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Codes Over Trees

Lev Yohananov

Abstract—1In graph theory, a free is one of the more popular
families of graphs with a wide range of applications in computer
science as well as many other related fields. While there are
several distance measures over the set of all trees, we consider
here the one which defines the so-called tree distance, defined by
the minimum number of edit operations, of removing and adding
edges, in order to change one tree into another. From a coding
theoretic perspective, codes over the tree distance are used for
the correction of edge erasures and errors. However, studying
this distance measure is important for many other applications
that use trees and properties on their locality and the number of
neighbor trees. Under this paradigm, the largest size of code over
trees with a prescribed minimum tree distance is investigated.
Upper bounds on these codes as well as code constructions are
presented. A significant part of our study is dedicated to the
problem of calculating the size of the ball of trees of a given
radius. These balls are not regular and thus we show that while
the star tree has asymptotically the smallest size of the ball,
the maximum is achieved for the path tree.

Index Terms— Codes over graphs, tree distance, Priifer
sequences, Cayley’s formula, tree edit distance.

I. INTRODUCTION

N GRAPH theory, a free is a special case of a connected

graph, which comprises of n labeled nodes and n — 1
edges. Studying trees and their properties has been beneficial
in numerous applications. For example, in signal processing,
trees are used for the representation of waveforms [5]. In pro-
gramming languages, trees are used as structures to describe
restrictions in the language. Trees also represent collections
of hierarchical text which are used in information retrieval.
In cybersecurity applications trees are used to represent fin-
gerprint patterns [19]. One of the biology applications includes
the tree-matching algorithm to compare between trees in order
to analyze multiple RNA secondary structures [30]. Trees
are also used in the subgraph isomorphism problem which,
among its very applications, is used for chemical substructure
searching [3].

An important feature when studying trees is defining
an appropriate distance function. Several distance measures
over trees have been proposed in the literature. Among
the many examples are the tree edit distance [31], top-
down distance [28], alignment distance [12], isolated-subtree
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distance [32], and bottom-up distance [34]. These distance
measures are mostly characterized by adding, removing, and
relabeling nodes and edges as well as counting differences
between trees with a different number of nodes. One of
the more common and widely used distance, which will be
referred in this work as the tree distance [10], [21], considers
the number of edit edge operations in order to transform one
tree to another. Namely, given two labeled trees over n nodes,
the tree distance is defined to be half of the minimum number
of edges that are required to be removed and added in order to
change one tree to another. This value is also equivalent to the
difference between n — 1 and the number of edges that the two
trees share in common. Despite the popularity of this distance
function, the knowledge of its characteristics and properties is
quite limited. The goal of this art is to close on these gaps
and study trees under the tree distance from a coding theory
perspective. To the best of our knowledge, this direction has
not been explored rigorously so far.

Motivated by the coding theory approach, in this work we
apply the tree distance, which is a metric, to study codes over
trees with a prescribed minimum tree distance. This family of
codes can be used for the correction of edge erasures. There
are several applications in which such codes can be used. For
example, in data structures, a tree is a widely used abstract
data type that simulates a hierarchical tree structure [6]. Such
tree data structures store the information in nodes and use
edges as pointers between them. There are numerous examples
for such tree data structures including abstract syntax trees
(AST), parsing trees and binary search trees (BST) [6], [13].
AST represent the abstract syntactic structure of source code
written in a programming language, while each node of the
tree denotes a construct occurring in the source code. Parsing
trees represent the syntactic structure of a string according to
some context-free grammar. BST trees store in each node a
value greater than all the values in the node’s left subtree and
less than those in its right subtree. These tree data structures
can be implemented such that each node stores a list of
pointers to other nodes in the tree. Theoretically, such pointers
might have wrong addresses, which affects the reliability of the
data structure. By adding redundancy edges and nodes, codes
over trees may correct the unexpected pointer mismatches.
Another family of applications include data structures such
as tries and suffix trees [13] in which the information is stored
on the edges rather than the nodes. Such data structures can
be implemented by a list of n — 1 edges which is a list
of node pairs together with the information on every edge.
Again, theoretically, such an edge list may have failures that
can indeed be corrected using classical error-correction codes.
However, these codes will not be cardinality optimal since
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they do not take advantage of the structure of the tree. For the
binary case, using classical error-correction codes, we show in
the paper the construction of codes over trees of size (n"~2%)
where d < n/2 corresponds to the minimum tree distance of
the code. Using codes over trees we show that it is possible
to construct codes of cardinality (n?), while the minimum
tree distance d approaches |3n/4| and n is a prime number.

Another interesting problem for the tree distance is the
study of the size of balls according to the tree distance. This
investigation is useful not only for applying the sphere packing
bound on codes over trees, but also for other applications.
For example, in [7] it was claimed that recent research on
nanotechnology discovered that structures of DNA molecules
can be constructed into trees or lattices, and that future syn-
thesis techniques may use physical constraints to enforce tree
structures on the written base. The authors of [7] introduced
the tree trace reconstruction problem, in which the goal is
to reconstruct a tree from several of its copies while each
copy can have node deletions. In this case, the size of the
tree balls may be useful. Another approach deals with graph
matching, i.e., the problem of finding a similarity between
graphs [9], [16]. Graph matching is an important tool used
for example in computer vision and pattern recognition. One
of the problems under this setup is to find a model graph,
which represents the prototype symbol, as a subgraph in an
input graph that represents a diagram, which is also called
subgraph isomorphism problem [16]. If the model graph
cannot be found exactly in the input graph, then the goal is
to find a subgraph that is close to the model graph while the
similarity is determined by edit operations on the nodes and
edges. This problem is also studied for trees called subtree
isomorphism problem [29], and the size of balls of trees
may be useful for this problem. Lastly, one of the classical
problems in graph theory is finding a minimum spanning
tree (MST) for a given graph. While the MST problem is
solved in polynomial time [15], [22], it may become NP-hard
under some specific constraints. For example, in the degree-
constrained MST problem (d-MST) [14], [23], [24], [35], it is
required that the degree of every vertex in the MST is not
greater than some fixed value d. In another example, the goal
is to look for an MST in which the length of the simple
path between every two vertices is bounded from above by
a given value D > 4 [25]. One of the common approaches for
solving such problems uses evolution algorithms (EA). Under
this setup, the goal is to find a feasible tree to the problem
by iteratively searching for a candidate tree. This iterative
procedure is invoked by using mutation operations over the
current tree in order to produce a new candidate tree. These
mutation operations typically involve the modification of edges
in the tree and as such are highly related to the tree distance.
Thus, in order to analyze the complexity of such algorithms,
it is necessary to study the size of the balls according to the
tree distance. In fact, in [10] the size of the radius-one ball
was computed for all trees with at most 20 vertices. According
to this computer search, it was observed that the smallest size
of the ball is achieved when the tree is a star tree (i.e., the tree
has one node connected to all other nodes), while the largest
for a path tree (i.e., the tree has two leaves and the degree
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of all other nodes is two). In this article, we establish this
result for any number of nodes in the tree as well as for any
radius. Furthermore, it is shown that the size of the radius-¢
ball ranges between Q(n?!) (for a star tree) and O(n3!) (for
a path tree), while the average size of all balls is ©(n?5").

This article is organized as follows. In Section II, we for-
mally define the tree distance and codes over trees as well
as several more useful definitions and properties for balls of
trees, that will be defined in the sequel. An edge erasure is
the event in which one of the edges in the tree is erased and
a forest is received with two connected components. This is
also extended to the erasure of multiple edges. If ¢ edges
are erased, then a forest with ¢ + 1 connected components is
received and the number of such forests is (";1) In Section IIT
we summarize all main results of the paper. In Section IV,
by using several known results on the number of forests
with a fixed number of connected components we are able
to derive a sphere packing bound for codes over trees. More
specifically, the size of codes over trees of minimum tree
distance d cannot be greater than O(n™~4~1). In Section V,
we study balls of trees. The tree ball of trees of a given tree
T consists of all trees such that their tree distance from 7'
is at most some fixed radius ¢. These balls are not regular.
In this section, these balls are studied for radius one. Balls
with a general radius are studied in Section VI. In Section VII,
the size of star, path tree ball is presented, respectively. Lastly,
in Section VIII, for a fixed d we show a construction of
codes over trees of size (n"24). It is also shown that it
is possible to construct codes of cardinality £2(n?), while the
minimum distance d approaches |3n/4| and n is a prime
number. Finally, Section IX concludes the paper.

II. DEFINITIONS AND PRELIMINARIES

Let G = (V,,E) be a graph, where V,, =
{vo,v1,...,v,_1} is a set of n > 1 labeled nodes, also called
vertices, and EE C V,, x V,, is its edge set. In this article,
we only study undirected trees and forests. By a slight abuse
of notation, every undirected edge in the graph will be denoted
by (v;,v;) where the order in this pair does not matter, i.e., the
notation (v;, v;) is identical to the notation (v;, v;). Thus, there

n

are (2) possibilities for the edges and the edge set is defined
by
En = {<U17Uj> | Z)j € [n]}7 (1)

where [n] = {0,1,...,n —1}.

A finite undirected free over n nodes is a connected undi-
rected graph with n — 1 edges. The degree of a node v; is
the number of edges that are incident to the node, and will be
denoted by deg(v;). Each node of degree 1 is called a leaf.
The set of all trees over n nodes will be denoted by T(n).
An undirected graph that consists of only disjoint union of
trees is called a forest. The set of all forests over n nodes
with exactly 0 trees will be denoted by F(n,d). Denote by
F(n,d) the size of F(n,d). We sometimes use the notation
{Cy,C1,...,C5_1} = F € F(n,0) to explicitly denote a
forest with ¢ connected components (or subtrees) of F'. Note
that F(n,1) = T(n).
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By Cayley’s formula [1] it holds that |T(n)| = n"~2. The
proof works by showing a bijection F : T(n) — [n]""2,
where for every tree T € T(n), the priifer sequence of T
is denoted by F(T') = wy. An important property is that for
each T' = (V,,, ), the number of appearances of node v; € V,,
in wr is equal to deg(v;) — 1.

Definition 1: A code over trees Ct, denoted by T-(n, M),
is a set of M trees over n nodes. Each tree in the code Cr is
called a codeword-tree. The redundancy r of the code Cr is
defined by 7 = (n — 2)log(n) — log(M)".

Every codeword-tree corresponds to unique information that
is stored, sent, or read, i.e., the information is the structure
of the codeword-tree. The storage of information depends
mainly on the application that will be used. For example,
in binary search trees [6] the information values and pointers
that represent edges are stored in nodes. In tries or suffix
trees [13] the symbols or strings are stored on edges. In order
to deal with erasures and errors of edges of trees, we initiate
the study of codes over trees as will be defined next.

Definition2: An erasure of p edges in a tree T € T(n) is
the event in which p of the edges in 7" are erased and T is
separated into a forest of p + 1 connected components over n
nodes. An error of 1) edges in a tree T € T(n) is the event
in which v of the edges in T" are replaced with other ) edges
such that we receive a new tree 77 € T(n).

The tree distance for trees is next defined.

Definition 3: The tree distance between two trees T} =
(Va, Ev) and Ty = (V,,, E3) will be denoted by dr(T1,T5)
and is defined to be,

dT(Tl,TQ) =n—1-— |E1 ﬁE2|

It is clear that dT(Tl, TQ) = |E1 \E2| = |E2 \ E1| EVCTy
tree over n nodes can be represented by a binary vector of
length (g) called the characteristic vector. Such a vector is
indexed by all possible (g) edges that the tree can have and
it has ones only in the indices of the tree’s edges. Using
this representation, the tree distance between any two trees
is one half the Hamming distance between their characteristic
vectors. Thus, the tree distance is a metric as was mentioned
in [21] and is stated in the next lemma.

Lemma4: The tree distance is a metric.

The tree distance of a code over trees Cr is denoted by
d7(C7), which is the minimum tree distance between any two
distinct trees in C7, that is,

dr(Cr) = TgéTzn%llI,szecT{dT(Tl’ o))

Definition 5: A code over trees Cr of tree distance d,
denoted by 7-(n, M, d), has M trees over n nodes and its
tree distance is d7(Cr) = d.

Since the tree distance is a metric the following theorem
holds straightforwardly.

Theorem 6: A T-(n,M) code over trees Cr is of tree
distance at least d if and only if it can correct any d — 1
edge erasures and if and only if it can correct any | (d—1)/2]
edge errors.

IThe base of all logarithms in the paper is assumed to be 2.
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(a) The star tree. (b) The path tree.

Fig. 1. For n =5 a star and a path trees are presented.

Next, we define the largest size of a code over trees with a
prescribed tree distance.

Definition 7: The largest size of a code over trees with tree
distance d is denoted by A(n,d). The minimum redundancy of
a code over trees will be defined by r(n, d) = (n—2) log(n)—
log(A(n, d)).

A tree will be called a star tree (or a star in short) if it has
a node v;,% € [n] such that deg(v;) = n — 1, and all the other
nodes vj;, j € [n], j # 4 satisfy deg(v;) = 1. A path graph or a
path tree over n nodes is a graph whose nodes can be listed
in the order v;,,v;,,...,v;,_,, where ig,i1,...,in—1 € [n],
such that its edges are (v;;,v;,,,) for all j € [n —1].

