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Abstract—The reconstruction model, first proposed by Leven-
shtein in 2001, assumes that a word is transmitted over multiple
identical noisy channels that output distinct words. Given the
channels’ outputs, the transmitted word is guaranteed to be de-
coded uniquely only if the number of the channels is greater than
some value. Otherwise, there could be several transmitted words
leading to the same channels’ outputs. Hence, these words should
be found following the list decoding approach. Motivated by DNA
storage systems, the present work takes the first steps towards
studying list decoding for insertions and deletions under the re-
construction model. More specifically, it will be assumed that an
arbitrary binary word is transmitted over m t-insertions (or t
deletions) identical channels. For specific values of m, bounds
on the largest list decoder size are provided. These bounds are
mainly derived by investigating the largest intersection of m t-
insertion (or t-deletion) balls surrounding arbitrary binary words
in the space. Furthermore, all pairs of binary words achieving the
largest intersection of their t-insertion balls are characterized.

I. INTRODUCTION

The reconstruction model, first introduced by Levenshtein
in [18] and [19], assumes that a codeword w of some code
C is transmitted over m identical noisy channels that output
distinct erroneous words. Then, as depicted in Figure 1, the
transmitted word is reconstructed using all of the channels’
outputs. Let B(w) be the set of all possible channel outputs,

Fig. 1. The Reconstruction Model

i.e., an error ball surrounding the word w. Then, Levenshtein
has proved in [18] and [19], that unique decoding of the trans-
mitted word is guaranteed to succeed if and only if

m > max
w1 ,w2∈C ,w1 6=w2

|B (w1) ∩ B (w2)|+ 1. (1)

However, if the number of the channels, m, does not satisfy the
inequality in (1), then exact reconstruction of the transmitted
word is not always possible as there may be several transmit-
ted words leading to the same channels’ outputs. Therefore,
in such cases, the list decoding approach is taken in order
to generate all potential transmitted words. In summary, the
inequality in (1) provides the minimum number of channels
required to enable unique decoding. This number was found
in [18] for substitutions and any code C, yet for insertions and
deletions, only the uncoded case in which C = {0, 1}n was
solved, specifically in [19].

Recently, the reconstruction model has gained considerable
significance due to its potential application in DNA stor-
age systems. In such systems, inspired by [6], archival data

is stored using synthesized DNA strands. However, when
synthesizing a specific sequence of the nucleotides Adenine
(A), Cytonine (C), Guanine (G), and Thymine (T), many
noisy DNA strands are generated instead of a single correct
one [17]. Later, these noisy strands are stored in a DNA pool
and a portion of them is read to recover the initial sequence.
Furthermore, retrieving this sequence is usually preceded by
PCR (polymerase chain reaction) amplification, which du-
plicates the DNA strands into many erroneous copies [4].
Using all of these noisy copies, the original sequence should
be retrieved, and here the reconstruction model may be
recognized.

Let w be the stored sequence and assume that the received
noisy copies belong to B (w). In this case, if the number of the
erroneous strands satisfies the inequality in (1), then unique de-
coding of w is always possible. Otherwise, there may be sev-
eral sequences leading to the same erroneous DNA strands;
thus, list decoding should be applied. Moreover, note that the
number of the erroneous strands generated in DNA storage
systems can not be directly controlled, and that insertions and
deletions are among the errors observed in DNA storage sys-
tems [14], [21]. Therefore, investigating the list decoding prob-
lem for insertions and deletions under the reconstruction model
is indeed of high interest, and the present work takes the first
steps towards achieving this goal.

The reconstruction model has been extensively studied from
both the combinatorial and the probabilistic aspects, where the
latter was mainly tackled in [3]. Further advances regarding the
probabilistic model have been achieved under the line of work
on trace reconstruction. Moreover, the list decoding approach,
which was first introduced in [5] and [24], has been addressed
in the Hamming metric in [2], [10], and [11], and in the Lev-
enshtein metric in [7]–[9], [12], [13], [20], and [23]. Concern-
ing list decoding under the reconstruction model, contribution
has been made in [16] and [25] for substitutions as well as for
tandem duplications in [26]. Nevertheless, list decoding for in-
sertions and deletions under the reconstruction model remains
unstudied, which is the motivation of the present work.

