(called blocks) of an n-set, such that each t-subset of the
n-set is contained in exactly one block of the collection.
Clearly, a Steiner system S(t,k,n) is a covering design
C(t,k,n).

One can easily verify the following result.

Theorem 46: If Cy is an (L, k,t) covering design and Cs
is an (n — L, k,t) covering design, then C' £ C; x Cs is an
(n, L, k, t) covering code C' in the Johnson scheme. Moreover,
if C'y is a Steiner system S(t, k, L) and C5 is a Steiner system
S(t,k,n— L), then C' is a covering code of minimum size.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 67, NO. 11, NOVEMBER 2021

VII. CONCLUSION AND FUTURE RESEARCH

This paper studies a new family of protocols, called private
proximity retrieval, which provide a certain form of private
computation. Under this paradigm, the user has some file and
is interested to retrieve the indices of all files in the database
which are close to his file. As opposed to many existing
privacy protocols, here perfect privacy cannot be achieved and
the main goal of the paper is to determine the tradeoff between
the user’s privacy and the number of servers in the system.
The construction of these protocols is mostly based on a new
family of codes, called PPRIC codes, which have their own
interest as covering codes. In the binary Hamming scheme
they are constant weight codes whose balls with radius ¢
intersect in exactly a ball of radius r. These covering codes
form a generalization for covering designs. Our exposition
raises many problems for future research, some of which were
mentioned alongside our discussion. These problems are of
interest from both coding theory and combinatorics points
of view. A few more directions are given in the next few
paragraphs.

In general MIPPR words of (L, s,r) PPRIC codes do not
have to be of weight r + 3. For example, let C' be the
(L,s,r) PPRIC code C' which contains all the (%) words
of length L and weight s. The support of any word v of
weight L.— s, have an empty intersection with the support of its
binary complement v, which has weight s and hence v € C.
Therefore, any MIPPR word related to the PPRIC code C' has
weight . — s + 1. Nevertheless, we have the following two
conjectures (a strong one and a slightly weaker one) which
are intriguing.

Conjecture 47: Any MIPPR word of a minimal (L, s,7)
PPRIC code has weight r + 3.

Conjecture 48: Any MIPPR word of minimum weight, in a
minimal (L, s,r) PPRIC code, has weight r + 3.

Clearly, the correctness of the claim in Conjecture 47
implies the claim in Conjecture 48. We believe that MIPPR
words can throw light on the general structure of the related
PPRIC code and hence we are interested in the results on
MIPPR words.

Theorem 46 implies a simple way to construct optimal
(n, L, k, t) covering codes. But, generally a product construc-
tion for two covering designs in the Hamming scheme does
not yield an optimal covering code in the Johnson scheme.
The simplest example for this claim can be viewed from the
minimum covering design of size r+3 implied by Corollary 23
for the Hamming scheme, and the minimum covering code
of size 2r + 3 implied by Corollary 45 for the Johnson
scheme. It is clear that this leaves a lot of interesting questions
concerning PPRIC codes, MIPPR words, and covering codes
in the Johnson scheme. These questions are left for future
research.

Another direction is to consider these problems for other
metrics which are important in coding theory, e.g. the Grass-
mann metric. The Grassmann scheme Gy(n,L) consists of
all L-dimensional subspaces of an n-space over F,. The
Grassmann distance dg(x,y) between two L-subspaces x and
y is defined by dg(x,y) £ L — dim(z N y). The Grassmann
schemes G, (n, L) and G, (n,n — L) are isomorphic and hence
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w.l.o.g. we can always assume that 2. < n. Codes with this
metric have found application mainly in error-correction for
random network coding [13], [19].

Finally, an (n,k,t) Turdn design, n > k > t > 0, is a
collection S of t-subsets (called blocks) of an n-set, such that
each k-subset of the n-set contains at least one block of S.
There is a simple connection between covering designs and
Turdn designs implied by the complement of the design.