Definition 8: The tree ball of a tree of radius t in T(n)
centered at T € T(n) is defined to be

Br(n,t) = {T" € T(n) | dr(T',T) < t}.

The size of the tree ball of trees of T', By (n,t), is denoted by
VT (’I’L7 f,).

Note that V(n,t) depends on the choice of its center 7.
For example, we will show that if 7" is a star then Vip(n,1) =
(n—1)(n —2)+ 1 and if T is a path tree, then Vp(n,1) =
(n—1)(n—2)(n+3)/6+ 1. If T is a star, path tree the size
of Vp(n,t) is denoted by V*(n,t), V~(n,t), respectively. We
define the average ball size of radius ¢ to be the average value
of all tree balls of trees of radius ¢, that is,

> oret(n) Vr(n,t)
nn72

V(n,t) =

Definition 9: The sphere of radius t > 0 centered at T €
T(n) is defined to be

Sr(n,t) = Br(n,t) \ Br(n,t — 1),

where St(n,0) = Br(n,0) = {T}, by definition. The size
of the sphere of radius ¢ is equal to the number of all trees
in Sy(n,t) and is denoted by Sp(n,t). If T is a star, path
tree then we denote the sphere St (n,t) by S*(n,t), S~ (n,t),
respectively.

Foreach T = (V,,, E) € T(n) and foreach E' C E, |E'| =
t, denote the forest Frp g = (V;,, E'\ E’). Note that Fp g €
F(n,t+1).

Definition 10: The forest ball of a tree T = (V,,, E) of
radius t in F(n,t+ 1) is defined to be

PT(n,t) = {FT7E’ S F(’I’L,t—l— 1) | E' C FE, |E,| = t}.

Givenatree T = (V;,, E) and an edge-set ' € E, |E'| = t,
let Fr g = (V,,E\ E') € Pr(n,t) be the forest which is
also denoted by Fr g = {Co,C4,...,C:}, such that |Cp| <
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TABLE I
TABLE OF DEFINITIONS AND NOTATIONS
Notation Meaning Remarks

n The number of nodes Sec. 11
T(n) The set of all labeled trees over n nodes Sec. II
F(n,5)  The set of all forests with & connected components ~ Sec. II
F(n,é) The size of F(n, §) Sec. I
d The tree distance Def. I
T-(n,M,d) A code over trees of size M Def. 5
A(n,d) The largest size of a 7-(n, M, d) code Def. 7
r(n,d) The minimum redundancy of a 7-(n, M, d) code  Def. 7
t The radius of a ball Def. 8
Br(n,t) The tree ball of a tree of radius ¢ centered at T Def. 8
Vr(n,t) The size of Br(n,t) Def. 8
V(n,t) The average ball size of radius ¢ Def. 8
V*(n,t)) The value of Vp(n,t) if T is a star Sec. I
V=(n,t) The value of Vr(n,t) if T is a path tree Sec. IT
Sr(n,t) The sphere of a tree of radius ¢ centered at T Def. 9
Sr(n,t) The size of St(n, t) Def. 9
S*(n,t)) The value of St(n,t) if T is a star Sec. I
S~ (n,t) The value of St(n,t) if T is a path tree Sec. I
Pr(n,t)  The forest ball of a tree of radius t centered at T~ Def. 10
Pr(n,t) The set of profiles of Pr(,t) Def. 10
Bp(n,t)  The tree ball of a forest of radius f centered at ' Def. 11
Ve(n, t) The size of Bp(n,t) Def. 11

|Cy] < -+ < |C|. The profile vector of T and E' is denoted
by Pr(E’") = (|Col,|C1], ..., |C¢|) and the multi-set Pr(n,t)
is given by

Pr(n,t) = {Pp(E') | E' CE,|E'| = t}. ?)

It is can be verified that | Pr(n,t)| = [Pr(n,t)| = (",").

Definition 11: The tree ball of a forest (or the forest’s ball
in short) of radius t centered at F € F(n,t+ 1) is defined
to be

Br(n,t) = {T € T(n) | F € Pr(n,t)}.

The size of the forest’s ball of radius ¢ is equal to the number
of all trees in Bg(n,t) and is denoted by Vi (n,t).

Notice that for every two distinct trees 71,75 € Bp(n,t) it
holds that d7 (71, T>) < t. Note also that we have three dif-
ferent ball definitions, the forest ball of trees of Definition 10
denoted by Pr(n,t), the tree ball of trees of Definition 8,
denoted by Br(n,t), the forest’s ball of Definition 11, denoted
by Br(n,t).

Furthermore, for the convenience of the reader, relevant
notation and terminology referred to throughout the paper is
summarized in Table I.

IIT. MAIN RESULTS

This section summarizes the main results in the paper.
Theorem 12 states three main upper bounds which will be
presented in Section IV. The first bound is a sphere packing
bound that will be proved in Theorem 18. The second, third
bound is an improved upper bound in case that d = n—2,d =
n — 3 that will be derived in Theorem 20, 23, respectively.

Theorem 12:

a) For all n > 1 and fixed d,

A(n, d) < F(n, d)/(Z: i) )

b) For all positive integers n, A(n,n —2) < n.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 67, NO. 6, JUNE 2021

c) Forall n > 9, A(n,n —3) < n?

While in Theorem 12 we obtained upper bounds on A(n, d)
using forest balls of trees, in Theorem 13 we show another
approach to obtain both lower and upper bounds on codes
over trees using tree balls of trees. For that, in Section V tree
balls of trees of radius one are studied and the main results
on these balls are summarized in the next theorem.

Theorem 13:  a) For any T € T(n),

V*(n,1) < Vr(n,1) < V7(n,1).

b) Forall n > 1, V(n,1) =~ 0.5,/3n%*% = ©(n??).

¢) Forall n > 1, V*(n,1) = O(n?), V-(n,1) = O(n3).

The first, second result of Theorem 13 is proved in The-
orem 25, 28, respectively, while the third is deduced using
Lemma 24. The reader can verify that the hardest part of this
theorem is to prove, using inductive and recursive arguments,
that Vp(n,1) < V=(n,1). In fact this is shown for arbitrary
t in Section VIL. By using the fact that V*(n,1) = ©(n?),
the upper bound A(n,3) = O(n"*) is concluded which is
the same upper bound result as the sphere packing bound.
Applying the generalized Gilbert-Varshamov bound' [33],
while using the fact that V(n,1) = ©O(n*®), it is then
deduced that A(n,2) = Q(n"~*5). This bound is improved
in Section VIII.

In Section VI similar results, summarized in the next
theorem, of tree balls of trees with arbitrary radius are shown.
Theorem 14: For all T € T(n) and fixed ¢, it holds that

a) Vr(n,t) = Q(n?), Vr(n,t) = O(n3).
b) V(n,t) = O(n%5).
¢) V*(n,t) = ©(n?") and V-(n,t) = O(n3").

The first result is shown in Theorem 35, the second is
deduced in Corollary 38, and the third one is shown in
Section VII as a result of Theorem 40 and Theorem 41. These
results are derived from recursive formulas that calculate the
size of the tree balls of trees of radius .

Again, using the fact that V*(n,t) = ©(n?!), it is deduced
that for all d = 2t + 1, A(n,d) = O(n"~'=%) which
matches the upper bound results by the sphere packing bound.
Applying the generalized Gilbert-Varshamov lower bound and
using the fact that V(n,t) = ©(n??!), it is also derived that
for d = t 4+ 1, A(n,d) = Q(n"2725(d=1) This bound is
also improved in Section VIII.

In Section VII, we study the sizes of tree balls of trees of
stars and path trees for arbitrary radius. Our main contribution
in this section is formulated in recursive formulas for the sizes
of tree balls of trees for arbitrary trees. We then show upper
and lower bounds on these formulas using the sizes of tree
balls of trees of the star and path trees. We present these results
in the following theorem.

Theorem 15: For all n and fixed ¢ let

i1 (n—1 i n+t
P=n 1( ; >(n—t), Q=n 1<2t—|—1)'

! Let X be a finite set with some distance function d : X x X — N.
Assume that the volume of every ball is B.(z) = {y € Xl|d(z,y) <
r}. It was proved in [33] that if A, = (Exex |Br(x)\)/\X|, then the
generalized Gilbert-Varshamov bound asserts that there exists a code with
minimum distance 7 4+ 1 and of size at least | X|/A-.
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The following properties holds:
a)

j:(n—Q—t+”)V%mt—i*:P

=0

b)

i:(n_2;¢+%)VTmt—i%=Q-

=0

¢) For all T € T(n)

n—2—t+i ,
Pé;( ; )VT(n,t i) < Q.

The first result is deduced from Theorem 33 and is also
shown in Equation (17). The second result is due to The-
orem 41 and the last result can be found in the proof of
Theorem 44. The reader will find out that the challenging part
of this theorem is to prove that

t .
Z(”‘Q;HZ)vT(n,t—zKQ,

i=0

which is also used in order to prove that Vp(n,1) < V= (n,1).
This section concludes with conjecturing that for fixed ¢ and
n large enough,

V*(n,t) < Vp(n,t) < V7 (n,t).

Lastly, in Section VIII we provide several constructions
that improve upon the generalized Gilbert-Varshamov lower
bounds. The results of these constructions are summarized in
the following theorem.

Theorem 16: It holds that

a) There exists an 7-(n, [n/2],n — 1) code.

b) There exists an 7-(n,n,n — 2) code.

¢) For any positive integer d < n/2, there exists an

T-(n, M,d) code such that M = Q(n"2d).
d) For fixed m and prime n, there exists an 7-(n,
I-n;Ll ’ L%J - |—2m—| ) code.

The result in a) is proved in Theorem 46 using Construc-
tion 1, the result in b) is due to Theorem 47 and Construc-
tion 2, the result in ¢) holds according to Corollary 49 and
Construction 3, and the result in d) follows from Construc-
tion 4 and is proved in Theorem 53. The result in d) assures
that it is possible to construct codes of cardinality Q(n?),
while the minimum distance d approaches |[3n/4| and n is
a prime number. Comparing to Theorem 23 in which it was
shown that A(n,n — 3) = O(n?), the result of Theorem 53
shows that A(n,d) = Q(n?), when d approaches [3n/4] and
n is prime. Thus, finding the range of values of d for which
A(n,d) = ©(n?) is left for future work.

n—1

2
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IV. UPPER BOUNDS ON CODES OVER TREES

In this section we show upper bounds for codes over trees.
Remember that F'(n, ) is the size of F(n, ), i.e., the number
of forests with n nodes and § connected components. The
value of F'(n,d) was shown in [18], to be

F(n,5)=<> no 12( ()%)

or another representation of it in [4],

e (b)) ).

The next corollary summarizes some of these known results.
Corollary 17: The following properties hold for all n.

a) F(n,1) =n""2

F(n,0) =

b) F(n,2) = %n”_‘l(n 1)(n +6),

¢) F(n,3) = gn" %n —1)(n —2)(n* + 13n + 60),

d) F(n,n—4) = 75 (})(n® +3n+10)(n — 4)(n + 3),

e) F(n,n—3)=3(})(n*+3n+4),
F(n,n—2)=3(";"),

o Fin "=

h) F(n,n) =

A. Sphere-Packing Bound

The following theorem proves the sphere packing bound for
codes over trees.

Theorem 18: For all n > 1 and 1
A(n,d) < F(n,d)/ (1)

Proof: Let C1 be a T-(n, M,d) code such that n > 1
and 1 < d < n. Using Theorem 6, it is deduced that given
a codeword-tree 77, each d — 1 of its edge erasures can be
corrected. Thus, every forest F' in the forest ball of trees
Pr,(n,d — 1) cannot appear in any other forest ball of trees
Pr,(n,d —1), for all Ty € Cr \ {T1}. Thus, for every two
distinct codeword-trees 17, T» € C7 it holds that

< d < n, it holds that

Pr,(n,d—1)NPp,(n,d—1) = 0.
As already mentioned, for all T = (V,,, E) it holds that

|Pr(n,d —1)| = (4~}). Therefore,
n—1
M - (d 1) =M - |Pr(n,d—1)| < F(n,d),
which leads to the fact that
F(n,d
A(n,d) < )
(i)
|
It was also proved in [18] that for any fixed 9,
. F(n,0) 1
A T i )

which immediately implies the following corollary.
Corollary 19: For all n > 1 and fixed d, it holds that

A < P/ (7 1) =0 1)
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and thus 7(n,d) = (d — 1) log(n) + O(1).
Notice that by Corollary 17(g) it holds that

Aln,n—1) < (Z)/(n— 1) =n/2. 3)

In Section VIII we will show that
A(nvn - 1) = |_n/2Ja

by showing a construction of a 7-(n, [n/2],n —1) code over
trees for all n > 1. Similarly, by Corollary 17(f),

A(n,n —2) <3(n11>/(2:;> = %(n;Ll) @)

however, we will next show how to improve this bound such
that A(n,n — 2) < n. In Section VIII, a construction of
T-(n,n,n — 2) codes over trees will be shown, leading to
A(n,n — 2) = n. Finally, by Corollary 17(e),

~3) <% (Z) (n? +3n+4)/<Z:D
:%n(nQ +3n +4),

A(n,n

(5)

where a better upper bound will be shown in the sequel, which
improves this bound to be A(n,n — 3) < 1.5n2. Finding a
construction for this case is left for future work.