More specifically, in continuation with Figure 1, assume that

• C = {0, 1}n, i.e., only the uncoded binary case is con-
sidered in this paper,

• B(w) is the t-insertion ball, i.e., each of the channels’
outputs suffers from exactly t insertions,

• n is sufficiently large.

In addition, let I(n, t) be the size of the t-insertion ball of a
length-n binary word, which was specified in [19]. Then, the
following are among the main results achieved in the paper.

• If m ∈
[
10t8(n + t)t−2 + 1, I(n + 1, t− 1)

]
, then the

largest list decoder size is n + 1.
• If m ∈

[
225t1416t(n + t)t−3 + 1, I(n + 2, t− 2)

]
, then

the largest list decoder size is n2

2 + n
2 + 1.
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These conclusions are established by examining the largest in-
tersection of multiple t-insertion balls. In particular, it is found
that the largest intersection of any n + 2 t-insertion balls is of
size at most 10t8(n + t)t−2. Furthermore, the largest inter-
section of any n2

2 + n
2 + 2 t-insertion balls is of size at most

225t1416t(n + t)t−3. Similar results are obtained for deletion
channels too.

The rest of the paper is organized as follows. In Section II
notations and formal definitions are presented as well as rel-
evant results found in literature. Next, the list decoding of at
most 2 insertions (or deletions) is investigated in Section III,
and further results regarding any number of insertions (or dele-
tions) are discussed in Section IV. Lastly, characterization of
all pairs of binary words achieving the largest intersection of
their t-insertion balls is presented in Section V. Due to the
lack of space some of the proofs in the paper are omitted.

II. DEFINITIONS AND PRELIMINARIES

In the present work, for n, m ∈ N where n 6 m, [n, m]
stands for the set {n, n + 1, . . . , m}. Given two binary words
w1, w2 that are not necessarily of the same length, the Leven-
shtein distance between them, which is the minimum number
of insertions and deletions required to convert w1 into w2, is
denoted by dL(w1, w2). In case the words are of the same
length, the Hamming distance between them is denoted by
dH(w1, w2). Furthermore, given a set of binary words S ⊆
{0, 1}∗, the index of the first, last bit in which not all of the
words in S are identical is referred to by F(S), L(S), respec-
tively. Since this work deals with insertions and deletions, the
t-insertion, t-deletion ball of a binary word w is denoted by
BI

t (w), BD
t (w) and is defined to be the set of all words ob-

tained by exactly t insertions, deletions in w, respectively.
As stated in [19], all of the t-insertion balls of length-n

binary words are of the same size. This size given in the fol-
lowing equation is denoted by I(n, t).

I(n, t) =
t

∑
i=0

(
n + t

i

)
. (2)

As opposed to the insertion case, the size of a t-deletion ball
of a binary word depends on the word. Hence, the t-deletion
balls are of variant sizes and we define D(n, t) to be the size
of the largest t-deletion ball of a length-n binary word. It was
proved in [15] that the largest t-deletion ball of a length-n
binary word is of size

D(n, t) =
t

∑
i=0

(
n− t

i

)
(3)

and is achieved by the alternating words.
Given a set S ⊆ {0, 1}n, in order to discuss the intersection

of error balls of the words in S, we define
LI

t (S) =
⋂

w∈S
BI

t (w) (4)

and

LD
t (S) =

⋂
w∈S

BD
t (w). (5)

In addition, in order to discuss the largest intersection of s t-
insertion, t-deletion balls of length-n binary words, we define

N I
n,t(s) = max

S⊆{0,1}n :|S|=s

∣∣∣LI
t (S)

∣∣∣ (6)

and

ND
n,t(s) = max

S⊆{0,1}n :|S|=s

∣∣∣LD
t (S)

∣∣∣. (7)