Theorem 49: S is an (n, k,t) covering design if and only
if S is an (n,n —t,n — k) Turén design.

Corollary 50: The supports of an (L,s,r) PPRIC code
form an (L, L —r — 2, s) Turdn design.

(n,k,t) Turdn designs were considered only for small
values of k and ¢, i.e. n > 2k. Hence, most of the results on
Turan designs will not help in our exposition on PPRIC codes.
Those which can help were translated into covering designs by
Theorem 49. Hence, Turdn designs were not considered in our
exposition. But, since translation of covering codes into PPRIC
code is also through complements of codewords, it might be
that the techniques used for bounds on the sizes of Turdn
designs will be very useful for bounds on PPRIC codes.

APPENDIX A
PROOF OF THEOREM 21

Assume that for r = 0 and L/s = 2 + ¢, where € < %,
there exists an (L, s,r) PPRIC code with only 6 codewords
A, B,C,D, E,F. If some five codewords have a nonempty
intersection then obviously we can find two coordinates inter-
secting all codewords, a contradiction to Lemma 6. We dis-
tinguish now between four cases depending on the number of
four codewords with a nonempty intersection. The distinction
is between three such quadruples of intersection codewords
(called later intersecting quadruples and similarly we have
intersecting triples), exactly two such quadruples, exactly
one such quadruple, or no such quadruple of codewords.
Note that if there exist two such quadruples {A, B,C, D}
and {A, B,E,F} then there exists an MIPPR word with
weight two contradicting Lemma 6. Therefore, any two inter-
secting quadruples should have exactly three codewords in
common. W.l.o.g. two of the quadruples are {4, B,C, D}
and {A, B,C,E}, a third quadruple can be w.l.o.g. either
{A,B,C,F} or {A,B,D, E}. It is easy to verify that in both
cases there is no other quadruple which has three codewords
in common with the other three quadruples. This implies that
the four cases which follow are comprehensive. We continue
with a lemma which will be used throughout the proof. A type
of intersecting triples will be characterize by the codewords
which participate in the nonempty intersection. Similarly type
of intersecting quadruples is characterized.

Lemma 51: There do not exist 2¢ types of intersecting
triples, where each codeword is contained in exactly ¢ types
of intersecting triples.

Proof: Let v be a word of weight 2¢ which intersects
each type in one coordinate. The weight of v is 2¢ and it
intersects each codeword in ¢ coordinates. Hence, for X &
{A,B,C,D,E,F} we have d(v,X) = 2t + s — 2t = s,
a contradiction to (3). [ |
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Now, we continue with the proof of Theorem 21 and
distinguish between four cases.

Case 1: There are exactly
quadruples.

W.lo.g. the first two quadruples are {A, B,C,D} and
{A,B,C,E}, ie. ANBNCND # @ and AN BN
CNE # @. Wlo.g, a third quadruple can be either
{A,B,C,F} or {A,B,D, E}.

1) f ANBNCNF # @, then D, E, I should be pairwise
disjoint (otherwise there exists an MIPPR word with
weight two, contradicting Lemma 6). But, this implies
that |[D U EU F| > 3s > L, a contradiction.

2) f ANBNDNE # @, then to avoid an MIPPR word
with weight two [ should be disjoint from CUD U E
and hence [L] is a union of three pairwise disjoint sets,
F,CnDNE and R. If |[CN DN E| = (s, then it
implies that

three such intersecting

3s =|C|+ |D| + |E]
<3|ICNDNE|+2[LI\ (FU(CNDNE))
=30s+2(14+€e—F)s=(2+2e+ f)s,

and hence 1 —2¢ < f,ie. [CNDNE| > (1-—2¢)s.
Therefore, we have

[R| = [[L]\ (Fu(CnDnNE))|
<(24¢€¢)s—s—(1—2€¢)s = 3es.

