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Codes for Graph Erasures

Lev Yohananov, Student Member, IEEE, and Eitan Yaakobi

Abstract— Motivated by systems, where the information is rep-
resented by a graph such as neural networks, associative mem-
ories, and distributed systems. In this paper, we present a new
class of codes, called codes over graphs. Under this paradigm,
the information is stored on the edges of undirected or directed
complete graphs, and a code over graphs is a set of graphs.
A node failure is the event, where all edges in the neighborhood
of the erased node have been erased. We say that a code over
graphs can tolerate p node failures, if it can correct the erased
edges of any p failed nodes in the graph. While the construc-
tion of optimal codes over graphs can be easily accomplished by
MDS codes, their field size has to be at least O(nz), when n is
the number of nodes in the graph. In this paper, we present sev-
eral constructions of codes over graphs with smaller field size.
To accomplish this task, we use constructions of product codes
and rank metric codes. Furthermore, we present optimal codes
over graphs correcting two node failures over the binary field,
when the number of nodes in the graph is a prime number. Last,
we also provide upper bound on the number of nodes for optimal
codes.

Index Terms— Array codes, codes over graphs, EVENODD
codes, product codes, rank metric codes.

I. INTRODUCTION

HE traditional setup to represent information is by a
Tvector over some fixed alphabet. Although this com-
monly used model is the most practical one, especially for
storage and communication applications, it does not neces-
sarily fit all information systems. In this work we study a
different approach where the information is represented by
a graph. This model is motivated by several information
systems. For example, in neural networks, the neural units
are connected via links which store and transmit informa-
tion between the neural units [7]. Similarly, in associative
memories, the information is stored by associations between
different data items [20]. These two examples mimic the
brain functionality which stores and processes information
by associations between the information units. Furthermore,
representing information in a graph can model a distrib-
uted storage systems [4] while every two nodes can share a
link with the information that is stored between the nodes.
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For example, a node may correspond to a user and the edges
are files which are shared between two users, while self loops
are the user’s files.

A set of graphs called, code over graphs, is a new class
of codes storing the information on the edges of the graph.
In other words, each codeword of such a code is a graph with
n nodes (vertices) and each edge stores a symbol over some
fixed alphabet. There are two families of such codes. The first

family consists of undirected complete graphs with self loops.

In this case, the information is stored on each of the (”erl)

edges. Similarly, the second family consists of directed com-
plete graphs with self loops and the information is stored on
the n? edges of the graph. A node failure is the event where
all the edges in the node’s neighborhood have been erased,
and the goal of this work is to construct codes over graphs
that can efficiently correct node failures. Namely, we say that
a code over graphs can correct p node failures if it is possi-
ble to correct the erased edges in the neighborhoods of any
p failed nodes. We study node failures since they correspond
to the events of failing neural units in a neural network, data
loss in an associative memory, and unavailable or failed nodes
in distributed storage systems. In case every node corresponds
to a user, a node failure implies that the user’s files as well as
the ones that are shared with the user are erased. Furthermore,
the information stored in a complete graph can be represented
by an n x n array and a failure of the ith node corresponds to
the erasure of the ith row and ith column in the array. Hence,
this problem is translated to the problem of correcting symmet-
ric crisscross erasures in square symmetric or non-symmetric
arrays [14], [16], [17].

Assume a code over undirected graphs with n nodes such
that every edge stores a symbol. If p nodes have failed then
the number of edges that were erased is

p
(2)- ey

(2)-( 1)

Therefore, according to the Singleton bound, the number of
redundancy edges for every code which tolerates p node fail-
ures is at least np— (’2’) Similarly, for the directed case, the fail-
ure of any p nodes translated to 2np — p? failed edges in the
graph and thus the minimum number of redundancy edges of
such a code is at least

n*—(n—p)* =2np — p*. @)
A code over undirected, directed graphs which meets the lower
bound (1), (2) on the number of redundancy edges, respec-
tively, will be called an optimal code over graphs. While the
construction of optimal codes meeting these bounds can be
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easily accomplished by MDS codes, their field size has to be
at least O(n?). Our main goal in this work is the construction
of codes over graphs with smaller fields.