In words, N I
n,t(s), ND

n,t(s) is the size of the largest intersec-
tion of s t-insertion, t-deletion balls surrounding length-n bi-
nary words, respectively. Moreover, one may think of N I

n,t and
ND

n,t as functions from [1, 2n]→ N. Following this definition,
it holds that both of the functions N I

n,t(s) and ND
n,t(s) are

monotonically non-increasing with s. In order to see that, note
that considering more balls can not increase their intersection’s
size. Significant results have been achieved in [19] regarding
the study of N I

n,t(s) and ND
n,t(s). Specifically, it was proved

that

N I
n,t(2) = 2I(n, t− 1), (8)

and for n > t

ND
n,t(2) = 2D(n− 2, t− 1). (9)

In continuation with Figure 1, we recall the formal defi-
nition of the reconstruction model presented by Levenshtein
in [18] and [19]. Assume that a word w ∈ {0, 1}n is trans-
mitted over m identical channels that are each prone to exactly
t insertions. In addition, assume that the channels are guaran-
teed to output distinct erroneous words. Then, the channels’
outputs are a subset of BI

t (w) of size m, and the word w is
retrieved using this subset. Levenshtein has proved in [19] that
unique reconstruction of the word w is always possible if and
only if m > N I

n,t(2) + 1. In case m 6 N I
n,t(2), then unique

decoding is not guaranteed to succeed as there exist at least
one pair of words w, w′ ∈ {0, 1}n satisfying∣∣∣N I

t
({

w, w′
})∣∣∣ > m. (10)

That is, same channels’ outputs may be received when trans-
mitting either w or w′. Hence, in this case recovering all of
the potential transmitted words is done following the list de-
coding approach and we define f I

n,t(m) to be the size of the
largest list generated by such a decoder. Mathematically speak-
ing, we define f I

n,t(m) to be the maximum ` for which there
exists a set S ⊆ {0, 1}n of size ` such that

∣∣LI
t (S)

∣∣ is greater
or equal to m, that is,

f I
n,t(m) = max

S⊆{0,1}n ,|LI
t (S)|>m

|S|. (11)

Similarly, in case the channels are each prone to exactly t
deletions, we define f D

n,t(m) to be the largest list decoder size,
i.e.,

f D
n,t(m) = max

S⊆{0,1}n ,|LD
t (S)|>m

|S|. (12)

Here we emphasize that it is possible to think of f I
n,t(m) and

f D
n,t(m) as functions that have the number of channels as in-

put, m, and return the largest list decoder size. Hence, the
function f I

n,t(m), f D
n,t(m) is defined for m ∈ [1, I(n, t)], m ∈

[1, D(n, t)], respectively. Note that if m > N I
n,t(2) + 1 then

f I
n,t(m) = 1 and similarly f D

n,t(m) = 1 for m > ND
n,t(2) + 1.

The following lemma establishes the basic equivalence be-
tween investigating the the list decoder size and examining
the largest intersection of multiple error balls, i.e., the relation
between the values N I

n,t(s), ND
n,t(s), f I

n,t(m), and f D
n,t(m).

Lemma 1. Let n, t, m ∈ N. Then, f I
n,t(m) = ND

n+t,t(m), and
for n > t, f D

n,t(m) = N I
n−t,t(m).

Proof: Let n, t and m be as described in the lemma. Next,
we show that f I

n,t(m) = ND
n+t,t(m), by proving that the two

inequalities ND
n+t,t(m) > f I

n,t(m) and ND
n+t,t(m) 6 f I

n,t(m)
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hold. The proof of f D
n,t(m) = N I

n−t,t(m) may be completed
by a similar analysis.

Let ` , f I
n,t(m). Then, there exists a set S ⊆ {0, 1}n for

which |S| = ` and
∣∣LI

t (S)
∣∣ > m. Consider the set LI

t (S) and
note that all of the following statements hold.
• LI

t (S) ⊆ {0, 1}n+t.
• m 6

∣∣LI
t (S)

∣∣.
• S ⊆ LD

t
(

LI
t (S)

)
.