Before we show the improved upper bound for A(n,n—3),
a few more definitions are presented. The girth of a graph is
the length of a shortest cycle contained in the graph. If the
graph does not contain any cycles (i.e. it is an acyclic graph),
its girth is defined to be infinity. For a positive integer n,
let E,, be the set of all (g) edges as defined in (1). A graph
G = (UUV,&) is a bipartite graph with two sets of nodes
U and V such that U NV = () and every edge connects a
vertex from U to a vertex from V, i.e., £ C U x V. Reiman’s
inequality in [20] and [26] states that if |V'| < |U|, then every
bipartite graph G = (U UV, E) with girth at least 6 satisfies

(6)

&P = Ul el = VI-U]- (V] -1) <0.

B. An Improved Upper Bound for A(n,n — 2)

According to Theorem 18, A(n,n—2) < ("1") and in the
next theorem this bound will be improved to be A(n,n—2) <
n.

Theorem 20: For all positive integers n, A(n,n — 2) < n.

Proof: Let Cr be a T-(n, M,n—2) code. Let G = (U U
V, &) be a bipartite graph such that V= Cr,U = E,
(defined in (1)) and (T, ¢) € & if and only if the tree T € C1
has the edge e € E,. Clearly, |V| = M, |U| = (}) and || =
M(n —1).

Since Cr is a 7-(n, M,n — 2)p code it holds that for all
T = (Vn,El),TQ = (Vn,Eg) e Cr, |E1 n E2| < 1. That is,
there are no two codeword-trees in C7 that share the same two
edges. Hence, there does not exist a cycle of length four in G.
If the girth of GG is at least 6 (including the case in which G is
acyclic by definition of the girth), by (4), for all n > 3, it holds
that |[V| = M < %(”;‘1) < (g) = |U]|, so the inequality
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—w, @ @

:7'[4,= -1 . -

Fig. 2.  An example of the H4 set. Given a forest-set F € H4, every two
forests F1 = (Vp, E1) € F,Fo = (Vy,, E2) € F hold |E1 N E2| < 1.

S)
©)

Flaey =

stated in (6) will be used next. Since |V| = M, |U| = () and
€] = M(n —1),

M%(n—1)% - (Z)M(n 1) - M<;L> (M —1) <0,
or equivalently

M(n—1) = Z(M - 1) < <n>

which is equivalent to

M -1 < <”> .
2 2 2
and since
(3) -5 fo-1)-% (5-1)
n - n =n n =n,
(5 —1) (5 —1) (5 —1)
we deduce that M < n. |

As mentioned above, in Section VIII we will show that
A(n,n —2) =n.

C. An Improved Upper Bound for A(n,n — 3)

We showed in (5) that A(n,n —3) < tn(n? +3n +4) =
O(n?). In this section this bound will be improved by proving
that A(n,n —3) < n?.

Denote by H,, the set of forest-sets

VF, = (Vn,El),FQ = (Vn,Eg) S .7:,}

Example 1: For n = 4 we partially show an example of the
forest-sets in Hy.

We start with showing the following lemma.

Lemma 21: For n > 9 and for all 7 € H,, it holds that
|F| < 2n.

Proof: Let F be a forest-set in H,,, and let G = (U U
V, &) be a bipartite graph such that V = F,U = F,, and
(F,e) € € if and only if the forest F' € F has theedge e € E,,.
Clearly |V| = |F|,|U| = (5), and |€| = | F|(n—2). Note that
G does not have girth 4 since for all Fy = (V,,, E1), Fy =
(Vi, Eo) € F it holds that |Ey N Ea| < 1.

Assume that the girth of G is at least 6. We consider the
following two cases regarding the sizes of the V' and U. In the
first case, where |V'| < |U| we receive the bound stated in the
lemma and we will show that the latter case cannot hold.
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Case 1: Assume that |V| = |F| < (3) = |[U]. By (6)
n

#2027 = ()71 -2 - 171 ) 071 - 1 <o
or equivalently

7100 =27 - ()71 - 0 < () 02

which is equivalent to

FI((n—2)? - <Z>) < <Z> (n—2)— (Z)

Next it is deduced that

F(n-22 - (5)) < (5) -

which is equivalent to

n® —4n? + 3n

FI < ,
17 n?—Tn+8
and therefore |F| < 2n for all n > 9.
Case 2: Assume that |V| = |F| > (}) = |U|. Again, since

the girth is at least six we have that

#0027 - 1#R -2 - ()11 () - v <o
or equivalently
n
#100 =27 = 7l -2 < (5) () =
which is equivalent to
n n
(5)((5) - 1)
3) < 2) 2 .
Fiin-3) < 2
Hence for all n > 9
n(n? —1) n
F| € —— < ;
7 4(n — 3) (2)
which results with a contradiction. [ |

Let Cr be a T-(n, M,n — 3) code. For all e € E,, denote
by ¢(Cr,e) the number of codeword-trees of C7 having the
edge e.

Lemma?22: Let Ct be a T-(n, M,n—3) code, where n > 9.
Then, for all e € E,, it holds that ¢(Cr,e) < 2n.

Proof: For e € E,, denote k = ¢(Cr,e) and let Ty =
(Vo Eo), Ty = Vi, Ev), .o, To1 = (Vi E—1) € Cr be
the k codeword-trees such that

eEﬂE (7

1€[k]

Denote by F C F(n,2) the set of k different forests received
by removing the edge e from Ty, T4, ...,T;—1. Notice that
since Cr is a 7-(n, M,n — 3) code it holds that |E; N E;| <
2,i,j € [k] and by (7) we deduce that for all distinct F; =
(‘/}L,gi),F] = (an,gj) e F, |8L N g]| < 1. By Lemma 21,
for all n > 9,k = |F| < 2n which leads to the fact that
c(Cr,e) < 2n. [ |
Lastly, the main result for this section is shown.
Theorem23: For all n > 9, A(n,n — 3) < n?
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Proof: Letn > 9 and let Cr be a T-(n, M,n — 3) code
over trees. Since for all e € E,, ¢(Cr,e) is the number
of codeword-trees of C7 having the edge e, we deduce that
Yoecr, ¢(Cr,e) = M(n—1). By Lemma 22, for all ¢ € E,,

¢(Cr,e) < 2n. Therefore,
(n) 2n = n?(n — 1),
2
| ]

M(n—-1)= Z c(Cr,e) <
< 8, it holds that A(n, n—

eckb,

and therefore, M < n?

Lastly, we verified that for 4 < n
3) < 1.5n2.

V. BALLS OF TREES OF RADIUS ONE

In previous section we introduced and studied the forest
ball of a tree in order to derive a sphere packing bound on
codes over trees with a prescribed minimum tree distance.
In this section we study the size behavior of tree balls of
trees. These results will also be used to apply the generalized
Gilbert Varshamov bound [33] on codes over trees. We start
from some definitions.

Our main goal in this section is to study the size of the
radius-one tree ball of trees for all trees. This result is proved
in the next lemma.

Lemma 24: For any T € T(n) it holds that

D

(i,n—1i)€Pr(n,1)

Proof: Let T = (V,,, E) € T(n). For any tree 7" =
(Vo, E') € Br(n, 1)\ {T},if e € E\ E' and ¢' € E' \ E,
then T is generated uniquely by removing an edge e from
E, yielding two connected components (subtrees) {Cp, C1} €
Pr(n,1),|Co| < |C1], and adding the edge e’ # e between
Cp and C1. Thus,

>

|Br(n, 1)\ {T'}| =
(ICol,IC1])€Pr(n,1)

Vr(n,1) = )+ ®

(i(n i) -

(ICalics] - 1).

By denoting |Cy| =i and |C1| =n — 4,

Ve, )= Y (i(n—i)—l) Tl
(i,n—1i)€Pr(n,1)
]
Note that if 71" is a star, then
Pr(n,1) = { (1,n—1),...,(1,n—1) }
n — 1 times
Therefore,
Vi)=Y <1~(n—1)—1)+1

(1,n—1)ePr(n,1)
=n-1)Mn-2)+1.

If T is a path tree, for odd n,

PT(n,l):{(i,n—i),(i,n—i) 11<i< ”_1},
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and for even n,

PT(nv]-): {(ian_i)a(ian_i) | I<i< n;2}
U{(n/2,n/2)}.

In both cases,

=nm+1)nn—-1)/6—-6(n—1)/6+1
=(n—-1)(n*+n-6)/6+1
= (n—1)(n—2)(n+3)/6+1,

where (a) and its general case is shown in the proof of
Theorem 41.

Our next goal is to show that for any 7' € T(n) it holds
that

V*(n,1) < Vp(n,1) < V7 (n,1).

The following claim is easily proved.

Claim 1: Given positive integers ,n such that ¢ € [n],
it holds that n — 1 < i(n — ).

Next we state that for all 7' € T(n),

1
3 i(n—z’)<<n;_ ) ®
(i,n—i)€Pr(n,1)

while the proof will be shown in the general case in Lemma 43
where more than one edge is erased.
Theorem 25: For any T € T(n) it holds that

V*(n,1) < Vp(n,1) < V7 (n,1).

Proof: First we prove the lower bound. For all T € T(n)

>

(¢,n—i)€Pr(n,1)
> )

(i,n—1)€Pr(n,1)
(- )2 4 1= VA, 1),

Vr(n,1) = <i~(n—i)—1)+1

(1-(n—1)—1)—|—1

where the inequality holds due to Claim 1. Next, due to (9),

D

(i,n—1i)€Pr(n,1)

-3

(i,n—1i)€Pr(n,1)

<<”;1)—(n—1)+1
—(n—D)(n—2)(n+3)/6+1=V(n1),

< V(n,1).

Vr(n,1) = (z’-(n—z’)—l)+1

(i-(n—i))—(n—l)—i—l

which leads to the fact that Vip(n, 1)
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Our next goal is to show an approximation for the average
ball of radius one, that is, the value V(n,1). The first step
in this calculation is established in the next lemma, where its
proof can be found in Appendix A.

Lemma 26: For a positive integer n it holds that

Z Vr(n,1) = Z (Ve(n,1))% = (n —2)n" 2.
TeT(n) FeF(n,2)
In proof of Lemma 26 we use the equality

2. 2 2. 2 L

TeT(n) FEPr(n,1) FeF(n,2) TeBr(n,1)

1= (10)

which holds by changing the order of summation of all distinct
couples of trees and forests. One can check that (10) is true
also for ¢t > 1, and we will use it in Lemma 36 which is in the
next section. Notice also that from this equality it is deduced

that
-1
(n ) nn72 )
t

Now, we are ready to show the following theorem.
Theorem 27: For all n,

Z VTnl

TeT(n)

Z Vr(n,t) =

FEF (n,t+1)

n2

= —n' g n”*Q.

Proof: It was shown in [18] that

e

where ¢ and n — ¢ represent the sizes of two connected
components of each forest in F(n, 2). Furthermore, since for
all {Cy,C1} = F € F(n,2), if |Cy| = i then Vp(n,1) =
i(n — 1), it is deduced that,

> (Vr(n,1)? = % Z< >Z’i2(n — )" 2i(n — 0))?

FeF(n,2) =

F(n,2)

N}Ir—\

where (a) holds according to Theorem 5.1 in [2].
Lemma 26 it is deduced that

Z Vr(n,1) = —n' Z
TeT(n)
|
For two functions f(n) and g(n) we say that f(n) ~ g(n)
if limy, oo L ég; = 1. As a direct result of Theorem 27 the
next corollary follows.

Corollary 28: 1t holds that,

V(n,1) =~ 0.5\/§n2'5.

Proof: Tt was shown in [8] that

n—2 ,
n
| n+0. 5
" kz_o ! \/;
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and therefore,

1
D)
1

_\/EnnJrO.S(nQ)
2
_* [nz.s.
2V 2
|

To summarize the results of this section, we proved that for
every T € T(n) it holds that Vi (n,1) = Q(n?), Vr(n,1) =
O(n?) and the average ball size satisfies V (n,1) = ©(n??).
In order to apply the sphere packing bound for the tree balls
of trees of radius one, we can only use the lower bound
Vr(n,1) = Q(n?) and get that

n" 2 1

A(n,3) < o En”*‘l,

for some constant «.. This bound is equivalent in its order to
the one achieved in Corollary 19.

While we could not use the average ball size in applying
the sphere packing bound, this can be done for the generalized
Gilbert-Varshamov lower bound [33]. Intuitively, it is done
by dividing the number of all trees over n nodes by the
average ball size. Namely, according to [33], the following
lower bound on A(n,2) holds

A(n,2) = Q(n""272%) = Q(n"19).

The reader can find Construction 3 in Section VIII for codes
over trees with tree distance d and cardinality Q(n"~24).
In case that d = 2 the cardinality is

Q(nn—Qd) _ Q(nn—4)7

which improves upon the generalized Gilbert-Varshamov
lower bound of this case. In the next section, we show similar
results of the ball Br(n,t) for general radius t.