Clearly to avoid more intersecting quadruples, A is
disjoint to CNDNE and also B is disjoint to CNDNE.
This implies that |[A N R| < 3es and |[A N F| >
(1 —3¢)s and similarly |[BN F| > (1 — 3¢)s and hence
[ANF|+|BNF| > (2—=6¢e)s > s = |F| and
therefore AN BN F # @. Since also CN DN E # &,
it follows that there exists an MIPPR word with weight
two, contradicting Lemma 6.

Case 2: There are exactly two such quadruples of
codewords.

W.lo.g. the two quadruples are {A,B,C,D} and
{A,B,C,E}. To avoid an MIPPR word with weight two,
F has to be disjoint from DU E. Let |[DN E| = @s and since
F is disjoint from D U E, it follows that D U E C [L] \ F.
This implies that

2s=|D|+ |E|<2|DNE|+|([L]\ (FU(DNE))|
=208s+(1+e—pP)s=(1+e+P)s,

and hence 1 —e < 3, i.e. [IDNE] = (1 —¢€)s > 0. Therefore,
we have

[LIN(FUMDNE))| < (24+¢€¢s—s—(1—¢)s=2es.

Let [L] be the union of three pairwise disjoint sets, ', DNE
and R. Assume first that X N Y N F' = @, where {X,Y} C
{4, B,C}. It implies that
|A|+|B|+|C| < |ANF|+|BNF|+|CNF|+|ANDNE|
HBNDNE|+|ICNDNE|+|ANR|+|BNR|+|CNR|
< |F|+|DNE|+3|R| = (2+¢)s+2- 2es = 25+ 5es < 3s,
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a contradiction. Therefore, w.l.o.g. we assume that
ANBNF # @. This implies that C " D N E = o
to avoid an MIPPR word with weight two and hence
|CNF| = |C|—|CNDNE|—|CNR| > s—0—2es = (1—2¢)s.
We continue and distinguish between two subcases.

Case 2.1: If AN CNF # o, then the same
arguments imply that |[B N F| > (1 — 2¢)s. Hence,
|[BNF|+|CNF|>(2—4€)s > s which is only possible if
BN CNF # @. Therefore, the same arguments also imply
that [AN F| > (1 — 2¢)s. But now,

[ANF|+ |BNF|+|CNF|>(3—6¢€)s > 2s,

which implies that AN BN C N F # @ , contradicting
the assumption that we have exactly two distinct intersecting
quadruples.

Case 2.2: If C' N F is disjoint from A U B, then recall that
|C'NF| > (1—2¢e)s and it implies that |A N F| < 2es and
|B N F| < 2es. Hence,

[AN(LIAF) [+ [ BA(LI\D) [+ DAL F)[+[EN (LI F)|
> (1 —2€)s+(1 — 2¢)s+s+s=4s — des > 3(1+¢€)s.

Since |[L] \ F| = (1 + ¢€)s it follows that there exists one
coordinate in [L]\ F' which is contained in the four codewords
A, B, D, E,ie. ANBNDNE # @, a contradiction to the
fact that there are exactly two intersecting quadruples.

Case 3: There is exactly one such intersecting quadruple of
codewords. This case is more complicated and hence it will
be considered separately in Lemma 52 which follows.

Case 4: There are no such intersecting quadruples of
codewords.

Assume that there are exactly (s coordinates which are
contained in three codewords. Hence, 6s = |A| + |B| +|C| +
|ID|+ |E|+ |F| < 305+ 2(2+¢€— [)s since (2+¢€— F)s
coordinates are contained in at most two codewords. It implies
that 5 > 2 — 2e. We continue and distinguish between two
cases:

Case 4.1: Any two codewords are contained in some
intersecting triple.

The types of candidates for these intersecting triples are as
follows (the notation N is omitted for simplicity).