Therefore, since the function ND
n,t(s) is monotonically non-

increasing with s, then

ND
n+t,t(m) > ND

n+t,t

(∣∣∣LI
t (S)

∣∣∣) >
∣∣∣LD

t

(
LI

t (S)
)∣∣∣ > |S| = `,

i.e., ND
n+t,t(m) > f I

n,t(m). Furthermore, according to the def-
inition of the function f I

n,t(m), for every set T ⊆ {0, 1}n of
size at least `+ 1, it holds that

∣∣LI
t (T)

∣∣ < m. Therefore, for
every set T′ ⊆ {0, 1}n+t of size m there do not exist `+ 1
distinct length-n binary words, w1, . . . , w`+1 such that

T′ ⊆ LI
t

(
{w1, . . . , w`+1}

)
. (13)

In other words, for every set T′ ⊆ {0, 1}n+t of size m,∣∣∣LD
t (T

′)
∣∣∣ 6 `. (14)

Hence, ND
n+t,t(m) 6 `, i.e., ND

n+t,t(m) 6 f I
n,t(m), which

completes the proof of the lemma.
The following corollary can be seen as a direct result of

Lemma 1 and the observation that the functions N I
n,t(s) and

ND
n,t(s) are monotonically non-increasing with s.

Corollary 2. Let n, t, m ∈ N. Then, the functions f I
n,t(m), f D

n,t(m)
are monotonically non-increasing with m.

The ultimate goal of the work initiated in this paper is pro-
viding a solution to the following problem.

Problem 1 Let n, t, m ∈ N. Find the values of f I
n,t(m) and

f D
n,t(m).

As presented in Lemma 1, solving Problem 1 may be done by
finding the values of N I

n,t(s) and ND
n,t(s) for every n, t and s.

Hence, in the present work, bounds on the values of N I
n,t(s)

and ND
n,t(s) are established, and then conclusions are drawn

regarding the functions f I
n,t(m) and f D

n,t(m).
However, a more basic question that arises when investigat-

ing the intersection of several error balls asks which pairs of
words achieve the largest intersection of their t-insertion balls.
The following problem formalizes this question.

Problem 2 Let n, t ∈ N. Find all of the pairs of words
w1, w2 ∈ {0, 1}n for which∣∣∣LI

t ({w1, w2})
∣∣∣ = N I

n,t(2), (15)

i.e., all of the pairs of t-insertion balls that achieve the largest
intersection.

It was shown in [22] that all of the pairs of binary words
achieving the largest intersection of their t-insertion balls are
of Levenshtein distance 2. However, one may ask whether all
of the pairs of binary words of Levenshtein distance 2 achieve
the largest intersection of their t-insertion balls. An answer to
this question is provided in Section V.

III. PRECISE LIST DECODING OF AT MOST 2 INSERTIONS
(OR DELETIONS) UNDER THE RECONSTRUCTION MODEL

In this section the exact values of f I
n,1(m), f I

n,2(m), f D
n,1(m),

and f D
n,2(m) are provided under the assumption that n is greater

than some constant. We start with the values of f I
n,1(m) and

f I
n,2(m).

Theorem 3. For n ∈ N, the function f I
n,1 : [1, I(n, 1)] → N is

given by

f I
n,1(m)=


D(n+1,1), m=1

2, m=N I
n,1(2)=2

1, 3=N I
n,1(2)+16m6I(n,1).

Theorem 4. For n > 10, the function f I
n,2 : [1, I(n, 2)]→ N is

given by

f I
n,2(m)=



D(n+2,2)= n2
2 + n

2 +1, m=1

ND
n+2,2(2)=2n, m=2

ND
n+2,2(3)=n+2, m=3

D(n+1,1)=n+1, 46m6I(n+1,1)=n+3

3, m=N I
n,2(4)+1=n+4

2, n+5=N I
n,2(3)+16m6N I

n,2(2)=2n+4

1, 2n+5=N I
n,2(2)+16m6I(n,2).

Next, the values of f D
n,1(m) and f D

n,2(m) are specified in the
following theorems.