VI. BALLS OF TREES OF ARBITRARY RADIUS

The main goal of this section is to calculate for each
T € T(n) the size of its ball Br(n,t) and sphere Sr(n,t)
for general radius . For that, in Subsection VI-A, it is first
shown how to calculate the forest’s ball. Using this result,
in Subsection VI-B, a recursive formula for the tree ball of
trees is given and finally in Subsection VI-C we study the
average ball size of trees.

A. The Size of the Forest’s Ball

In this subsection it is shown how to explicitly find the size
of the forest’s ball Br(n,t). By using this result, we will be
able to proceed to the next step, which is calculating the size
of the tree ball of trees By (n,t). Throughout this section we
use the notation deg,(v;) for the degree of the node v; in a
tree 7 in order to emphasize over which tree the degree is
referred to. We start with several definitions and claims.

Let 7 = (V3,E) € T(t) be a tree, where V; =
{’UQ,Ul7 ce ,Ut_l}, and let ' = {Co, Cy, ..., Ct—l} S F(’I’L,t)

3607

G
()
i} ® | ——m)
Ca Co G

®

(a) The forest F. (b) The tree 7.

Fig. 3. Forn = 10 and t = 4, a forest F' = {Cp,C1,C2,C3,Cs} €
F(10,5) over the set of nodes {v; | ¢ € [10]}, and a tree 7 € T(4) over
the set of nodes {w; | ¢ € [5]}, are presented. Notice that |Co| = 1,|C1| =
2, |CQ‘ =1, ‘C3| = 3,|C4| = 3, and thus, P (F,7) = ‘Co‘ . |C1‘ . |C()‘ .
|Cal - [Col - |Cal - |Caf - [C3] = 18.

be a forest. Let P1(F,7T) : F(n,t) x T(t) — N be the
following mapping. For all F' and 7,

P (FT)= ]]

(Ui U > EE

leiient

The mapping P; counts the number of options to complete
a forest F' with ¢ connected components into a complete
tree, according to a specific tree structure 7 with ¢ nodes,
corresponding to the ¢ connected components of F. Since
every |C;| appears in this multiplication exactly degs(v;)
times (v; is a node in 7)), it is deduced that,

Pl(Fv T) = H |CZ||CJ| = H |Ci|deg7—(vi).

(1)7;,1)]'>€E Ci;eF

Y

Fig. 3 demonstrates the mapping P;.

Let F' = {Cy,C1,...,Ci—1} € F(n,t) be a forest and let
Er be its edge set. For all T = (V,,, Er) € Vr(n,t) we
denote its component edge set Er 1 by

Err=Er\ EFf.

The component edge set is the set of edges that were added
to the forest F' in order to receive the tree 7. We are ready to
show the following claim.

Claim 2: For all F € F(n,t+ 1) it holds that

> PR T).

TET(t+1)

Proof: Let F' = {Cy,C1,...,C:} be a forest. Let H be
a mapping H : Vp(n,t) — T(t + 1) that will be defined as
follows. For each T' € Vp(n,t) with a component edge set
Erp, it holds that H(T') = 7T if for all e € Ep ¢ such that
e connects between Cj and Cy, the edge (v, vy) exists in 7.
Clearly, every T' € Vg(n,t) is mapped and H is well defined.
Moreover, for any 7 = (Viy1, E) € T(t+1), H maps exactly

IT lcilic;l.

(Ui sVj > ek

Vi(n,t) =
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trees from Vp(n,t) into 7, which is exactly the value of
Pl(F, T) ThLlS,

Ve(n,t)= Y Py(FT).

TET(t+1)
|
Next, another mapping Po(F,7) : F(n,t) x T(t) — N is
defined. For every forest F' = {Cy,C4,...,Ci—1} € F(n,t)
and a tree 7 € T(t) with a priifer sequence

t—2

wr = (i05i17 H ')it—3) € [t] )

we let
Po(F,T) = |Ciy| - [Ciy| -+ [Ci, 4.

Using the fact that each number ¢ of node v; appears in
the priifer sequence w7 of 7 exactly deg,(v;) — 1 times,
we deduce that

Po(RT) = [[ [Cyftoertot.
C,eF

(12)

Let gr(x) be the generating function of F', defined by

This generating function will be used in the proof of the
following claim.
Claim 3: Let F be a forest in F(n,t+ 1). Then,

Z PQ(F7T) = ( Z |C7;|)t71 = nt—I.
TeT(t+1) C,eF

Proof: Let F € F(n,t+1) be a forest and let g () be its
generating function. Let G(z) = (gr(x))!~! and we deduce
that

t -
G(z) = (gr(x)) " = (Zm‘ci‘)t 1
=0
- >
(40,81 eyt —2 ) E[tH1]t 1

Since each monomial of G(z) is of the from
gl Gl 1Cul1Csl for (ig,ir,... 0i—0) € [t + 1)1,
it holds that the sum of all the powers of x in G(x) is

2.

(104015 yit o) E[t4+1]t—1

2/Ciol1Ci [-1Ci, 5|

|Cio| - |1Ciy |-+ |Ci, s |,

which is equal to the sum
t—1
(X))
C,eF

Furthermore, each vector (ig,i1,...,9t—2) € [t + 1]"71 is a
priifer sequence w7 of some 7 € T(¢t+ 1). Thus we deduce

that
>

TET(t+1)

xPQ(F,T)7

G(z) =
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and the powers sum of x is exactly

> Py(RT).
TET(t+1)
Therefore,
t—1
> P(ET)= (Y lal)
TET(t41) Ci.eF

Lastly, since » . - |Ci| = n, it holds that

(Zien)™

C,eF

— 1

which concludes the proof. [ ]
According to the last two claims, the next corollary is
derived and provides an explicit expression to calculate the
forest’s ball size.
Corollary 29: For any {Cy, C1, ..
it holds that

,C}}zFEF(n,t—l—l)

Vp(n,t) =n'"" H |C5.

C,eF

Proof: The proof will hold by the following sequence of
equations, that will be explained below,

Ve(n,) 2 Y Py(RT)

TET(t+1)
2 Y et

TET(t4+1) Ci€F

CIen > T o

C;eF TeT(t+1) C,€F

DI il Y PurT)

C,EF TET(t+1)

t—1
T Il YC 1)
CieF CieF

L it 11 el

CieF

Equality (a) holds by Claim 2. Equality (b) holds due
to (11). Equality (c) is a result of taking the common factor
[Ic,cr |Ci| from the summation. Note also that for all i €
[t + 1], degs(v;) > 0. Equality (d) holds due to (12).
Equality (e) holds by Claim 3. Equality (f) holds since
(1Col + |C1| + -+ +|Ct]) = n. ]

—~
8}

B. The Size of the Tree Ball of Trees

In this subsection we present a recursive formula for the
tree ball of trees Br(n,t) and its sphere Sr(n,t), as well as
asymptotic bounds on their sizes. First, according to Corol-
lary 29, we immediately get the following corollary.

Corollary 30: For all T € T(n) it holds that

Z Vr(n,t) = ntt Z

FePr(n,t) (i0,81,...,0¢)EPr(n,t)

1% - - - Ty

Next, a recursive connection between the sizes of forest’s
balls and spheres (of trees) is shown.
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Lemma 31: For all T € T(n) it holds that
t

R EDD (n_li_t+i>ST(n,t—i).

FEPr(n,t) i=0
(13)
Proof: Let T = (V,E) € T(n). First notice that for all
0<<t,

t
U Sr(n,i) = U Vr(n,t).

=0 FePr(n,t)

Therefore, our main goal in this proof is finding, for a given
tree T; = (V,E;) € Sr(n,i), the number of forests in
Pr(n,t) in which the tree belongs to their ball of trees.
This number equals to the size of the intersection Pr(n,t) N
Pr,(n,t) since all of these forests belong also to Pr;(n,t).
Thus, every forest F' € Pr(n,t)NPr, (n,t) is received in two
steps. First, remove from 7; the ¢t — ¢ edges in E; \ E. Then, i
more edges from EN E; are chosen, where |[ENE;| =n—1—
(t — i). Note that indeed every forest in Pr(n,t) N Pr,(n,t)
is generated by this procedure. Thus,

n—l—(t—z))

7

(Pr(n,t) 1 P, (n, )] = <

Therefore, in (13) each tree T; € Sr(n,t — i) belongs to
the forest’s balls of ("71;(t7i)) different forests in Pr(n,t).
Since it is true for all 0 < ¢ < t we conclude the lemma’s
statement. |
Combining Corollary 30 and Lemma 31, a recursive formula
for the size of a sphere is presented.
Corollary 32: For any T € T(n) it holds that

t .
Z(n—l Z— t—|—z) Sr(n,t —i) = ntt

i=0 (5001 -+

Y SEERE P
it)€Pp(n,t)
Using Corollary 32, a recursive formula for the tree ball of
trees is immediately deduced, see Appendix B.
Theorem 33: For any T € T(n) it holds that

i (n_Qi_t+i)VT(n,t—i) — ! Z

=0 (i0+i15-++,it) € P (n,t)

1001+ * + Ut

The proof of the following lemma can be found in Appen-
dix C, and it is the last step before presenting the main result
of this section.

Lemma 34: For any positive integer «, if

t )
-2t
) (” o ) Vi(n,t — i) = Q(n),
i=0 !
and Vi (n,0) = 1, then Vp(n,t) = Q(n°t).
Finally, the main result of this section is shown.
Theorem 35: For all T € T(n) and fixed ¢, it holds that

Vr(n,t) = Q(n%), Vr(n,t) = O(n?’t).

Proof: First we will prove that Vi (n,t) = Q(n?). Given
positive integers i, 1, . ..,%;—1, %, such that ¢ +i; +-- -+
it—1 + iy = n, it holds that

@ O e
Lo ()™

n—t < igi i < (14)
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where (a) is well known and (b) holds by using the arithmetic-
geometric mean inequality. Thus, for all T € T(n)

t .
—2—1
Z(n | “)VT(n,t—i)
=0 ¢
@t >

(20,81 ,..-,3¢)EPr(n,t)

© (n — 1) (n—t) = Qn?),

1001+ * - U4

¢
and
t
21t
> ("7 e
1=0 !
@ -1 3 ioin -+ -y

(30,21,..+,7¢ ) EPr (n,t)

(b) -~ n—1 n t+1
<nt 1< . )<—t+1) =0(n™),

where in both cases (a) holds by Theorem 33 and inequality
(b) holds according to (14). Therefore, it immediately deduced
that Vp(n,t) = O(n3'). The result Vy(n,t) = Q(n?) is
deduced according to Lemma 34. [ ]

C. The Average Ball Size

In this section we study the asymptotic behavior of the
average ball size (of trees). First, using Theorem 33 and
Lemma 31 we deduce that for all T € T'(n)

t

R EDD <n_2;t+i>VT(n,t—z').

FePr(n,t) =0
(15)

The following recursive relation on the average ball size is
presented.
Lemma 36: For all n and t, it holds that

i(n_zi_tﬂ)wn,t—z’)

=0

1
o 2t—n
B T Y Z

1<io in,..,1 <N
totirte i =n

Proof: The following holds,

i(n—Z;t—i—i) S Vim0

i=0 TET(n)

( n
b0,81, ...

)zf)ozzf gyt
azt

’) Vi(n,t — i)
Z Z VF (TL, t)

FEF(n,t+1)T€Bp(n,t)

> @ T e’

FEF(n,t+1) C.eF

2 Z
Z (VF(TZ, t))2 (i)

FEF(n,t+1)
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(&) n n —2 2 \2
S R S =
"0<i,.ig<n N 07T 't
ot tit=n
ot—2 1

n p
(, , )1602111 ceegyt
ZO;Zlv"';Zt

Equality (a) holds by changing the summation order. Equality
(b) holds due to (15) and Theorem 33. Equality (¢) holds by
changing the summation order of trees and forests as it was
done in (10). Equality (d) holds by Corollary 29. We deduce
equality (e) as follows. It was shown in [18] that

> (" )
0<ip,...,it<n b0yt
G0+ +zf n
For each F' € F(n,t + 1) we denote |C;| = ij, j € [t + 1].
Thus,

(IT 16:)? = Gio---in)?,

C,eF

T0<i0,01 .0t <0
toti1i+-+ig=n

F(n,t+1) = =)

which verifies the equality in step (e). After dividing the last
expression in the series of equations by n"~2, the proof is
concluded. [ ]

Next, we seek to show the main result of this section, that is,
the asymptotic size of the average ball. For that, we first show
the following claim, where its proof is shown in Appendix D.

Claim 4: For a positive integer n and a fixed ¢ it holds that

5 (7)o -0 S ()i i

i=1 i=1

The following lemma is now presented.

Lemma 37:
n
10,01, .-

0<i0,i1,...,5¢ <N
to+i1t-tit=n
Proof: Consider the sequence of integers 11,22, 33, ...,
that is a, = n", for n > 1. Let G(x) be its generating
function, i.e.

90 01 iy n+t/2
zf)lo i ..if =0(n ).
? L

n

G(z) = Z anx—

Denote by F(z) the function Fi(x) =

e
o
n
n=1

(G(x))t*L. Thus,

oo
n i\ T
=2 Z " i) or
L 10,91, - - - n!
n=1 0<i0,i1,...,5¢<n
to+i1+-tir=n

)1602111 .
azt

and the coefficient of 2™ /n! in Fy(z) is exactly
n y
E ( _ )zg‘)z’f...z?.
ZQ,Zl,...,Zt

0<50,81,...,4t <N
toti1t-+ig=n

Next, it is shown by induction on ¢ that the order of the

coefficient of 2" /n! in Fy(z) is ©(n"+/?).