ABC ABD ABE ABF ACD ACE ACF
ADE ADF AEF DEF CEF CDF CDE
BEF BDF BDE BCF BCE BCD

To avoid an MIPPR word with weight two there are no two
triples from the same column in the code. Consider now the
type of intersecting triples which are contained in the code.
W.l.o.g we may assume that A is a codeword which appears
the most number of times in distinct types of intersecting
triples (other might appear the same number of times). There
are (s coordinates which are contained in three codewords,
where Os > (2 — 2¢)s > s, and since |A| = s, it follows that
not all the types contain A. Hence, w.l.o.g we may assume the
existence of the intersecting triple DN ENF in the code. Since
B and C' are involved in an intersecting triple and to avoid
an MIPPR word with weight two it cannot be AN BN C,
it follows that w.l.o.g we may assume the existence of the
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intersecting triple BN C' N F. The updated table of candidates
(where the red color (with underbar) is for a triple in the code
and strike-through line is for a triple not in the code) is as
follows.

ABC ABD ABE ABF ACD ACE ACF
APFE ADF AEF DEE CEF CDF CDE
BEF BDF BDE BCEF BCE BCD

Since the number of existing types of triples containing A
in the code is no less than that of the types containing F,
we should have at least two types of triples in the code
containing A but not containing F'. The possible types are
in the set{ ANBND, ANBNE, AnNCND, ANCNE}.
If the types of intersecting triples AN BND and ANCNE
are in the code (or if AN BN E and ANC N D are in the
code), then these two triples, together with D N E N F' and
BNCNF form a contradiction to Lemma 51. Hence, w.l.0.g
the types ANBND and AN BN E are in the code. The table
of types in the code is updated as follows.

ABC ABD ABE ABF A€eD ACE ACF
APE ADF AFEF DEF CFEF CBF CDE
BEF BDF BDE BCE BCE BCD

Recall that each pair of codewords is part of a type which
is contained in the code. Consider the pair {4, C'}, one can
readily verify that AN C' N F' is the only possible type which
remained in the table to be in the code. The three types A N
CNF,DNENF and ANBNE forbid the appearance of the
type BN C N D in the code by Lemma 51. Finally, there is
a type containing C' N D in the code and the only remaining
choice is C' N D N E. The table for the types of triples is as
follows.

ABC ABD ABE ABF AcD A€E ACE
AbE ADF AEF DEF CFEF CPF CDE
BEF BDF BDE BCEF BCE BED

These six intersecting triples form a contradiction to
Lemma 51.

Case 4.2: There is a pair of codewords, say E and F' which
are not contained together in any intersecting triple. This case
is more complicated and hence it will be considered separately
in Lemma 53 which follows.

Thus, all possible cases were analyzed and it was shown
that in the given range there is no PPRIC code with six
codewords and hence N(L,s,0) > 6. This completes the
proof of Theorem 21.

Lemma 52: If L and s are integers such that L/s = 2 + ¢,
where € < £, then there is no (L,s,0) PPRIC code with
six codewords A, B,C, D, FE, F' and exactly one intersecting
quadruple.

Proof: W.l.o.g, the intersecting quadruple is ANBNCND,
which implies that £ and F are disjoint, and hence |AN BN
C N D| =rs < es. Each one of the 2s coordinates of £ U F’
can support at most three codewords. Those which support
exactly three codewords will be called saturated. Assume
E U F contains (s saturated coordinates and therefore each
of the other (2 — 3)s coordinates are contained in at most
two codewords and hence they are unsaturated coordinates.
|A| + |B|+ |C| 4+ |D|+ |E| + | F| is equal to 6s and it is also
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at most 4es+33s+2(2—f3)s. Therefore, 6 < 4e+35+2(2—0)
and since € < 1/8, it follows that § > 2 — 4e > 3—28 We
continue to show, by using other counting arguments, that the
number of saturated coordinates in the code is smaller than
(2 — 4e)s, which is a contradiction.