Theorem 5. For n > 2, the function f D
n,1 : [1, D(n, 1)]→ N is

given by

f D
n,1(m)=


I(n−1,1), m=1

2, m=ND
n,1(2)=2

1, 3=ND
n,1(2)+16m6D(n,1).

Theorem 6. For n > 12, the function f D
n,2 : [1, D(n, 2)] → N

is given by

f D
n,2(m)=



I(n−2,2)= n2
2 + n

2 +1, m=1

N I
n−2,2(2)=2n, m=2

N I
n−2,2(3)=n+2, m=3

N I
n−2,2(m)=n+1, 46m6n−1

3, m=ND
n,2(4)+1=n

2, n+1=ND
n,2(3)+16m6ND

n,2(2)=2n−4

1, 2n−3=ND
n,2(2)+16m6D(n,2).

Lastly, the main ideas that lead to the given values of f I
n,t(2)

are explained in the following proof sketch. It is possible to
prove Theorem 6 following the same analysis.

Proof Sketch of Theorem 4: First, observe that the value
of f I

n,t(m) for m ∈ {1, 2} ∪
[

N I
n,2(2) + 1, I(n, 2)

]
follows

directly from the equations in (2), (3), (8), (9), and Lemma 1.
Furthermore, it is possible to calculate the value of f I

n,t(m)

for m ∈
[
n + 4, N I

n,2(2)
]

, m ∈ [3, 5] using Claim 1, 2 be-
low, respectively. Next, consider m ∈ [6, n + 3], and note that
I(n+ 1, 1) = n+ 3. For m ∈ [6, n + 3], according to Claim 3
below and Corollary 2, it holds that f I

n,2(m) 6 f I
n,2(6) 6

D(n + 1, 1). Moreover, for such values of m, according to
Claim 1, D(n + 1, 1) 6 f I

n,2 (I(n + 1, 1)) 6 f I
n,2(m). Hence,

f I
n,2(m) = D(n + 1, 1) for m ∈ [6, n + 3].
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Claim 1 It holds that N I
n,2(3) = n + 4 and N I

n,2(4) =

N I
n,2 (D(n + 1, 1)) = I(n + 1, 1) = n + 3.

Proof: Due to the lack of space, we omit the proofs of
the inequalities N I

n,2(3) > n + 4 and N I
n,2 (D(n + 1, 1)) >

I(n+ 1, 1). Next, it is sufficient to prove that for every set S ⊆
{0, 1}n for which |S| = 3, |S| > 4 it holds that

∣∣LI
2(S)

∣∣ 6
n + 4,

∣∣LI
2(S)

∣∣ 6 n + 3, respectively. Note that all of the
words in a set S ⊆ {0, 1}n of size at least 3 share the same
prefix, suffix of length F(S)− 1, n− L(S), denoted by p, s,
respectively. Let R, R′ be a subset of LI

2(S) that contains all
of the words in LI

2(S) that begin, end with a prefix, suffix
different from p, s, respectively. It is possible to prove that
|R| 6 F(S) − 1 and |R′| 6 n − L(S). Let T be the set of
all of the other words in LI

2(S). Using Claim 4, it is possi-
ble to obtain the required upper bound on |T|, and hence on∣∣LI

2(S)
∣∣.

Claim 2 It holds that ND
`,2(3) = ` and ND

`,2(4) = ND
`,2(5) =

`− 1 for ` > 12.

Claim 3 Let S ⊆ {0, 1}n be a set of size at least 4 such that∣∣LI
2(S)

∣∣ > 6. Then |S| 6 D(n + 1, 1).

Proof: First, observe that the words in S share the same
prefix, suffix of length F(S)− 1, n− L(S), denoted by p, s, re-
spectively. In case F(S) = 1 and L(S) = n, then the claim fol-
lows directly from Claim 4. Henceforth, assume that F(S) > 1
or L(S) < n. Note that if there exists a word in LI

2(S) that
begins with a prefix different from p or ends with a suffix
different from s, then for some i ∈ [1, F(S) − 1] and j ∈
[L(S) + 1, n] the set

{
zi · · · z j : z ∈ S

}
belongs to a single-

deletion ball, which leads to the desired upper bound on |S|.
Otherwise, all of the words in LI

2(S) begin with p and end
with s, respectively. In this case, the proof may be completed
using Claim 4.