Base: Clearly the coefficient of 2™ /n! in Fy(x) is n”, since

Fo(x) = G(x).
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Inductive Step: Assume that the coefficient of 2™ /n! in F;(z)
is ©(n"*t/2). Thus, the coefficient of z"/n! in Fy ;i (x) is

exactly
Fip1(z) = Fy(z)Fo(x)
oo . . %
(208 (o )E)y)

i=1  0<ig,it,...,it<i

Go+i1+-+ir =1

(Sr5) @ (Sow2) (57%)

7j=1

n—1 "
b ny n—i
ngqu 0"/~

i=1 ’

n—1
(© t/2 ny An—i ¥
= 0(n'?) E (Z,>Z(TL—Z) )

i=1
(d) f/2 Z@ n+05 Z@ n+(t+1)/2)

n!’

where equality (a) holds by the induction assumption, and
equality (b) holds by denoting i+ j = n. Equality (¢) holds by
Claim 4 and equality (d) holds due to Corollary 28, where we
showed that the coefficient of 2™ /n! in Fy(z) is ©(n"*0-5).
|
We are now ready to find the asymptotic size of the average
ball.
Corollary 38: Tt holds that

V(TL, t) =
Proof: It holds that

;(n_2i_t+i>V(n,t—i)
3 ( "

. . X 105214+
1<ig in,.. i S0 Y
ottt Fi=n

@(n2.5t).

a 1
(:) n2t7n

10 501 T
>Zo ol
B} Zt

(:b) @(th—n)@(nn—H/Q) _ @(n2.5t)’

where (a) holds by Lemma 36 and (b) holds using Lemma 37.
Therefore it is deduced that V(n,t) = O(n?®!). The result
V(n,t) = Q(n?5t) is proved according to Lemma 34. [ |

In summary, we proved that for every 7' € T(n) and fixed
t it holds that Vr(n,t) = Q(n?'), Vr(n,t) = O(n3) and
the average ball size satisfies V' (n,t) = ©(n?-5%). The sphere
packing bound for smallest tree ball of trees size of radius ¢
for 7-(n, M,d = 2t + 1) codes over trees in this case shows
that

nn—2 1

1
o n—2—2t __ n—1—d
A(n,d)ém—anl —Enl 5
for some constant «. Thus, we derive a similar result as in
Corollary 19.
By using the generalized Gilbert-Varshamov lower bound
for the average ball size [33] for 7-(n, M,d =t + 1) codes

over trees, we get,

A(n,d) = Q(nn—2—2.5(d—1)) = Q(nn 0525,
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However, in Section VIII, based upon Construction 3, we will
get that
A(n,d) = Q(n"24).

In the next section similar results are shown for stars and
path trees. While the exact size of the tree balls of trees is
found for stars, for path trees we only find its asymptotic
behavior and finding its exact expression is left for future
work. It is also shown that for a fixed ¢ the star tree has
asymptoticly the smallest size of the tree of ball of trees, while
the path tree achieves asymptoticly the largest size.

VII. THE TREE BALLS OF TREES FOR STARS AND PATH
TREES

Several more interesting results on the size of the tree balls
of trees and more specifically for stars and path trees are shown
in this section. First we show an exact formula for V*(n, )
and conclude that V*(n,t) = ©(n?). Then we simplify the
recursive formula in Theorem 33 for path trees and we will
show that V-(n,t) = ©(n3"). Finally, we will show the
following explicit upper bound on the recursive formula in
Theorem 33, that will not depend on the structure of the tree,

t .
n—2—t+1 n—+t
Vr(n,t —i) <n'™? :
Z:( i )Tm’ <n (%+J
i=0
This result will be shown in Theorem 44.

First, we derive some interesting properties from the recur-

sive formula in Theorem 33, which proved that

Z (n2it+i) Vi, t — i) — it Z

=0 (i04i15---it) € P (n,t)

1001+ - - Ut

Notice also that for all T € T(n) and t =n — 1,

> 1

(1,1,...,1)ePr(n,n—1)

"z:l(n_Q—(@—l)“)VT(n,n—l—i)

7

nn—2 _ n(n—l)—l

s
Il
o

.
|
—

1

— 1
(Z ; )VT(n,n—l—i)zVT(n,n—l),
=0

i
where (Bl) is defined to be 1, and indeed Vz(n,n — 1) =
n"2, Similarly, if t = n — 2 then

2(n — 1)p" =3 = pn=2-1 Z 9
(20,%1,-.-,2¢ ) EPr (n,n—2)
n—2 i n—2
- Z (Z)VT(n,n— 2—4) = ZVT(n’n_ 2—4),
=0 i=0
and thus,
n—2
Z Vr(n,i) = 2(n —1)n" 3, (16)
i=0

As for stars, applying Theorem 33, we simply draw the
following formula

7 t

8\

a7)
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Using this result and the proof of Theorem 33, the following
interesting result holds.
Corollary 39: For any T € T(n) it holds that

t .
3 (" 2@, t“) (Veln,t = i) = V*(n,t =) > 0.
i=0

Next an exact formula of the size of the tree ball of trees
for stars is presented. The proof of this theorem is shown in
Appendix E.

Theorem40: The size of the sphere for a star satisfies

S*(n,t) = ("; 1) (n—1)"(n—t—1),

and the size of the tree ball of trees for a star satisfies
t
-1 )
Vi) =3 ("o 1 - - )
— J
7=0

Note that while in Theorem 35 it was shown that for all T" €
T(n) it holds that Vi (n,t) = Q(n?'), for stars it is deduced
that S*(n,t) = ©(n?") and V*(n,t) = ©(n?"), which verifies
that stars have asymptotically the smallest size of the tree ball
of trees.

We turn to study the size of the tree ball of trees for path
trees. We first simplify the formula of Theorem 33 in the path
tree case.

Theorem 41: The size of the tree ball of trees for a path
tree satisfies

t .
-2t t
Z " . o V‘(n,ﬁ—i):nt_1 ne .
. i 2t+1
=0
Proof: Denote by A the set
I<josn—t
I<ji<n—(t—1)— jo
A= (jOa.jla"'a.jt)
1< jia Sn—1-30 s
Je=n—3ods
Let T € T(n) be a path tree. The following equations hold.

1 /n—2—t+i\. _ )
nt_lz< ; )V(n,t—z)

=0

(@) Z

(20,81 ,...,3¢)EPr(n,t)

(b) . NS S
U ml---jté( )

2 + 1
(Jos1seenit EA +

1001+ * U4

Equality (@) holds due to Theorem 33. As for equality (b),
note that after an erasure of ¢ edges of 7', we get ¢ + 1
connected components of 7" where each of them is a path
tree. The value of j; represents a path subtree as follows. The
first path subtree will be of size jo which can be at least of size
1 and at most of size n —t. Similarly, the size j; of the second
path subtree ranges by between 1 and n — (t — 1) — jo, i.e.
1 <j1 €£n—(t—1)— jo. Continuing with this analysis,
the size j; of the last path subtree satisfies j; = n — ZZ;E Js-
Hence, the set of all vectors (jo,J1,-..,J:) is exactly the
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set A, which verifies equality (b). Equality (¢) holds using
combinatorial proof. Consider the problem of counting the
number of options to choose 2¢ + 1 numbers from the set
of numbers [n + ¢]. The right hand side is trivial. As for the
left hand side, denote by (x1,x2,...,x91) a vector such
that z; < 9 < --- < 944 representing an option of chosen
2t 4+ 1 numbers. We choose these 2¢ + 1 in two steps. First we
choose the values of xo,x4,...,29;. We translate choosing
these numbers to choosing the values of jg,j1,...,J: such
that

t—1
Ty = Jo,Ta = J1 + Jo, T = D js =1 = ji.
5=0

In the next step we choose the values of =1, x3,...,T2¢41.
Since x1 < x9, there are jy options to pick z;. Similarly
since xo < x3 < x4, there are x4 — xo = j; options to
pick zs. Lastly, since xo; < o141 < n, there are j, options
to pick x9;11. Thus, every option of choosing jo, ji,---,Jt
counts jopji - .. J+—1J¢ solutions, and since all options of this
problem are counted, the proof is concluded. [ |

Similarly to the case of stars, we showed in Theorem 35 that
for all T € T(n) it holds that Vi (n,t) = O(n3!), and it is also
true for path trees as we can see in Theorem 41. According
to Lemma 34 we also deduce that V= (n,t) = O(n3), that is,
a path tree has asymptoticly the largest size of the tree ball of
trees.

Although a path tree has asymptoticly the largest size of
the tree ball of trees, it is not necessarily true that for every
n and t its size is strictly the largest. We will show such an
example at the end of this section.

Our last goal of this section is a stronger upper bound on
the size of the tree ball of trees. According to Theorem 35,
it was shown that for every tree 7' € T(n) it holds that

. . _(n—1 no o\ttt
> anens (M) ()

(40,81 5.5t ) E P (n,t)
while our goal is to improve this upper bound to be
.. . n+t
> o (2t " 1)

(i0,%1,-.-,0¢ )E P (n,t)
While this result does not improve asymptotic upper bound
of O(n?"), we believe that this upper bound is interesting and
furthermore it verifies the statement of Theorem 44.

First the definition of (2) is slightly modified. Let v, =
(VigsViyy---,0i,_,) be a vector of ¢ not necessary distinct
nodes of T € T(n) where 1 < £ < t+ 1. Let Fr p/(vy) =
(Va, E\ E') € Pr(n,t) be a forest which is also denoted by
FT,E’('UZ) = {CO,Cl,...,C't}, such that vi; € Cj,j S [e]
and |Cy| < |Cpy1] < -+ < |Cy|. In case there is more than
one way to order to connected components Cy,C1, ..., Ch,
we choose one of them arbitrarily. For 1 < ¢ < ¢t + 1 denote
the multi-set Pp(n,t;vy)

(18)

Pr(n,t;v) =
{(C0l,...|CDKCo..,Co} = Prop (v0) € Pr(n.t)},

and for ¢/ = 0,
Pr(n,t;ve) = Pr(n,t).
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Intuitively, this multi-set consist of profiles of forests such
that all the nodes of the vector vy are in different connected
components of these forests. From this definition, in case that
not all of the nodes in vy are distinct, then Pr(n,t;v,) = 0.
Another property is that for all ¢ € [t + 2] it holds that

n—1
IPT(n,t;ve)|<|PT(n,t)|:( . )

Next, for all ¢ € [t + 2], denote by fr(n,t;v,) the function

>

(cosc15e.msct) EPT (n,t00)

fr(n,tivy) = CoCoy1 - Cy

where in case that £ =t + 1, the function f7 is defined as

> 1
(co,¢1,-.s¢t)EPT (N, t;0441)
n—1
y .
Again, if not all of the nodes in v, are distinct, by definition
Pr(n,t;ve) = and

fT(nvta thrl) =

= [Pr(n,t;vi41)] <

fr(n,t;v,) =0.

Since in case that ¢ = n — 1, each connected component is of
size 1, the following property is immediately deduced,

fr(n,n —1;v,) = Z

(cosc1sems¢n—1)EPT(n,n—15vy)

CeCo41Cpn—1 = 1.

19)
The main goal in this part is to show that
n+t—~{

t; < , 20

rinion < (3171 o)

where in case that £ = 0, the equality (18) is immediately
deduced.

Let T € T(n) for n > 2. For two integers ¢ and ¢ such that
0<l<t+1l<n,letvy= (vig,...,0i_,,vi,_,) be a vector

of £ nodes in T'. For j € [+ 1] denote v; = (viy,..., v, ,).
For any node v, in T denote v 1(v;) = (Vig, ., Vi;_,, Vz).
By a slight abuse of notation, given a vector (co,...,c;) €

Pr(n,t;vg), the connected component C; is referred to the
value ¢;, or in other words (co, ..., ¢;) = (|Col,...,|C|). For
any node v, in T denote by Ap(n,t;ve,v,) the set

Ar(n, t;ve,v,) = {(|co|,...,|ct|) € Pr(n,t;v0)|v. € | c}

i€ [l]

Let v, be a leaf connected to a node denoted by v, in T' €
T(n), and let T} € T(n— 1) be a tree generated by removing
v, from T'. The definitions introduced above are used in the
next claims and lemmas.

Claim 5: The following properties hold

a) It holds that

E Cp-+-Ct

(cose-wset) EPT (N tv0)

D T

(cos.-msct) EAT (N, t;00,0y)

E Cp-Cq.

(cos--sct)EPT (N, tivet1(vy))
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b) If v, is not in v, then,

3 oy

(coy-yct)EAT) (n—1,t;04,0y)

/ /
CZ"'Ct'

>

(cgyseesCh) EAT (N,t500,02)

Ct =

¢) If v, is not in v, then,

E Cp---Ct

(coseemset) EPT (n,tv041 (V)

-y

(chserch)EPTy (n—1,t0041(vy))

+ 2

(coy--nce—1,1,¢041,..¢t) EPr (N, t00 41 (v2))

/ / /
(cp+1)cpyr- ¢
1.ce+1...ct.

d) If vy =v;, , then

E Cp---Ct

(€o,..yct)EPr(n,t;ve(vg))

_ 3 &honc

(chsnch)EPT, (n—1,tw0(vy))

+ 3 .