For the saturated coordinates we only have to consider
intersecting triples which have the form {X,Y,Z}, where
X, Y € {A,B,C,D} and Z € {E, F}. There are twelve such
possible intersecting triples, but to avoid an MIPPR word with
weight two if {X7,Y7, Z1} is an intersecting triple, it follows
that {XQ,YQ,ZQ}, where {Xl,Yl,Zl} N {XQ,Y27Z2} = J,
is not an intersecting triple, and hence at most six such
intersecting triples can be contained in the code. W.Lo.g.
assume that AN B N E is such an intersecting triple with the
largest size and that |A N B N E| = ~s. Since there are only
six possible intersecting triples and their total size is greater
than 2%, it follows that 6ys > 2% and hence v > 1.

If CNDNE = @, then we consider the distribution of C
and D in the code. First note that since [AN BN E| > 1s,
it follows that |[ENC|+ |END| < 25. Moreover, to avoid an
MIPPR word with weight two C'N D N F' = @& which implies
that |FFN C| 4+ |F N D| < s. Therefore, the distribution of C
and D on [L] partitioned by F, F, and R is

2s=|C|+|D| < |ENC|+|END|+|FnC|
3
+|FmD|+|RmC|+|RmD|<f+s+265<25,

a contradiction. Hence, the code has the intersecting triples
ANBNE and CNDNE which implies that ANBNF = &
and CNDNF =2.

Clearly, there is at least one intersecting triple which
contains F' and w.l.o.g. we assume that ANC N F # @.
Assume further that A N C'N F is the only intersecting triple
which contains F'. Since there are more than 3—28 saturated
coordinates and at most s of them contain F, it follows that
|ANCNFE| > 5. But, [ANBNE| > |[ANCNF'| which implies
that |[A| > |ANBNE|+|ANCNFE| > s, a contradiction. Hence,
there is at least one more intersecting triple which contains F'.
We already have the intersecting triples ANBNE, CNDNE,
and ANCNF, and by Lemma 51 BN DN F cannot be an
intersecting triple. Hence, w.l.o.g. a second intersecting triple
which contains F'is BNC N F.

Since [AN BN E| = 7s, it follows that [DNE| < (1 —7)s
and since [ANBNCND| < es it follows that |[DN(EUF)| >
(1 — €)s, which implies that [D N F| > (v — €)s.

By Lemma 51 the code cannot contain the intersecting
triples ANDNF, BNDNF, and since also CNDNF is not an
intersecting triple, it follows that all coordinates in D N F' are
not saturated. Recall, that the number of saturated coordinates
is Bs > 25 and hence |D N F| < s/2, which implies that
(v —€)s < s/2 and hence v < 5/8. Hence, there are more
than % coordinates in £ U F’ which are notin AN BN E.

To summarize, we have four intersecting triples, AN BN E
for which we proved that [ANB N E| < %, CNDNE,
ANCNF, BNCNF,; six intersecting triples were excluded
from the code, and the two intersecting triples AN C N E
and BN C N E may or may not be contained in the code.
Note, that the last five intersecting triples contain C. We call
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the coordinates in £ U F which support the codeword C,
C-coordinates. All the coordinates in £/ U F' which are not
in AN BN E are C-coordinates or unsaturated coordinates.
Clearly, the number of C-coordinates is at most (1 —7)s. The
number of appearances of A, B, C, and D, in the coordinates
of EUF is at least 4s — 47s — 3(e — m)s = (4 — 3e — 7)s
and hence the number of saturated coordinates is at least
(2—3e—m)s (since |[EUF| = 2s). This implies that the number
of coordinates (inside E U F') which are unsaturated or C-
coordinates is at most (3¢ + m)s + (1 — m)s < 1i. But, these
are exactly the coordinates in FUF' which are not in ANBNE.
There are more than % such coordinates, a contradiction.

Thus, the lemma and as a consequence the related case in
Theorem 21 are proved. [ ]

Lemma 53: Assume that L and s are integers such that
L/s = 2+¢, where € < %, and assume that there is no (L, s, 0)
PPRIC code which has six codewords A, B,C, D, E, F with
no intersecting quadruple. Such a code where {F, F'} is not
contained in any intersecting triple, does not exist.