Claim 4 Let S ⊆ {0, 1}` for ` > 2 be such that F(S) = 1 and
L(S) = `. Then, all of the following statements hold.
• If |S| > 3, then

∣∣LI
2(S)

∣∣ 6 I(`+ 1, 1) + 1.
• If |S| > 4, then

∣∣LI
2(S)

∣∣ 6 I(`+ 1, 1).
• If

∣∣LI
2(S)

∣∣ > 6, then |S| 6 D(`+ 1, 1).

IV. LIST DECODING OF MULTIPLE INSERTIONS (OR
DELETIONS) UNDER THE RECONSTRUCTION MODEL

In this section, bounds on the values of N I
n,t(s) and ND

n,t(s)
for certain parameters of n, t, and s are established. These
bounds will lead to further conclusions regarding the func-
tions f I

n,t(m) and f D
n,t(m).

First, we present in the following lemmas lower bounds on
N I

n,t(s) and ND
n,t(s) for certain values of s.

Lemma 7. Let n, t, k ∈ N be such that k 6 t. Then,

N I
n,t (D(n + k, k)) > I (n + k, t− k) . (16)

Lemma 8. Let n, t, k ∈ N be such that k 6 t 6 n. Then,

ND
n,t (I(n− k, k)) > D (n− k, t− k) . (17)

Since the function N I
n,t(s), ND

n,t(s) is monotonically non-
increasing with s, then Lemma 7, 8 implies a lower bound on
the value of N I

n,t(s), ND
n,t(s) for every s, respectively. More

specifically, for every k 6 t and s 6 D(n + k, k) it holds that
N I

n,t(s) > I (n + k, t− k). Similarly, for every k 6 t 6 n and
s 6 I(n− k, k) it holds that ND

n,t(s) > D (n− k, t− k).
In the rest of this section, we investigate the asymptotic be-

havior of the functions N I
n,t(s) and ND

n,t(s). Henceforth, we
assume that n is large enough with respect to t. The follow-
ing theorem specifies upper and lower bounds on the value of
N I

n,t(s) for specific ranges of s.

Theorem 9. Let n, t ∈ N. Then,

N I
n,t(s)∈



[I(n,t)], s=1

[I(n+1,t−1),2I(n,t−1)], s∈[2,D(n+1,1)]

[I(n+2,t−2),10t8(n+t)t−2], s∈[D(n+1,1)+1,D(n+2,2)]

[I(n+3,t−3),225t1416t(n+t)t−3], s∈[D(n+2,2)+1,D(n+3,3)]

Furthermore, the following statements hold.
1) The largest set S ⊆ {0, 1}n for which

∣∣LI
t (S)

∣∣ >
10t8(n + t)t−2 is a single-deletion ball of a length-
(n + 1) binary alternating word.

2) The largest set S ⊆ {0, 1}n for which
∣∣LI

t (S)
∣∣ >

225t1416t(n + t)t−3 is a two-deletion ball of a length-
(n + 2) binary alternating word.

Theorem 10. Let n, t ∈ N. Then,

ND
n,t(s)∈



[D(n,t)], s=1

[D(n−1,t−1),2D(n−2,t−1)], s∈[2,I(n−1,1)]

[D(n−2,t−2),10t8(n+t)t−2], s∈[I(n−1,1)+1,I(n−2,2)]

[D(n−3,t−3),225t1416t(n+t)t−3], s∈[I(n−2,2)+1,I(n−3,3)]

Furthermore, the following statements hold.
1) The largest set S ⊆ {0, 1}n for which

∣∣LD
t (S)

∣∣ >
10t8(n + t)t−2 is a single-insertion ball of some length-
(n− 1) binary word.

2) The largest set S ⊆ {0, 1}n for which
∣∣LD

t (S)
∣∣ >

225t1416t(n + t)t−3 is a two-insertion ball of some
length-(n− 2) binary word.