(coserCo—2,1,¢0,50005¢t) EPT (N0 (V1))

The proof of Claim 5 can be found in Appendix F. Next
we show a recursive formula with respect to fr.
Lemma42: If v, is not in v, then,

fr(n,t;ve) = fr,(n — 1,t;v0)
+ fry(n=1,tv041(vy)) + fr (0 = 1,t = 15 00).

If v, is in v, and without loss of generality v, = v;,_,, then
fT(nvt; UZ) = le (n_]-vt; ’l)z('l)y))-f—le(n - ]-at - ]-a ’Uﬁfl)~

The proof of Lemma 42 can be found in Appendix G.
An example that illustrates this recursive formula is now
presented.

Example 2: For n = 10, we illustrate in Fig. 4(a) a
tree T € T(10). In this example, ¢ = 4 and ¢ = 1,
Uy = Us,Uy = vg and vy = (v7). Let Ty € T(9) be
a tree which is derived from 7" by removing the node vs.
After an erasure of 4 edges, the multiplication of the five
connected components is counted in f(n,t). Fig. 4(b), (c)
and (d) represent the idea of the formula fr(n,t;v,) =
fri(n=1,t5v0)+ fr, (n—1, 80041 (vy)) + fr (n—1, 1 =15 v).
The dashed edges in Fig. 4(b),(¢) and (d) represent the
erased edges from 7', yielding a forest with five connected
components Cy, C1,Cy, C3, and Cy. An example of possible
erasure including the edge (vs,vg) is shown in Fig. 4(b).
This example emphasizes the case which corresponds to the
multiplication |Cy| - |C1] - |Cs| - |C4] that is also counted in
fr,(n—1,¢; (v7)) since |Co| = 1. Fig. 4(c) and (d) similarly
emphasize the case in which an erasure of 4 edges does not
include the edge (vs,vg). While Fig. 4(c) emphasizes the
multiplication |Cp| - |Cy] - (|C’3| - 1) - |C4|, which is counted
in fr,(n —1,t — 1;(v7)) (since vs is not in T7), Fig. 4(d)
emphasizes the multiplication |Cp|-|C1|-|C4|, which is counted
in fr,(n—1,t; (v7,ve)). Hence, |Col - |C1]-|Cs| - |C4l is also
counted in the case that the edge (vs,vg) is not erased.

3613

Finally, the upper bound for fr(n,t;v,) is presented, while
the proof is shown in Appendix H.

Lemma43: For any tree T' € T(n),n > 1 and a vector of
0<l<t+1<nnodes vy = (Viy, Viys---,Vip ,)s

n+t—1~¢
: < .
fT(nvty'UZ)\ (2t+1_£>

From Lemma 43 it is immediately deduced that for all T' €
T(n),

>

(20,81 ,...,3¢)EPr(n,t)

n+t
TV = t < . 21
ioir iy = fr(n,t) <2t . 1> 2n
Using (21) the tighter upper bound for the recursive formula

in Theorem 33 is shown in the following theorem.
Theorem44: For any T € T(n) it holds that

t .
n—2—t+1 n+t
Vr(n,t —i) <nf™t :
Z( i ) rimt =g <n (2t+1)
i=0

From Theorem 44 and Theorem 41 we immediately deduce

the following corollary.
Corollary45: For any T € T(n) it holds that

Zt:(n_Z._Hi) (Ve t =)= v-n,t = 1)) <0.

i
i=0
Even though by Corollary 39,

Et: (n_Q._t”) (Ve(n,t =) = V*(n,t i) >0,

i
i=0
and by Corollary 45,

t .
3 <” 2@_ t“) (Ve(nt =)= V(nt =) <o,
i=0

it does not imply that for all n and ¢, V*(n,t) < Vp(n,t) <
V=(n,t). For example, if t = n — 2, V*(n,t) = n"~2 while
V=(n,t) < n"2, since one can check that there are two path
trees T1,T> € T(n) such that d7(T1,T2) = n — 1. However,
we conjecture that for fixed ¢ and large enough n, it holds that
V*(n,t) < Vp(n,t) < V- (n,t).

VIII. CONSTRUCTIONS OF CODES OVER TREES

In this section we show several constructions of codes over
trees. The first is the construction of 7-(n, |[n/2],n—1) codes,
and the second is the construction of 7-(n,n,n — 2) codes.
The third and our main result in this section is the construction
of T-(n, M,d) codes for fixed d where M = Q(n"~24). For
positive integers a and n we will use the notation (a), to
denote the value of (¢ mod n).

A. A Construction of T-(n,|n/2],n — 1) Codes
A path tree T' = (V,,, E') with the edge set

E = {(vi]’vi]+l) | VS [TL— 1]aZ’j € [n]}v

will be denoted by T = (vy, vy, ..., 0, ,), i.€., the nodes
v;, and v;, , are leaves and the rest of the nodes have degree
2. Note that the number of path trees over n nodes is n!/2,
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(a) The tree T € T(10).

I
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(b) An erasure of 4 edges of T including the edge (c¢) An erasure of 4 edges of (d) An erasure of 4 edges of

(vs,v6), and |Co| - |C1| - |C3| - |C4| is counted in T without the edge (vs,vg), and T without the edge (vs,vs), and

fr,(9,3; (v7)).

ICol - |Ca - (ICs\ - 1) -|cy] is ISl 'LC1| - |Cq| is counted in
counted in le (9,4; (07))‘ fT1 (9,4; (v7,v6)).

Fig. 4. The idea of the recursive formula f7(10,4; (v7))) = fry (9,3; (v7)) + fry (9,45 (v7)) + fry (9,45 (v7, v6)).

(b) The Ty tree.

[

(a) The Ty tree.

Fig. 5. This code contains 5 trees, To, 77,7, T3, and Ty.

so every path tree has two representations in this form and we
will use either one of them in the sequel. For s € [[n/2]],
denote by Ts = (V,,, E) the path tree

g P Vst Vs - MH%M) Hif m is odd,

:if n is even.

U(s)n 5 U(sfl)" 5 U(erl)na B U(S,%>"

Example 3: For n = 10 we show an example of the path
tree Tp. By looking at the lower half of the circle in this
figure, i.e. nodes vg,vg, vs, VU7, Vg, U5, there is a single edge
connecting two vertices on this half circle. The path tree 7T} is
received by rotating anticlockwise the nodes on this circle by
one step. Note that all the edges in Ty and T} are disjoint and
this property holds also for the other path trees 75,75, 7T}.

The construction of a 7-(n, [n/2|,n — 1) code is given as
follows. This construction is motivated by the factorization of
the complete graph into mutually disjoint Hamiltonian paths;
see [11], [17]. Even though this result is well known, for
completeness we present it here along with its proof.

Construction 1: For all n > 3 let C7, be the following code
over trees

Cr, ={Ts = (Va, E)[s € [[n/2]]}.
Theorem46: The code Cr, is a 7-(n, [n/2|,n — 1) code.

Proof: Clearly, since for all distinct s1,s2 € [|n/2]] it
holds that s # sg + |n/2], it is deduced that |Cr,| = [n/2].
Next we prove that this code can correct p = n — 2 edge-
erasures, by showing that dr(Cr,) > n — 2.

Assume on the contrary that d7(Cz,) < n — 2. Therefore,
there are two distinct numbers sy, s2 € [[n/2]] such that the
trees Ty, = (Vi, Ev), Ts, = (Vi, E2) € Cr; hold |E1 N Es| >
1. Therefore, there exist two integers ¢1,%t2 € [[n/2]] such
that one of the following cases hold:

@) (U(sy4t1)ns Vs1—(t141))n) = (U(satta)ns Usa—(ta+1))n >
b) <v(sl+t1>n7U(S1—(t1+1))n> = <v<82_t2>n7v(52+t2>n>’
c) <v(81—t1)n’v(81+t1)n = <v<82_t2>n7v(52+t2>n>'

We will eliminate all those options as follows.

a) If (s1 +t1)n = (s2+t2)y and (s1 — (t1 + 1)), = (52 —
(t2 + 1)), then by summing those equations we deduce
that (2s; — 1),, = (2s9 — 1),,. Therefore, we deduce that
S$1 = s9 which is a contradiction. Similar proof shows
that it is impossible to have (s; +t1), = (s2 — (t2+1))n
and <82 =+ tg)n = <51 — (tl =+ 1)>n

b) If (s1+t1)n = (s2 —ta)y, and (s1 — (t1 + 1))n = (s2 +
o), then by summing those equations we deduce that
(251 — 1)y, = (282)y. Since s1, 82 € [|n/2]], if s1 # 0
then 251 —1 < n—1 and 2sy < n—1. Clearly, (251 —1),,
is odd and (s2),, is even, (since both of them smaller than
n) so it is deduced that they are distinct. If s; = 0 then
(2s1 — 1), = n — 1 but since sg € [[n/2]] it holds that
2s9 < n—1 and therefore we get again that (2s; —1),, #
(282)n, which is a contradiction. Similar proof shows that
it is impossible to have (s1 + t1)n, = (s2 + t2), and
(81 = (t1 +1))n = (s2 — t2)n-

c) If (s1—t1)n = (s2—t2),, and (s1+11),, = (s2+t2), then
by summing those equations we deduce that (2s1), =
(282)n,. Therefore, we deduce that s; = so which is a
contradiction. Similar proof shows that it is impossible to
have <51 _t1>n = <52+t2>n and <51 +t1>n = <52 _t2>n-

|
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In this construction the result A(n,n—1) > |n/2] is shown,
and since by (3), A(n,n—1) < n/2itis deduced that A(n, n—

1) =1[n/2].

B. A Construction of T-(n,n,n — 2) Codes

For convenience, a star 7' with a node v; of degree n — 1
will be denoted by T,,. The construction of a 7-(n,n,n — 2)
code will be as follows.

Construction 2: For all n > 4 let Cz, be the following code

Cr, = {Tv; = (Va, E)|i € [n]}.

Clearly, the code Cr, is a set of all stars over n nodes. Next
we prove that this code is a 7-(n,n,n — 2) code.

Theorem47: The code Cr, is a 7-(n,n,n — 2) code.

Proof: Let T, = (V,,, E),i € [n], be a codeword-tree of

Cr, with a node v; of degree n — 1. Since T3, is a star, after
the erasure of n — 3 edges from 7T, the node v; will have
degree 2 and all the nodes v; € Ty, j # ¢ will have degree
of at most 1. Therefore the node v; can be easily recognized
and the codeword-tree T),, can be corrected. [ ]

In this trivial construction we showed that A(n,n—2) >n
and since by Theorem 20, A(n,n — 2) < n it is deduced that
A(n,n —2) =n.

C. A Construction of T-(n,Qn"~%),d) Codes

In this section we show a construction of
T-(n,Qn""2d) d) codes for any positive integer
d < n/2. Note that according to Corollary 19, for fixed d,
A(n,d) = O(n"~1=4) and by Corollary 49 it will be deduced
that A(n,d) = Q(n"~24).

For a vector u € F3" denote by wy (u) its Hamming weight,
and for two vectors u, w € FJ', dy(u,w) is their Hamming
distance. A binary code C of length m and size K over Iy
will be denoted by (m, K) or (m, K, d), where d denotes its
minimum Hamming distance. If C is also linear and k is its
dimension, we denote the code by [m, k| or [m, k, d).

Let E, be the set of all (1) edges as defined in (1), with a
fixed order. For any set ¥ C FE,,, let vg be its characteristic
vector of length (g) which is indexed by the edge set F,, and
every entry has value one if and only if the corresponding
edge belongs to F. That is,

(vp)e = {1, ec K

0, otherwise

The construction of 7-(n, M, d) code over trees will be as
follows.

Construction 3: For all n > 1 let C be a binary code
((5), K,2d — 1). Then, the code Cz, is defined by

Cr, ={T € T(n) | vg € C}.

Theorem48: The code Cz, is a T-(n, M, d) code over trees.
Proof: By Theorem 6, a code over trees C7 with parame-
ters 7-(n, M) has minimum distance d if and only if Cz can
correct any d — 1 edge erasures. Notice also that since C is
a code with Hamming distance 2d — 1, it can correct at most
any d — 1 substitutions.

3615

Let T = (V, E) be a codeword-tree of Cz, with its binary
edge-vector vp. Suppose that T experienced at most d — 1
edge erasures, generating a new forest F' with the edge set
E'. Since E' C E and |E'| > |E| — (d — 1), it holds that
dy(vg,vg) < d — 1 and the vector vy can be corrected
using a decoder of C. |

The next corollary summarizes the result of this construc-
tion.

Corollary49: For positive integer n and fixed d, A(n,d) =
Q(n"~24) and the redundancy is r(n,d) < (d — 1)log(n) +
O(1).