Since every graph can be represented by its adjacency
matrix, a natural approach to construct codes over graphs is by
their adjacency matrices. Thus, this class of codes is quite sim-
ilar to the class of array codes, such as maximum-rank array
codes [14], d-codes [16], [17], B-codes [19], EVENODD
codes [2], STAR codes [8], RDP code [9], X-codes [10],
and regenerating codes [6], [12], [13], [15], [18], [21], [22].
However, there are several differences between classical array
codes and codes over graphs. First, the adjacency matrix of a
graph is a square matrix. Second, when the graphs are undi-
rected, the adjacency matrices are symmetric. Third, a failure
of the ith node in the graph corresponds to the failure of the
ith row and the ith column in the adjacency matrix.

Most existing constructions of array codes are not designed
for symmetric arrays, and they do not support this special
row—column failure model. However, it is still possible to
use existing code constructions and modify them to the spe-
cial structure of the above erasure model in graphs. There
are several candidates for this approach, such as prod-
uct codes [1], [5], rank-metric codes [14], [16], [17], and
variants of EVENODD codes [2].

The rest of this paper is organized as follows. In Section II,
we formally define the graph models studied in this paper
and some preliminary results. In Section III, we present codes
over graphs correcting arbitrary number of node failures over
a field of size at least n — 1. In Section IV, we present binary
non-optimal constructions with respect to the bound in (3)
and (4). Our main result in the paper, presented in Section V,
is an optimal binary code over undirected graphs correcting
two node failures, when the number of nodes is prime. Then,
in Section VI we show how to extend this construction for
directed graphs. Lastly, in Section VII, we study bounds on
the existence of optimal codes over graphs correcting p node
failures. Section VIII concludes the paper.

II. DEFINITIONS AND PRELIMINARIES

In this section we formally define the tools and the defini-
tions used throughout the paper. For a positive integer n, the set
{0,1,...,n — 1} will be denoted by [n]. For a prime power
q, I, is a finite field of size ¢g. A linear code of length n and
dimension k over [, will be denoted by [n, k], or [n, k,d],,
where d denotes its minimum distance.

We will denote a graph by G = (V,, E), where V, =
{vg,v1,...,v,—1} is the set of n nodes (vertices) and E C
V, x V, is its edge set. In this paper, we only study complete
graphs with self loops that can be directed or undirected. The
edge set of a directed graph G over X will be defined by E =
Vn x V,,, with a labeling function Lp : V, x V,, — Z. We will
use the notation G = (V,,, Lp) for such graphs, since we can
fully characterize the graph G by its vertex set V,, and its label-
ing function Lp. Similarly, the edge set of an undirected graph
G over X will be defined by E = {(vi,v;) | (vi,0;) € V X
Vn,i = j}, with a labeling function Ly : V,, x V, - X and
we will use the notation G = (V,,, Lyy) for such graphs. By a
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Fig. 1. The undirected graph G, its adjacency matrix Ag, and its lower-
triangle-adjacency matrix A’G.

slight abuse of notation, every undirected edge in the graph
will be denoted by (v;, v;) where the order in this pair does not
matter, that is, the notation (v;, v;) is identical to the notation
(vj,v;). Note that a directed, undirected graph with n vertices
has n?, ("}1) edges, respectively. A graph G = (V,, L) is a
general definition that refers to both directed and undirected
graphs, while it will be clear from the context which case the
notation refers to.

The adjacency matrix of a graph G = (V,,, L) isann X n
matrix over ¥ denoted by Ag = [a;, j]:’:_ol;’:_ol , where a; j =
L(v;,v;) for a directed graph, and a; ; = L(v;,v;) for an
undirected graph, while i, j € [n]. Notice that the adjacency
matrix of an undirected graph is symmetric. For undirected
graphs, we also define the lower-triangle-adjacency matrix
of G to be the n x n matrix Aj; = [a] j]?;ol,’jl:(; such that
alf,j = a;; if i > j and otherwise alf,j = 0. The upper-
triangle-adjacency matrix is defined similarly. We define the
zero graph by G if for all i, j € [n], we have a; j = 0.

The next example demonstrates the above definitions for
undirected graphs.