Proof: We define the saturated coordinates to be the ones
on which there are intersecting triples. There are a total of
(2 + €)s coordinates and hence at least 6s — 2(2 + €)s > 2
saturated coordinates which implies that there are at most
(24 €)s — T < 35 unsaturated coordinates.

Since there is no intersecting triple of the form X N ENF,
it follows that there are sixteen possible intersecting triples as
follows

ABE ACE ADE BCE BDE CDE ABC ABD
ABF ACF ADF BCF BDF CDF ACD BCD

Claim: If | X NY NZ| = As, then A < % + €.

To verify the claim, we note that if {X,Y,Z} U
{X'Y',Z'} = {A,B,C,D,E,F}, then X',Y", 7 are dis-
tributed only on (2-+e—\)s coordinates. If 3s > 2(2 + € — \)s
then {X’, Y’ / Z'} is an intersecting triple, contradicting
Lemma 6. Hence, 3s < 2(2+¢— \)s implying that A < %—i—e.

Assume that there are no two intersecting triples of the form
XNYNP and ZNWNP, where P € {E, F},{X,Y, Z,W} =
{A, B,C, D}. Then w.l.o.g there are only two possibilities:

1) the intersecting triples are chosen from

{ABE,ACE,ADE, ABF, ACF, ADF, ABC,
ABD, ACD, BCD}

such that nine triples contain A and only BNCND does

not contain A. By the Claim [BNCND| < (3 +¢€)s, and

all the intersecting triples which contain A have size at

most s, and hence the total size of these triples is at most
7s

(14 % + ¢)s which is smaller than Z*, a contradiction.

2) the intersecting triples are chosen from
{ABE,ACE, BCE, ABF, ACF, BCF, ABC,
ABD, ACD, BCD}.

Each triple has at least one pair from the set {A, B, C'}.
Since |A| + |B| + |C| = 3s and each intersecting triple
have a pair from these three codewords, it follows that
the total size of these triples is at most 3—28 which is
smaller than %, a contradiction.
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Hence, w.l.o.g. there are at least two such intersecting
triples, say AN BN E and CN DN E. We can also assume
w.l.o.g. that AN C N F is an intersecting triple. If there is
no other intersecting triples which contain F', then by the
claim the number of saturated coordinates which support F'
is at most % + €, and hence the total number of unsaturated
coordinates supporting F' is at least % — ¢ which is larger
than %S, a contradiction.

Hence, there is another intersecting triple which con-
tains F. By Lemma 51, BN D N F is not an intersect-
ing triple and hence w.l.o.g. BN C N F is an intersect-
ing triple. To summarize, we have the intersecting triples
{ABE,CDE,ACF, BCF}. Now, any triple from the set
{ACE,BCE,ABC,ABD,ACD,BCD} can be also an
intersecting triple. All the other triples cannot be intersecting
triples.

Let |CNDNE| = s; note that every other intersecting triple
has two codeword from the set {A, B, C'}. Hence, the number
of saturated coordinates is at most (y + ?’_Tv)s Since the total
number of saturated coordinates is at least (2 — 2¢)s it follows
that ('y+?’_77)s > (2—2¢)s, i.e. v > 1—4e. All the coordinates
in F' which are not contained in ANCNF or BNCNF are
unsaturated. The total number of unsaturated coordinates is at
most 3es and hence [ANCNF|+ |BNCNF| > (1—3e¢)s.
Therefore, we have that the total number of coordinates which
support C' is at least

ICADNE|+|ANCAF|+|BNCNF|> (2—7T€)s > s,

a contradiction.
Thus, the lemma and as a consequence the related case in
Theorem 21 are proved. [ ]