Proof: Applying BCH codes (see Chapter 5.6 in [27]) in
Construction 3 for all n > 1, linear codes [(}), k, 2d — 1] are
used with redundancy

r=(d—-1) log((g)) +O(1) =2(d — 1) log(n) + O(1)

redundancy bits. The 2" cosets of the C codes are also binary
((5),2%,2d — 1) codes. Note that each tree T' from T(n) can
be mapped by Construction 3 to exactly one of these cosets.
Thus, by the pigeonhole principle, there exists a code Cz, of

cardinality at least
n—2

nn—2 n

_ l n—2d
22(d—1)log(n)+0O(1) o

= N
anQd—Q a ’

for some constant «. Thus, we also deduce that
r(n,d) < 2(d—1)log(n) + O(1).

|

Remark 1: We note that the use of BCH codes can be
changed to any linear codes. In fact, it is possible to use in
Construction 3 a code correcting d — 1 asymmetric errors.
However, we chose to use symmetric error-correcting codes
since the use of asymmetric error-correcting codes does not
improve the asymptotic result and in order to derive the result
in Corollary 49 we needed linear codes.

In this section we showed a family of codes with 2(n
codeword-trees where d < n/2. Next we show a construction
of codes over trees with €2(n?) codeword-trees where d is
almost 3n /4.

n72d)

D. A Construction of T-(n, 25+ - [2=L] |32] — [30] _2)
Codes

In this section, for a prime n, we show a construction of
T-(n, 272 - [2=L] |22 ] — [22] — 2) codes, where m is a
positive integer such that 3 < m < n — 1. By Corollary 49,
A(n,d) = Q(n""24) where d < n/2. Here we extend this
result by showing that for d approaching |3n/4], there exists
a code with Q(n?) codeword-trees. First, several definitions
are presented.

A two-star tree over n nodes is a tree who has exactly
n — 2 leaves. For a prime n and integers s, € [n] where
t # 0, denote the following two edge sets

E;Jg) = { <US7 U(s+it),,L>

B/

n—l—l}
2 )

1<i<

. n—3
{Ww%mvU(s+—"+2;+1t>n>|1 SWAS D) }
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Fig. 6. A two-star tree. The nodes are marked by numbers ¢ € [n] instead of

nodes v;. Note that by the definition of Eg;), the node marked by (s —t)n
s+ n+2j+1t> n—3
2

is exactly the node marked by ( n, Where j = =5=.

Denote by Ts ¢ = (V,,, Es+) the two-star tree with the edge
set

By =EDUE.

It is possible to verify that indeed according to this definition
T, is well defined and is a two-star tree. Furthermore, It will
be shown in Theorem 53 that each pair (s, ) defines a unique
tree T’ ;. The nodes v, and VUggynflyy, are called the central
nodes of T ;. Also note that

n+1 n—1

deg(vs) = ) deg(v<s+nT+1t> ): )

In Fig. 6 we illustrate a two-star tree T ;.

For a prime n and an integer 1 < ¢t < L%J where 3 <
m<n—1and o€ {2, 21} denote by W(n,t,a) the
set

(22)

n

W(n, t, a) = {<t>7h <2t>na <3t>n;

First we state the following claim.

Claim 6: For any two positive real numbers a, b such that
a < b, the number of integers j such that ¢ < j < b is at
most [b— a].

The following lemma is now presented.

Lemma 50: Let n be a prime number, o« = 2 s
be two distinct integers 1 < #1, ¢, < %=1 ]. Then

Slaty, b (23)

to

W (.11, 0) W, 12, 00] < [ 5] + [s—m +1.

Proof: Tt is sufficient to prove this claim for ¢t; = 1, since
all the other cases are proved by relabeling ¢; to 1 and t2 to

to — t1 + 1. In this case,
n+1 n+3
=[] ok

Thus, denote ¢ = ¢, and since 0 ¢ W (n,t, «), it is sufficient
to prove that for all 2 < ¢ < L”—_lj,

[l nweal < [3]+ [57] +1

n th, let A, be the set

n
7 <k=1.
7}

W(n,1,a):{1,2,...

For an integer k such that 1 < k <

A = {{tn | (k=1)

n
t
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Note that jt = (k — 1)n + (jt),, and also

1
Lt

U Aka

where all Aj’s are mutually disjoint. Moreover, for all 1 <
k< it
~ n 9

nta

n
Akl < [k = (k= 1) | = /1],
which holds due to Claim 6. Hence,

n+3
2

aen[f57]] < fan [ +2
<Gl -1
(2[(1@—0.5)%—(1@_1)] [;’t

1] it holds that

<j<(k;—0.5)?}|+2
|+2.

where (a) holds since for all (jt),, € AxN["F=
0 < (jt)n < 5% and hence
(k—=1)n < jt=(k—1)n+ (Jt)n

-1
< (k—l)n—i—nT < (k- 0.5)n.

Equality (b) holds by Claim 6. Since ¢ < [“1], it is deduced

that
+3 ‘n+1fJ +3
n n
wonsarn [25|<| U a2
k=1
n+1 n
<5tz +2)
2n 2t *
n+1 /n
< t( 3)
2n 2t+
_n—|—1 3n—|—1t
4 2 n
<n—|—1 3n+1ln—1
] 2 n m
_n+1 3n2 -1
4 2 nm
<[{1+ Gl +1
4 2m

Note that this lemma holds also for o = 2=L. We state the

following corollary which is derived directly f2rom Lemma 50.
Corollary 51: Assume that W is a subset of one of the sets
W(n,t,a), where 1 < ¢t < [21] and o = 2L If [W| >
[T+ 5 5n | +1, then the value of ¢ can be unlquely determined.
This corollary holds also for a@ = ”T_l We proceed by
introducing several more definitions. For all 1 <t < [21]

denote the following set

e {0,

and the set A,, ,,, to be

Apm = {(s,t)] s€ B, 1<t <

EriE

Authorized licensed use limited to: Univ of Calif San Diego. Downloaded on October 03,2021 at 21:20:07 UTC from IEEE Xplore. Restrictions apply.



YOHANANOV AND YAAKOBI: CODES OVER TREES

Note that for every fixed 1 <t < [2=1], it holds that |B;| =
71 Thus
7 - :

n—1 |n-1
Anml = =5 15
m

Next, the following lemma is presented.
Lemma52: For any a € [n], it holds that ( (a—231¢),,, t) €
Apm if and only if (a,t) ¢ Ay m.
Proof: 1f ({a = 514),.,t) € Ay then (a — 2411),, €
B,. Therefore, there is an odd ¢ € [n] such that

<a— n+1t> _ <n+1it> .
2 n 2 n
Thus, a = (”T“(z + 1)t),, when ¢ + 1 is even. Therefore,
a ¢ By which leads to (a,t) ¢ A, . The opposite direction
is proved similarly. [ ]
The construction of a 7-(n, 251 - [2=L] |30 | — [32] —2)
code will be as follows.
Construction 4: For a prime n > 3 let Cz, be the following

code over trees
CT4 = {Ts,t = (Vn7 Es,t) | (5; t) S An,m}-

Theorem 53: The code Cz, is a 7-(n, "5+ - L%Jv HT"J _
[227 — 2) code over trees.
Proof: First, it is deduced above in (24) that |A, .| =

n-l.|2=1| We now prove that

n—1 |n-1
(Cnl = Ml = 75— [ =

It is clear that |Cz,| < |A, | and assume in the contrary
that |Cz,| < |Anm|- Thus, there are two distinct pairs
(s,t),(s',t") € Ay such that Ts, = Ty, which implies
that the central nodes of T, ; and T, ;+ are identical. Since
deg(s) = deg(s’), the nodes vy and vy represent the same
center node, so it is deduced that s = s’. From that, by the
definition of the second central node, it is immediately implied
that ¢ = ¢’ which results with a contradiction.

Next, we show that d = [ 3| — [22] —2 by showing that it
is possible to correct p = d—1 edge erasures due to Theorem 6.
Assume that p edges are erased in a tree Ts; € Cr,. We
separate the proof for two cases.
Case 1: after the erasure, both central nodes have degree of
at least two, and will be denoted by v, and v;,. If @ = s and
b= (s+ ”T“t)n, then

(24)

n+1

((@=b) 20 = ((s= (s+5=1))-2) = (-t

Similarly, if @ = (s + %£!t),, and b = s, then

((a—b)-2>n:<((s+n;1t)—s)-2>n:t.

Since t < [2=1], it is deduced that [2=1] < (—t),, <n —1,
so only one of these options is valid and ¢ is easily determined.
Moreover, it is now determined which one of the values a or b
is equal to s, and thus, T ; is corrected.

Case 2: after the erasure, one of the central nodes has degree
of at most one. Denote by v, the central node with degree

of at least two. Let v be a number such that if a = s then

3617

o =2t and if a = (s + 2t), then o = 251, Note that
since p edges were erased, v, has degree of at least

(n-1)—p—1=(-1) (] - [22] -8 -1

=[7]+ [+

4 2m '
Thus, there are integers i1, i, . .
the edge set

-y i(n—2)—p € [n] such that

1<j<(n—-2)-p}

consists of all the edges connected to v, and were not erased.
Let W (n,t, a) be the set defined in (23), and let W be the
set

E = {{va, Viati;t),)

W = {(ijt>n e W(n,t,«)

1<j<(n—-2)-p, }
<va;v(a+ijt>n> EFE .

Since |[W| = (n—2) —p=[2]+ [22] + 1, by Corollary 51,
the value of ¢ is uniquely determined. Therefore, the codeword-
tree T ; is either T}, ; or T(a—%t},,,,t’ By Lemma 52, it holds

that ((a — "Tﬂt>n,t) € A, if and only if (a,t) ¢ A, m.
Thus, Ty € Cz; if and only if T, i1y 4 ¢ Crg,, and
by finding either 7, or T<a_#t>mt in Cz, we find the
codeword-tree T . |

Note that according to Theorem 53, it is possible to con-
struct codes of cardinality ©(n?), while the minimum distance
d approaches |3n /4] and n is a prime number. In Theorem 23
we showed that A(n,n—3) = O(n?), while from Theorem 53,
A(n,d) = Q(n?), when d approaches [3n /4] and n is prime.
Thus, it is interesting to study the values of d for such that
A(n,d) = O(n?).

IX. CONCLUSION

In this article, we initiated the study of codes over trees over
the tree distance. Upper bounds on such codes were presented
together with specific code construction for several parameters
of the number of nodes and minimum tree distance. For the
tree ball of trees, it was shown that the star tree reaches the
smallest size, while the maximum is achieved for the path tree.
This guarantees that for a fixed value of ¢, the size of every
ball of a tree is lower, upper-bounded from below, above by
Q(n?'), O(n3"), respectively. Furthermore, it was also shown
that the average size of the ball is ©(n?®). We also showed
that optimal codes over trees ranged between O(n"~4~1) and
Q(nn72d).

While the results in the paper provide a significant contri-
bution in the area of codes over trees, there are still several
interesting problems which are left open. Some of them are
summarized as follows.

a) Improve the lower and upper bounds on the size of codes
over trees, that is, the value of A(n,d).

b) Find an optimal construction for d = n — 3.

¢) Study codes over trees under different metrics such as the
tree edit distance.

d) Study the problem of reconstructing trees based upon
several forests in the forest ball of trees; for more details
see [7].
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APPENDIX A
Lemma 26.: For a positive integer n it holds that

o e )= Y (Ve 1) - (n -

TeT(n) FeF(n,2)

2)nn—2.

Proof: The following sequence of equalities will be
explained below,

Z VT(TZ, 1) =

TeT(n)
DY (X rmn-n+1)

TET(n) FePr(n,1)
=Y Y - Y 1)
TeT(n)FEPr(n.1) TET(n) FEPT(n,1)

Z Z Ve(n,1) — (n — 1)n™ 2 + n"~2

TeT(n) FEPr(n,1)

2% Y Ve -(

FeF(n,2) TeBr(n,1)

= Z (VF(na 1))2 -

FEF(n,2)

_ 1)nn—2 T nn—2

(n—2)n""2.

In equality (a) we explain why

Vr(n,1) =1 = |Br(n, D\ {T}| =

>

FePr(n,1)

Note that for all 7,7" € T(n) such that dr(T,T") = 1,
there exists exactly one forest F' € F(n,2) such that ' €
Pr(n,1)NPr/(n,1). Thus, each T’ € By(n, 1)\ {T} can be
generated from 7" uniquely by removing and adding exactly
one edge. Equivalently, each such a tree is counted by adding
an edge to a forest F' € Pp(n,1). By doing so for all forests
in Pr(n, 1), while subtracting 1 for the tree T, equality (a)
holds. In equality (b) it is deduced that

2. D

TeT(n) FEPr(n,1)

(Ve(n,1) —1).

1=(n—1)n""2

Lastly, in equality (c), by taking pairs of trees and forests,
the order of summation is changed,

2 D 2. 2 L

TeT(n) FEPr(n,1) FeF(n,2) TeBFr(n,1)

1=

APPENDIX B
Theorem 33.: For any T € T(n) it holds that

3] G [T >

=0 (3040150t ) E P (n,t)

1001+ + - Ut

Proof: By definition, for ¢
Vr(n,t —1). Thus,

2 1, ST(n,t) = VT(n,t) -

.
I Mﬁ.
o

n—1—t+4+1
1

)ST(n,t —i) =

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 67, NO. 6, JUNE 2021
t—1 .
—1-t
Z(?’l ' +Z> (VT(n,t—i)—VT(n,t—l—i))
‘ )
t . .
n—1—t+1 n—2—t+1
V(n,t =) - . )
v (("T ) - ()

(a) n—2—t+1
= Vr(n,t) Vr(n,t —
T(n, +Z T(n, Z)( ; )

i=1
t .
—2—t
= (" , —H)VT(n,t—i),
i=0 v
where (a) holds by the identity (}) + ("",:1) = (Zji) Using
the result of Corollary 32, we conclude the proof. |
APPENDIX C

Lemma 34.: For any positive integer «, if

. 3
i=0

and Vr(n,0) = 1, then Vp(n,t) = Q(n).