Example 1. Let G be a complete undirected graph with self
loops over [y and let Va = {vg, v1, 02,03} be its node set.
The graph G, its adjacency matrix Ag, and lower-triangle-
adjacency matrix Ay, are shown in Fig. 1, where the edges
(v, v1), (vo, v2), (vg, v3) and (v1, vy) are labeled with 1 and
the rest of the edges are labeled with 0.

Let ~ be aring and G and G be two graphs over X with
the same node set V. The operator “+” between G| and G,
over X, is defined by G| 4+ G2 = G3, where G3 is the unique
graph satisfying Ag, +Ag, = Ag,. Similarly, the operator “.”
between G| and an element a € X, is denoted by a-G1 = G3,
where G3 is the unique graph satisfying a - Ag, = Ag;.

Definition 1. Ler V), be the set of nodes V,, = {vg, ..., 0n—1}.
A code over directed graphs over X of length n and size M is
a set of directed graphs Cp = {G; = (V, Lp,)|i € [M]} over
Y, denoted by D-(n, M)x. Similarly a code over undirected
graphs over ¥ of length n and size M is a set of undirected
graphs Cyy = {G; = (Vu, Lyy)li € [M]} over X, denoted by
U-(n, M) 5. In case that & = {0, 1}, the directed and the undi-
rected codes over graphs will simply be denoted by D-(n, M)
and U-(n, M). A code over graphs Cg is a general definition
that refers to both codes over directed graphs and codes over
undirected graphs, while the meaning will be clear from the
context.
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The dimension of a code over directed, undirected graphs
Cp, Cu is kp = logz M, kyy = logx M, respectively.
The rate of a code over directed, undirected graphs is
Rp = kp/n% Ry = ky/ (”42'1) and the redundancy is defined
to be rp =n? —kp, ry = (";1) — kyy, respectively.

A code over directed graphs Cp over a ring X will be called
linear if for every G1,G> € Cp and a, f € X it holds that
0G| + Gy € Cp. A linear code over undirected graphs is
defined similarly. We denote such codes over directed, undi-
rected graphs by D-[n, kpls, U-[n, kyls, respectively.

A linear code over directed, undirected graphs will be called
systematic if the first k nodes contain the k2, (k;rl) unmodi-
fied information symbols on their edges, respectively. All other
n>—k2, ("IN~ (") edges in the graph are called redundancy
edges, respectively. In this case we say that there are k infor-
mation nodes and r = n — k, redundancy nodes. The number

of information edges is kp = k*, ky = (k42-1)’ the redun-

dancy is rp = n* — k% ry = (";1) — (k“le), and the rate
is Rp = k*/n? Ry = (]Hz_l)/(";l) for directed, undirected
codes over graphs, respectively. We denote such a code by
SD-[n, kls for directed codes over graphs and SU-[n, k]s

for undirected codes over graphs.

Definition 2. Let G = (V,,, Lp) be a directed graph. For i €
[n], the out-neighborhood edge set, in-neighborhood edge
set, of the i-th node is defined to be the set

NP = {(0i,05) | € [nl}, N*={(v),0) | j €[},

respectively, and the neighborhood edge set of the i-th node is
the set N = NP U Nl-i“. Note that the i-th out-neighborhood,
in-neighborhood edge set, corresponds to the i-th row, col-
umn, in an adjacency matrix Ag, respectively, and the
i-th neighborhood edge set is the union of the i-th column
and the i-th row in the adjacency matrix. Similarly, the neigh-
borhood edge set of the i-th node of an undirected graph
G = (Vyu, Ly) is defined by N; = {{v;,vj) | j € [nl}, which
corresponds to the i-th column and row in an adjacency
matrix Ag.

The node failure of the i-th node is the event in which all
the edges in the neighborhood set of the i-th node, i.e. Nj,
are erased. We will also denote this edge set by F; and refer
to it by the failure set of the i-th node. For convenience, for
directed graphs we also define the out-failure set, in-failure
set of the i-th node by F/"' = Ni(’“t, Fl.in = Nl.i“, respectively.

A code over directed graphs is called a directed
p-node-erasure-correcting code if it can correct any
failure of at most p nodes in each of its graphs. An undi-
rected p-node-erasure-correcting code is defined similarly.
A p-node-erasure-correcting code is a general definition that
refers to both codes over directed and undirected graphs.