APPENDIX B
PROOFS FOR RESULTS OF SECTION VI

A. Proof of Proposition 37

Proof: Assume that L > r 4+ 2s+ 1 and let y € B(z,r),
ie., d(z,y) < r. Clearly for all z € WZ, by the triangle
inequality d(z,y) < d(z,x) + d(z,y) < s + r, which implies
that y € B(z,r + s). Hence,

B(z,r) C ﬂ B(z,7r+s) .
zEW?Z

To prove that the inclusion is actually an equality, let y € V
be such that d(z,y) > r. We will show that y is not contained
in ﬂzeWg B(z,7 + s). This will imply that if y is contained
in nzevv;f B(z,r + s) then d(z,y) <, ie.

ﬂ B(z,r+s) C B(x,r) .
ZEW?

Assume first, that 7 < d(x,y) < r + s. Since the scheme
is symmetric, d(z,y) = r +14, 0 < i < s, and the diameter of
the scheme is L > r + 2s + 1, it follows that there exists an
element z € WY such that d(y, z) =r +i+ s > r+ s. Thus,
y & B(z,r + s).

Assume now, that r + s < d(z,y) < r + 2s. Since the
scheme is symmetric, d(x,y) =7+ s+, 0 < i < s, and the
diameter of the scheme is L > r+2s-+1, it follows that there
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exists an element 2’ € W{_, | such that d(y, 2') = r+2s+1.
For any z € WY such that d(z,z) =i —1 we have d(z,y) >
dly,z)—(i—1) =r+2s+1—(i—1) =r+2s—i+2 > r+s.
Thus, y & B(z,r + s).

Finally, assume that r + 2s < d(x,y), ie., d(z,y) = r +
2s +1, 0 < 7 < s. Hence, for all z € WZ? we have that
d(z,y) > r+2s+i—s > r+s and therefore, y & B(z,r + s).

This implies that 3 & ﬂzew,: B(z,r 4+ s) and hence

B(z,r) = ﬂ B(z,r+s) .
zEW?Z

B. Proofs of Theorem 43 and Theorem 44

The first lemma will be used in the proofs of Theorem 43
and Theorem 44.

Lemma 54: If x,y, z are three words in J(n, L) such that
z=ux\oUpS, where 0 C x and S Nx = &, then

dy(zy) = |z \y[+[6\yl —lo\y[ .
Proof: The claim is derived from the following sequence

of equalities using the fact that = and [ are disjoint and o is
contained in x:

dy(zy) =lz\yl=|(z\ocUS) \y|
=zUB)\(yVo)l=Ilz\yl+[8\yl—lo\yl.
|
1) Proof of Theorem 43:

Proof: Let z € V and let C = {v1,va, ..
be a code with the following properties:
(p-1) dy(x,v;) =s foreach 1 <i < 2r+ 3.
(p-2) dy(vi,v;) =2sforeach1 <i<j<2r+3

Such a code C is easily constructed. Each v; differs from x
in s of the first L coordinates and s of the last n — L
coordinates. Any two distinct v;’s differ from x in s different
coordinates. This implies that L > s(2r + 3) as given and
n— L > s(2r + 3) which is also true since n — L > L. Next,
we claim that

S Ugrys} CW?

2r+3
B(x,r) = ﬂ B(vi,r + s).

i=1
It is readily verified that B(z,7) C (.o Blc, 7 + s).
Assume now that y € V and d;(z,y) > r + 1. To complete
the proof it is sufficient to prove that y & (.. B(e,r + ).
Property (p.1) implies that |z \ v] = s and
|v; N ([n] \ )] = s. Property (p.2) implies that for 1 < i <
j < 2r 4 3 we have that |(z \ v;) U (z \ vj)| = 2s and

[(vi N ([n] \ 2)) U (v 0 ([n] \ 2))] = 2s.