Proof: This lemma is proved by induction on ¢.
Base: for ¢t = 0, Vr(n,0) = = 1 which is true by the
definition.
Inductive Step: suppose that the lemma holds for all 0 < ¢/ <
t — 1. Thus,

Q(nat)_zt:<n—2i—t+i

=0
—VTnt+Z( 2_HZ>VT(n,t—i)
= VT(TL,t) + Z <71
i=1
=Vr(n,t) + E:Q(nz

= Vr(n,t) + Qnt- D),

)VT(n,t — 1)

+ Z> Q(na(tfi))

Q(na(t—i))

Therefore we deduce that

Vi (n,t) = Q(n*") — Q=)

= Q(n").

APPENDIX D

Claim 4.: For a positive integer n and a fixed ¢ it holds that

rg(?)“(n i)"e(it?) = ®(nt/2)tz:;1 (?)z"'(n—i)"—i.

Proof: The upper bound is derived immediately,

Z(")( —i) O = o<nt/2>§(7)ii<n_i>n—i.

2
i=1
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Next, the lower bound is proved by,
n—1 n ) ‘
> (1)t - arae)
i1\
n—1 n
> i — P02
Z (Z)z (n—1) (%)

=[5
n—1 n
— Q(nt/? G s\n—i
o ¥ (1)
=[5
n—1 n
-0 t/2 7 _'nfi.
3 (7 )it =)
[ |
APPENDIX E

Theorem 40.: The size of the sphere for a star satisfies

S*(n,t) = (" N 1) (n—1)"n—t—1),

and the size of the tree ball of trees for a star satisfies
t

VA(nt) =Y <”j_ 1) (n—17"(n—j—1).

Jj=0

Proof: Let T € T(n) be a star tree, and denote the
function

H(n,t) = <”; 1) (n—1)"n—t—1).

We say that =L (f(n)) is the derivative of f(n) with respect
to n. Thus,

(i0,01,...,7¢ ) EPr(n,t)
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where (a) holds by known formula

(6D =G0

(ie. a = (n—1),b = t, and ¢ = 4), and (b) holds by the
binomial theorem, which is,

i (D("— D= (n—-14+1) =n".

=0

Equality (c¢) holds due to (17). Thus, by Corollary 32, it is
deduced that S*(n,t) = H(n,t). Next,

t

Vi)=Y (” j_ 1) (n—1)" (n—j—-1),

=0
which is derived by the fact that for every T' € T(n),

t

VT(na t) = Z ST(nv Z)

=0

APPENDIX F

Claim 5.: The following properties hold
a) It holds that

E Cp---Ct

(cos...sct)EPr (n,tsvp)
= E C@"'Ct—'_ g Cp-Ct.
(co,-.sct)EPr (N tves1(vy))

(co,.--,ct) EAT (n,t;v0,0y)
b) If v, is not in v, then,
E Cr--cp = E c;---c;.
(co,..,ct)EAT (n—1,t;04,v4) (cfyseerCh) EAT (N, t00,0,)
¢) If v, is not in v, then,

E Cp---Ct

(co,---,ct) EPT (n,tv041(va))

-y

(cos--Ct)EPT (n—1, 80041 (vy))

+ 2.

(co,--nCco—1,1,C041,05¢e) EPT (N 0041 (V2 )

d) If vy =v;, , then

E Cp---Ct

(co,..yct)EPr(n,t;ve(vg))

_ S el

(chsnch)EPT, (n—1,tw0(vy))

+ 3 .

(€o,eeyco—2,1,¢0,...,ct)EPp (n,t;ve(vy))

(cp+1)cpyy ¢}

1'C@+1"'Ct.

Proof: a) By definition of the set Ap(n,t;v,,v,) it
holds that Ar(n,t;ve,vy) C Pr(n,t;ve). Moreover,

E Cp---Ct

(cosC1seensct) EPT (n,t00) \ A (n,t500,0y)
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b)

c)

d)

ce...ct7

(co,C15eemsct)EPT (n,t5004 1 (vy))

and the proof is concluded.

Again, Ar(n,t;ve,v,) € Pr(n,t;ve). Since v, is not
in vy it holds that v, and v, are always in the same
connected component with respect to AT(TL,t;’Ug,’Uz),
and thus, |Ar(n,t;ve,ve)] = |An(n — 1,00, vy)|.
Moreover, since there is an index j € [¢] such that
vz, vy € Cj in T, it holds that (co, .. .0 €
Ar(n,t;ve,vg) if and only if (co,...(c; —1),...,¢c:) €
Ar (n — 1,t;v¢,vy). Hence, this difference does not
affect the equality, which concludes this proof.

Assume that v,, and v, are in the same connected compo-
nent Cy with respect to 7' In this case since v, vy, € Cy,
it holds that (co,...,ce,...,ct) € Pr(n,t;ve1(vs))
if and only if (co,...,ce — 1,...,¢¢) € Ppr(n —
1,t;v041(vy)). Thus, the following expression

>

(cfyscly i) EPT (n—1,t50041(vy))

.,Cj,.

(cp+ 1)1

corresponds to all cases where the edge (v, v,) was not
removed, and

(coyesco—1,1,¢001,-5¢t) EPT (Nt 41 (va))

1'C£+1"'Ct7

corresponds to all cases where the edge (vg,vy) was
removed. Hence, the sum of the two expressions equals

to Z

(cosc15eemsct)EPT (nst0041 (V)

Cp- - Cq.

Assume that v, and v, are in the same connected
component Cy_; with respect to T". Since vy, v, € Cy_1,
it holds that (co,...,co—1,...,¢t) € Pr(n,t;ve(vs))
if and only if (co,...,co-1 — 1,...,¢t) € Pp(n —
1,t;v4(vy)). Thus, the following expression

> ct

(cf,cts-rey)EPT (n—1,t50,(vy))

/
...Ct’

corresponds to all cases where the edge (v, v,) was not
removed, and

(coy--rco—2,1,c0,..rct )EPT (n,t;00 (V1))

Cp- - Cy.

corresponds to all cases where the edge (vg,vy) was
removed. Again we get that the sum of the two expres-

sions equals to

(co,--sct) EPT(n,tve(va))

Cp-+ - Ct.

APPENDIX G

Lemma 42.: If v, is not in vy then,

fr(n,t;ve) = fr(n —1,t;v0)

+ le (n_Lt;U@-l-l(Uy)) + le (n -1t - 1;”@)'

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 67, NO. 6, JUNE 2021

If v, is in vy, and without loss of generality v, = v;, ,, then
fr(n,t;ve) = fr,(n—1,t;00(vy)) + fr(n — 1,8t — 1;00_1).

Proof: In this proof, it is assumed that v, is not in vy,
although the proof is valid also for this case, where by the
definition fr, (n—1,%;ve41(vy)) = 0. First we prove the case
where v, is not in vy. In this case, we have that

le (TL - ].,t;’l)g) + le (71 - 17t;v£+1(vy))

(@) Z

(cfy,€hseenscy)E Py (n—1,t;v0)

+ >
(cf)>€YseerCt)EPT (n—1, 0041 (vy))

®)

(cg,€hs-rct) EAT (n—1,tv0,vy)

+ >
(cf)>€YseerCt)EPT (n—1, 0041 (vy))

+ >
(cfy>€YseerCt)EPT (n—1, 00411 (vy))
(ch,Chserrct)EAT (n—1,5v0,0y)

+ >
(cf)>€YseerCt)EPT (n—1, 0041 (vy))

()

(cosctyemsct) EAT (N,E00,02)

>

(co,c15--5ct) EPT(n,t0041 (ve))

- 2.

_|_

CZ...

!
3 ¢

CIZ...

Cp---

Cp---

/
Cy

/ /
c€+1...ct

/ /
c€+1...ct

/

Cy
(cp+1)--c
Ct

Ct

1-copr--

(coy--rco—1,1,¢041,--,¢t) EPT (N, tv0 41 (v2))

>

(co,¢1,-..,¢¢)EPr(n,t;v0)

- 2.

Cp---Ct

1-copr--

(coy--rco—1,1,¢041,--,¢t) EPT (N, tv0 41 (v2))

Ct

Ct.

Equality (a) holds by definition of the function fr,. Equality
(b) holds due to Claim 5(a). Equality (¢) holds by Claim 5(b)
and (c¢). Equality (d) holds again due to Claim 5(a). Next we

show that
fry(n—1,t — 1;vp)

>

/! /!
C[-‘,—l"'ct

(c{),...0271,c%+1,...,cg)EPT1 (n—1,t—1;vy)

(a) Z

(coseesco—1,1,¢041,-5¢¢)EPT (Nt

where (a) holds since (co,...Co—1,Co41,-- -,

1,t — 1;vg) if and only if (co,..
Pr(n,t;ve). Thus,

Cos1
0ot1(vz))

¢t) € Pr(n—
- Co—1, 1565-‘,—1; o ,Ct) €

fro(n =1, t00) + fr(n — 1, 50041 (vy))

+fT1(7’l—1,t—1;’Ug)

>

(co,c1,...yct) EPr (n,t;v0)

Cp---Ct
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- 2

(coyesCo—1,1,C041,05¢t)EPT (Nyt5004 1 (V)

+ 2

(coy--sce—1,1,¢041,--,¢t) EPT (N, t00 41 (v2))

_ 3 -

(cosc1;eemsct) EPr(n,t300)

1.ce+1...ct
1'C,€+1"'Ct
¢t = fr(n,t;vg).

Similarly, if v, is in v, and v, = v;, ,,
fT1 (n - 17t;vf(vy)) + fT1 (n -1,t- 1;1’471)

(@ 3 &l

(Cércar"'vc;)ePTl (nflxtﬂ)/,(v’y))

v >

(Cé)7---702_27627~“7C;)EPT1 (n—=1,t—=1v,_1)

® 3 e

(cosC1seeesct) EPT(n,t00 (V1))

— E Cp---Ct

(€oyeonCo—2,1,¢04...5c4)EPp (n,tive(vy))

+ Z Co- o Cy
(coseeesco—2,1,¢0,5..5c0) EPr (n,tv0 (V2 )

_ > e,
(co,c1,5...,¢4)EPp (n,tive(vy))

= fr(n, t;ve(v2)) = fr(n, t;v0),

where equality (a) holds by the definition of fr,
equality (b) holds due to Claim 5(d), and since
(007"'76472vc€a"'7ct) € PT1(n - ]-at - 1;”471) if
and only if (co,...,cr—2,1,¢,...,¢t) € Pr(n,t;ve(v,)). W

APPENDIX H
Lemma 43.: For any tree T € T(n),n > 1 and a vector of
0<l<t+1<nnodes vy = (Vig,Viys.--,0ip_,)s
n+t—~
t; < .
fr(ntive) (2t+ 1 —£>

Proof: Note that if £ = ¢ + 1 by the definition of fp

< ()= (1 410)

As showed in (19), if n =t + 1, then

n+(n—1)—€>
20n—1)+1-1¢)’

so the lemma is correct for this two cases. Thus it is left to
prove the cases where 0 < ¢ < t+1 < n, and it will be shown
by the induction on n > 1.

Base: immediately derived from (25).

Inductive Step: assume that for any tree T € T(n —1),n >
1 and a vector of 1 < / < t+1 < n —1 nodes v, =
(vi07vi1’ cees viz—1)’

frin—1,t;vp) < <

frinyn—1Liv) =1= ( (25)

n—1+t—/
24+1—10 )

Let T € T(n) and let v, be a leaf connected to a node denoted
by v,. Assume that 77 € T(n — 1) is the tree generated by
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removing v,, from 7. For two integers ¢ and ¢ such that 0 <
L <t+1<mn,letwvy = (vi,vi,...,0;,_,) be a vector of
¢ nodes in T. If v, is not in vy, using Lemma 42 and the
induction assumption, we deduce that

fr(n,t;ve) = fr(n —1,t;vg)
+ fr(n = Lt;ve1(vy)) + fry(n — 1,6 = 1;00)

(n—l—i—t—Z) (n—1+t—€—1>

< +

2t +1—4 20+1—¢—1
n—14+t—1-/¢

+< % 11 )

(n—1+4+t—1¢ n—1+t—1¢

_<2t+1—€)+< 2t — ¢ )

_(n+t—4

_<2t+1—€)’

where each equality holds by the identity (})+ (":1) = (Z_ﬁ ).

Similarly, if v, € vy, and without loss of generality v, =
vi, ,, then

fT(n,t;’Ug) = le(’I'L—l,t;’U[(Uy))—Fle(’I’L— 17t_ 1;’05—1)
n—1+t—14 n—14+t—1—-0¢+1

< +
20+1 -/ 20—1—-/¢+1

B n+t—~
C\2t4+1-1)
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