According to the Singleton bound, we deduce that the min-
imum redundancy rp, ry; of any directed, undirected p-node-
erasure-correcting code of length n, satisfies

rp = n*—(n—p)* =2np — p*, 3)

+1 —p+1
w(3) () e ()
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Fig. 2. Two constructions of optimal binary single-node-erasure-correcting
codes SG-[3, 2]. (a) Undirected case. (b) Directed case.

respectively. A code over directed, undirected graphs satisfy-
ing the first, second inequality with equality will be called
optimal, respectively. In this paper we study only linear
codes. We also state that every optimal code according to the
bound (3) or (4) is systematic as it was defined above. Hence,
for systematic codes over graphs the number of redundancy
nodes is at least p. Note that for all n and p, one can always
construct an optimal directed p-node-erasure-correcting code
from an [n2, (n — p)2,2np — p? + 1] MDS code. Similarly,
one can always construct an optimal undirected p-node-
erasure-correcting code from an [(”“2”), ("‘g“), np—(5)+11
MDS code. However, in both cases the field size of the code
over graphs will be at least ®(n?). Our goal in this work
is to construct p-node-erasure-correcting codes over smaller
fields. When possible, we seek the field size to be binary and
in any event at most O(n).

The next example exemplifies the definitions of codes over
undirected graphs.

Example 2. The following codes given in Fig. 2, are system-
atic binary single-node-erasure-correcting codes of length 3.
The left figure illustrates an undirected code over graphs,
and the right figure illustrates a directed code over graphs.
Both constructions store the information on edges of the
complete subgraph of nodes vg and vy. For the undirected
case, the neighborhood set of each node belongs to a sim-
ple parity code of length 3. Similarly for the directed case,
the out-neighborhood set and the in-neighborhood set of each
node belongs to a simple parity code of length 3.

The code construction from Example 2 is easily extended
for arbitrary number of nodes. For undirected graphs this con-
struction is formulated as follows.

Construction 1 Let n > 2 be a positive integer. The code
over undirected graphs Cyy, is defined as follows.

n—1
D Vieln), D Lylvi,vj) =0}

j=0

Cuy =1{G = (Vu, Lyy)

As mentioned above, the constraints imposed in this construc-
tions state that the edges in the neighborhood of each vertex in
the graph form a simple parity code, so we call it a neighbor-
hood constraint. In the adjacency matrix, that means that each
row and column belongs to a simple parity code. The correct-
ness of this construction is proved in the following theorem.
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Theorem 3. The code Cy, is an optimal binary undirected
single-node-erasure-correcting code SU-[n,n — 1].

Proof: Suppose that the node v; is erased. Then, for each
node vy such that vy 7# v;, the edge (v;, vg) is corrected by

n—1
Lyi,os) = D Lyfvs,0)),
j=0.j#i
and the only uncorrected edge left is the self loop (v, v;).
Therefore, the edge (v;, v;) is corrected by

n—1
> Lulvi,v)).

J=0,j#i

Lu<0i,0i> =

Notice that the code Cyy, is of size (5), so its redundancy

satisfies the bound in (4) with equality and thus the code is
optimal. ]
The construction of an optimal binary directed single-node-
erasure-correcting code SD-[n, n — 1] is similar.

Next we define a distance metric over graphs that will be
used in the construction of codes correcting node failures.

Definition4. Let G = (V,,, L) be a graph and let E be the
set of all nonzero labeled edges of G, i.e., E = {e € V, X
Vi | L(e) # 0}. A vertex cover W of G is a subset of V,, such
that for each (v;,v;) € E (or (v;,v;) € E in an undirected
case) either v; € W or vj € W. Then, the graph weight of G
is defined by

wg(G) =

min
W is a vertex cover of G

{IW1}.

Intuitively, the value wg(G1—G?) is simply the minimum num-
ber of nodes whose removals make G| and G, identical. The
graph distance between two graphs G, Gy will be denoted
by dg(G1, G2) and it holds that dg(G1, G2) = wg(G1— G2).

Lemma 5. The graph distance is a metric.