Observe that according to the equations in (2) and (3), for
n > k, D(n + k, k) = I(n− k, k). Hence, and based on Theo-
rems 9 and 10, the order of magnitude of both of N I

n,t(s) and
ND

n,t(s) for every s ∈ [1, D(n + 3, 3)] may be summarized as
presented in the following corollary.

Corollary 11. Let n, t ∈ N. Then,

N I
n,t(s),N

D
n,t(s)=



Θ(nt), s=1

Θ(nt−1), s∈[2,D(n+1,1)]

Θ(nt−2), s∈[D(n+1,1)+1,D(n+2,2)]

Θ(nt−3), s∈[D(n+2,2)+1,D(n+3,3)]

We choose to present the main idea of the proof of Theo-
rem 9. The proof of Theorem 10 follows a similar analysis.

Proof Sketch of Theorem 9: First, observe that the bounds
presented on the value of N I

n,t(s) for s ∈ [1, D(n + 1)] result
directly from the equations in (2) and (8), and Lemma 7.

Next consider s ∈ [D(n + 1, 1) + 1, D(n + 2, 2)]. Since
the function N I

n,t(s) is monotonically non-increasing with s,
then based on Lemma 7, it is possible to conclude that

I(n + 2, t− 2) 6 N I
n,t (D(n + 2, 2)) 6 N I

n,t(s).

Hence, in order to prove the upper bound presented on N I
n,t(s)

for such values of s, it is enough to prove that

N I
n,t (D(n + 1, 1) + 1) 6 10t8(n + t)t−2.
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Therefore, we first consider a set S ⊆ {0, 1}n of size at least
D(n + 1, 1) + 1 for which F(S) = 1 and L(S) = n. It can be
proved that there exist two words w1, w2 ∈ S that differ in
both the first and the last bits. Let w1

1 = a and w1
n = b. Then,

w2
1 = a and w2

n = b. In addition, since |S| > D(n + 1, 1),
then S satisfies one of the following properties.

1) For every c, d ∈ {0, 1}, there exists a word in S that
begins, ends with c, d, respectively.

2) There exists a word in S \ {w1, w2} that is identical to
one of w1, w2 in both the first and the last bits.

3) Exactly one of the following statements holds.
• w1 = a, wn = b for every w ∈ S \ {w1, w2}.
• w1 = a, wn = b for every w ∈ S \ {w1, w2}.

In this case, since |S| > D(n + 1, 1) = 2 + D(n− 1, 1),
then there exists a word w ∈ S \ {w1, w2} such that
w2 · · ·wn−1 /∈ BD

1
(
w1

1 · · ·w1
n−1
)
.

By considering the four sub-sets of S distinguished by the first
and the last bits, it can be proved that in all of the cases above,∣∣LD

t (S)
∣∣ 6 10t3(n + t)t−2.

Second, by considering any set S ⊆ {0, 1}n that does not
necessarily satisfy F(s) = 1 and L(s) = n, it is possible to
prove that

∣∣LI
t (S)

∣∣ 6 10t8(n + t)t−2. Furthermore, it can be
proved that the largest set T ⊆ {0, 1}n for which

∣∣LI
t (T)

∣∣ >
10t8(n + t)t−2 satisfies F(T) = 1, L(T) = n and is a single-
deletion ball of a length-(n + 1) binary alternating word.

Regarding s ∈ [D(n + 2, 2) + 1, D(n + 3, 3)], the lower
bound D(n − 3, t − 3) 6 N I

n,t(s) results from Lemma 7,
while the upper bound N I

n,t(s) 6 225t1416t(n + t)t−3

may be proved by analysis similar to the case s ∈
[D(n + 1, 1) + 1, D(n + 2, 2)]. Due to the lack of space we
omit the technical details of the rest of the proof.

Next, based on the presented analysis of the functions
N I

n,t(s) and ND
n,t(s), conclusions are derived regarding the

functions f I
n,t(m) and f I

n,t(m) for specific ranges of m.
The following corollaries can be seen as direct results of
Lemmas 7 and 8 together with Lemma 1.