Let aidéf|y N (z \ v;)| be the number of elements

shared by = and y, which are not contained in wv;. Let

bid§f|y Nwv; N ([n] \ z)| be the number of elements shared by

y and v; which are outside x. Now, we have

13)

2r+3 2r+3
>obi= 3 lynun(n\o)
i=1 oty i=1

=lyn U (vi N ([n] \ 2))] < dy(z,y),
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and similarly

2r+3 2r+3
doai= ) lyn(z\v)
i=1 i=1

2r+3

> (2r+3)s—dj(z,y) .

=lyn U

For each ¢, v; = x\ (z\v;)U(v;N([n]\z)), where x \ v; C x
and (v;N([n]\x))Na = &, and hence by Lemma 54 we have

dy(vi,y)= ([n] \@)) \yl = (z \vi) \y|

which is equal to

lvi \yl=]z \y|+[(v: N

=dys(z,y)+s—b;— (s —a;) =dj(x,y) +a; —b; .

Therefore,

2r+3 2r4+3 2r+3
D dylyvi) = dy(w,y)2r +3)+ Y ai— Z bi
i=1 =1

> (d](fE, y) + S)(27“ + 3) - 2dJ(xa y)
— (2 + iy (e,y) + 5(2r +3)
> 2r4+1)(r+1)+s2r+3)>(r+s)(2r+3),

and hence there exists € C such that
dy(y,v;) >r+s.

Thus, y & B(v;,r + s) and the equality

some v;

2r+3

ﬂ B(vi,r+ 3)

i=1

follows. [ |

2) Proof of Theorem 44:

Proof: Assume to the contrary that Nj(L,r,s) < 2r +2,
i.e., there exists a PPRIC code C' = {vy,va, ..., V2, 42} C W7
which implies that B(z,7) = (,co Ble,r + s).

Let u; = v; \ @ and t; = x \ v; for 1 <i < 2r+2, ie,
v; = (x \ ;) Uu;. Foreach 1 <7< r+ 1 let a; € t; be any
arbitrary element in supp (x) which is contained in supp (v;).
For each 742 < i < 2r+2 let b; € u; be an arbitrary element
in supp (v;) which is not contained in supp(z).

Let o0 be a subset of x with size » + 1 which contains
{a; : 1 <i<r+1} (note that some of the a;’s might be the
same). Similarly, let 8 be a subset of [n] \ z with size r + 1
which contains {b; : r+2 < i< 2r +2}.

Define the word y = = \ o U 3. Since = € J(n, L), |o| =
|8l =r+1,0 Cx, and BNz = &, it follows that y € J(n, L)
and dj(z,y) = r+1 and hence y ¢ B(x,r). Next, we compute
a lower bound on the distance between y and each codeword
of C. Since v; = (x \ ;) Uu;, where t; C z and u; Nx = &,
it follows that Lemma 54 can be applied to obtain

dy(viy) = |z \ yl + [ui \y[ = [t: \ ] -

We distinguish between two cases:

Case 1: If 1 <i<r+1,then |z \y|=ds(z,y) =r+1,
|u;| = s and hence |u; \ y| < s. Furthermore, since a; € t;
and a; ¢ y, it follows that |¢; \ y| > 1 and therefore,

dy(vi,y)= It: \ vl

B(x,r) =

|z \ y|+]|uwi \ y|— <r+l+s—1=r+s.

7475

Case 2: I r+2 < i < 2r42, then |z\y| = dj(z,y) = r+

|u;] = s and since bz € u; Ny, it follows that |u; \ y| < s
Furthermore, |¢; \ y| > 0 and therefore,

d(visy)=|z \ yl+]ui \ y|—[t: \ y| <

Thus, by Cases 1 and 2 we have that for each 1 < @ < 2r+2,
d(vi,y) <7 +s,ie y € (o Ble,r +3), a contradlctlon

1,
—1.

r+1+s—1=r+s.

to B(x,r) = (N.cc Blc,m + s) since y ¢ B(x,r). Thus,
Ny(L,r,8) = 2r+3. [ ]
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