Proof:

1) Clearly, dg(G1, G2) = 0 since the vertex cover is defined
to be non-negative, and by definition of the graph weight
dg(G1, G2) =0 if and only if G| = G».

2) Symmetry: dg(G1, G2) = wg(G1 — G2) = wg(Ga —
G1) = dg(Gy, G1), since each edge of the graph G =
(G1 — G3) has a non-zero label if and only if it has a
non-zero label in the graph G’ = (G2 — Gy).

3) The triangle inequality:

dg(G1, G2) = wg(G1—G2)=wg(G1—G3+G3—-G2)

= min {IW|}
Wv.c. of (G — G3)+ (G3 — G2)

< min {IW}+ min {IW|}
Wv.e. of Gy — G3 W v.c.of Gz — Gy

= wg(G1 — G3) + wg(G3 — G2)
=dg(G1, G3) +dg(G3, G2),
where the inequality holds since each non-zero labeled
edge of the graph G = ((G] — G3) + (G3 — Gy)) is a
non-zero labeled edge of either the graph G’ = (G| —
G3) or G" = (G3 — G»).
|
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The minimum distance of a code over graphs Cg, denoted
by d(Cg), is a minimum graph distance between any two dis-
tinct graphs in Cg, that is

d(Cg) =

min

dg(G1, Gp)},
6146, Gl,Gzng{ (G1, G2)}

and in case the code is linear
d Cg; = min wg; G)l.
( ) GECQ,G#GO{ ( )}

Theorem 6. A linear code over graphs Cg is a p-node-
erasure-correcting code if and only if its minimum distance
satisfies d(Cg) = p + 1.

Proof: Assume that the minimum distance of Cg satis-
fies d(Cg) > p + 1. Let Z be a received graph after having
p node failures of a graph G € Cg. Let D be a decoder
of Cg, D(Z) € Cg such that D(Z) is consistent with Z on all
non-erased edges. We will show that D(Z) = G is the unique
solution tolerating p node failures. Assume that there are two
different graphs G, G» € Cg that are consistent with Z on
all the non-erased edges. Therefore, we have wg(G1 — G3) =
dg(G1,G2) < p < d(Cg) — 1, since all of the edges of the
graph G’ = (G| — G») can be covered only by the failed
nodes. Thus, we get a contradiction.

Next, suppose that Cg has a minimum distance less than
p + 1. We will show that there is no decoder that can cor-
rect any p node failures. Assume that there are two distinct
graphs G, G2 € Cg such that dg(G1, G2) < d(Cg) — 1 < p.
Denote by G the graph G| — G2, where wg(G) = wg(G1 —
G2) = dg(Gy, Ga), so wg(G) < p. Let W be a vertex cover
of G and assume that the nodes of W in G| were erased.
Since G = (G| — G»), the graphs G| and G, are consistent
on all the non-erased edges of G, and the decoder of Cg will
not be able to correct such node failures. [ ]

III. OPTIMAL MULTIPLE-NODE-ERASURE-CORRECTING
CODES OVER LINEAR FIELD SIZE

In the previous section we saw that optimal p-node-erasure-
correcting codes are easy to construct over a field of size
@ (n?). In this section we will present two constructions that
reduce the large field to ®(n). Namely, we show an optimal
construction of directed, undirected p-node-erasure-correcting
codes SD-[n,n — PIF,, SU-[n,n — PIF, for all n and p,
where ¢ is a prime power greater than n — 1, respectively.
This result is developed using the construction of product
codes that were introduced by Elias in [5] and was discussed
by Abramson in [1].

A. Optimal Codes Over Directed Graphs

We first review the construction of product codes. Let Cy, C»
be a linear code with parameters [n1, k1, d1ly, [n2, k2, dalg,
respectively. Denote by Hp, H, the parity-check matrix of
C1, Ca, respectively. Then, the product code of Cy, C>, denoted
by P(Cy, C2), is defined by

P(C1,C2) = {A € F; X" | HJA = AH) =0}.