Corollary 12. Let n, t, k, m ∈ N be such that k 6 t and m 6
I(n + k, t− k). Then, f I

n,t(m) > D(n + k, k).

Corollary 13. Let n, t, m ∈ N be such that k 6 t 6 n and
m 6 D(n− k, t− k). Then, f D

n,t(m) > I(n− k, k).

Lastly, Figure 2 summarizes additional conclusions that fol-
low from Theorems 9, 10 and Lemma 1. A similar graph can
be generated for f D

n,t(m) too.

V. PAIRS OF t-INSERTION ERROR BALLS ACHIEVING
LARGEST INTERSECTION

This section provides a complete solution to Problem 2.
Note that partial solution, in the case of a single-insertion ball,
was presented in Corollary 12 in [1]. Regarding multiple in-
sertions, Levensthein has proved in [19] that pairs of words
that differ only in the first bit achieve the largest intersec-
tion of their t-insertion balls. However, it was not proved that
only these pairs achieve the largest intersection. Furthermore,
it was shown in [22] that all of the pairs of binary words w, w′

achieving the largest intersection of their t-insertion balls are
of Levenshtein distance 2. In Theorem 14, it is proved that not
all of the pairs of words of Levenshtein distance 2 achieve the
largest intersection, but only a subset of them does, and this
subset is characterized by the following property.

Fig. 2. The function f I
n,t(m). The blocks denote intervals in which bounds

were established, yet precise values were not found.

Property 1 For a pair of two distinct binary words of the
same length w, w′, we say that w, w′ satisfy Property 1
if and only if the sub-words wF(w,w′) · · ·wL(w,w′) and
w′F(w,w′) · · ·w

′
L(w,w′) are two different alternating words, i.e.,

the sub-words in the section [F (w, w′) , L (w, w′)] are two
different alternating words.

Note that, for w, w′ ∈ {0, 1}n, Property 1 is guaranteed
to hold if dH (w, w′) = 1, as in this case F (w, w′) =
L (w, w′), and two distinct binary words of length 1 may be
considered as two different alternating words of length 1.

The following theorem formalizes the discussion above and
provides a complete solution to Problem 2.

Theorem 14. Let n, t ∈ N and w, w′ ∈ {0, 1}n. Then,∣∣LI
t ({w, w′})

∣∣ = N I
n,t(2) if and only if w and w′ satisfy

Property 1.

Proof Sketch of Theorem 14: The proof may be com-
pleted by proving the following claims. Note that proving
Claim 6 is sufficient in order to prove the only if direction of
the theorem. The rest of the claims complete the proof of the
if direction.

Claim 5 Let w, w′ ∈ {0, 1}` for ` ∈ N, be such that
F (w, w′) = 1 and L (w, w′) = `. Then,

∣∣LI
t (w, w′)

∣∣ =
N I

n,t(2) if and only if w and w′ satisfy Property 1. It is pos-
sible to prove this claim by considering the four sub-sets of
LI

t (w, w′) distinguished by the first and the last bits.

Claim 6 Let i, j, t ∈ N. Then, among all of the pairs of binary
words of the same length for which the longest shared prefix,
suffix is of length i, j, respectively, only pairs satisfying Prop-
erty 1 achieve the largest intersection of their t-insertion balls.
This claim may be proved by induction on i + j + t where the
base case results from Claim 5.

Claim 7 Let w, w′ ∈ {0, 1}` for ` ∈ N be a pair of words that
satisfy Property 1, for which F (w, w′) > 1 and L (w, w′) =
`. Then,

∣∣LI
t (w, w′)

∣∣ = N I
n,t(2). It is possible to prove this

claim by induction on `+ t and by using Claim 5.

Claim 8 Let w, w′ ∈ {0, 1}` for ` ∈ N be a pair of words
that satisfy Property 1, for which L (w, w′) < `. Then,∣∣LI

t (w, w′)
∣∣ = N I

n,t(2). It is possible to prove this claim by
induction on `+ t and by using Claims 5 and 7.
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