It was shown in [11] that P(C1,C2) is an [N, K, D], linear
code with N = niny, K = kikp and D = dd,. Therefore,
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according to the definition of P(Cy, C»), each column of A €
P(C1, () is a codeword of C; and each row of A € P(Cy, C2)
is a codeword of C,. In case where C; = C» = C, the code
is denoted by P(C). If C is an [n, k, d], code, then P(C) =
{A e IE‘ZX” | HA = AHT =0} is an [N, K, D] linear code
with N = nz, K = k% and D = d?, where each row and each
column of A € P(C) is a codeword of C [11].

We are now ready to present a construction of optimal
p-node-erasure-correcting codes over directed graphs with a
field size not smaller than n — 1. Let us consider the adja-
cency matrix of each graph in the code in order to explain
the main idea of the construction. Each row and column in
the adjacency matrix belongs to an [n,n — p, p + 1], MDS
code, which will be denoted by C, where g > n — 1. Equiva-
lently, each in-neighborhood edge set and out-neighborhood
edge set of every node v, v € V,, is a codeword in C. This
construction is formalized as follows.

Construction 2 Let n and p be two positive integers such
that p < n. Let C be an [n,n — p, p + 1]; MDS code, for
g = n—1, and let P(C) be its product code. The code Cp, is
defined as follows,

Cp, ={G = (Vu, Lp) | Ag € P(C)}.

The correctness of Construction 2 is proved in the next the-
orem.

Theorem 7. For all p and n such that p < n, the code
Cp, is an optimal directed p-node-erasure-correcting code
D-[n,kp = (n — P)2]Fq, where g > n — 1.

Proof: As mentioned before, the dimension of P(C) is
(n—p)?, therefore Cp, is alinear code over graphs with dimen-
sion kp = (n — p)%. Let G = (V,,, Lp), G € Cp, be a graph
and assume that p of its nodes are erased, where their indices
are denoted by the set J C [n]. Let U ={v; € V,, | i € J} and
W =V, \ U. The decoding of the erased edges is invoked in
two steps. In the first step, all incoming and outgoing edges of
each w € W are corrected, and in the second step the remain-

ing incoming and outgoing edges of each u € U are corrected.

1) Since every row and every column of Ag is a codeword
of C, the rows and columns with at most p erasures can
be corrected. For every i € [n] \ J the i-th row and col-
umn has exactly p erasures, and therefore the incoming
and outgoing edges of each w € W are corrected.

2) For each w € W exactly one incoming edge and exactly
one outgoing edge of each u € U was corrected in the
first step. Since |W| = n — p, the number of uncor-
rected incoming and outgoing edges for each u € U is
p. Therefore the incoming and outgoing neighborhoods
of each u € U can be corrected by the decoder of C as
well. ]

Note that the code Cp, is also systematic where its first n — p
nodes are the information nodes. In the adjacency matrix, this
corresponds to having the information symbols in the upper
left (n — p) x (n — p) matrix. Then, each of the first n — p
columns encoded with the systematic MDS code C, and then
the same procedure is invoked on each of the n rows. In the
next section, we will construct similar codes over undirected
graphs.
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B. Optimal Codes Over Undirected Graphs

The construction of optimal codes over undirected graphs
can be established by taking a sub-code of the product code
P(C) which consists of only symmetric matrices. Let C be
a linear code with parameters [n, k, d];. Denote by H the
parity-check matrix of C and denote by G a generator matrix
of C. Then, the symmetric product code of C, denoted by
‘H(C), is defined by

HEC)={AeF | HA=0,A=A"}.

First we will show that H(C) is an [N, K, D] linear code with
N=n% K = (szrl) and D = d>.

Lemma 8. The symmetric product code H(C) is an [N, K, D]
linear code with N = n%, K = (k42-1) and D = d>.

Proof: The code H(C) is linear since it is defined by
parity-check equations. Since H(C) is a product code, its mini-
mum distance is D = d?. Let ug, ULy onns I/t(k+l)_1 be informa-
tion symbols over I, that will be stored in a éymmetric matrix
U that will be called an information matrix. Each information
matrix U € F5*¥, will be encoded by A = GTUG, and it is
straightforward to verify that HA = AH T = 0. We show that
if U=UT then,

A=G'UG=G"U"G=WG)"(GHT=G UG =AT
Moreover, if A = AT then

A=AT
G'UG=G'UG)T
G'UG=Wwae)T(GHT
G'UG=G"U"G,

and since G is a full row rank matrix, it implies that U = U T
Therefore, the dimension of H(C) is equal to the dimension
of (U eF¥k | U =UT}, thatis (“3"). =

This construction for undirected graphs is formalized as
follows.

Construction 3 Let n and p be two positive integers such
that n > p. Let C be an [n,n — p, p + 1]; MDS code, for
g > n—1, and let H(C) be its symmetric product code. The
code Cuz is defined as follows,

Cu, ={G = (Vu, Lyy) | A € H(O)}.

Notice that by Lemma 8 the dimension of code H(C) is
(*76*1), and therefore by the definition of the code Cyy,, its
dimension is kyy = ("4*"). All other details for the cor-
rectness proof of Construction 3 are identical to the one of
Theorem 7, and thus we only state here the next theorem.

Theorem 9. For all p and n such that p < n, the code
Cu, is an optimal undirected p-node-erasure-correcting code
U-[n, ky = (”_‘2’+1)]]Fq, where ¢ > n — 1.

Similarly to the code Cp,, the code Cyy, is also systematic.
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IV. BINARY-NODE-ERASURE-CORRECTING CODES

In this section we study binary constructions of codes over
directed and undirected graphs based upon the results by Roth
from [14] and Schmidt from [16], [17].

An [n X n,k, u] linear array code C over a field F is a
k-dimensional linear subspace of n x n matrices over I, where
the minimum rank of all nonzero matrices in C is at least u.
It was shown in [14] that such codes can correct y — 1 row or
column erasures. Furthermore, the bound on such array codes
states that k < n(n — u + 1) [14]. In this section we present
non-optimal binary constructions for undirected and directed
codes over graphs based upon the results from [14], [16], [17].

A. Binary Construction of Codes Over Directed Graphs

A construction of binary [n x n,k, ] linear array codes
where k = n(n — u+ 1) and 4 =2p 4+ 1 was shown in [14].
Based on these codes, we present the following construction
of binary directed codes over graphs.

Construction 4 Let C be an [n x n,n(n —2p), 2p + 1] binary
optimal array code from [14], where p < n/2. The code over
graphs Cp, is defined as follows,

Cp, ={G = (Vp,Lp) | Ag € C}.
Next the correctness of Construction 4 is proved.

Theorem 10. For all p < n/2, the code Cp, is a linear
binary directed p-node-erasure-correcting code D-[n,kp =

n(n —2p)].

Proof: Notice that since the code C is linear, the code Cp,
is also linear. Let G be a graph in the code Cp, and let A be
its adjacency matrix. Assume some p nodes failed in G. The
failure of these p nodes corresponds to erasure of the same p
rows and columns in Ag. Since Ag € C the minimum rank
of Ag is 2p + 1, and any 2p row or column erasures can be
corrected. In particular, the erased p rows and p columns can
be corrected as well, thereby correcting the p failed nodes. H

Note that this construction does not provide optimal
p-node-erasure-correcting codes since r;; = 2np, which does
not meet the bound in (3). For example, for p = 2 the dif-
ference between the code redundancy and the bound is 4
redundancy bits.

The construction of binary optimal array codes [n X
n,n(n — r),r + 1] from [14] has also a systematic construc-
tion, where the first n — 2p rows of each matrix store the
information bits and the last 2p rows store the redundancy
bits. Therefore, we can use this family of codes also for the
construction of systematic binary p-node-erasure-correcting
codes over directed graphs SD-[n,k =n — 2p] for p < n/2.
In this case, the number of redundancy edges will be
n* — (n — 2p)? = 4np — 4p>. Therefore, the redundancy of
this code is (4np —4p?) — 2np — p?) = 2np — 3p? far from
optimality.
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B. Binary Construction of Codes Over Undirected Graphs

A construction of binary [n xn, k, 4] symmetric linear array
codes where

_[nn—n+22
m+DHmn—pu+1)/2
was shown in [16]. Based on these codes, we present the

following construction of binary undirected p-node-erasure-
correcting codes.

,n — u is even,
,n — pu is odd,

Construction 5 Let C be an [n xn, k, u = 2p+ 1] symmetric
binary array code from [16], where

_n(m—=2p+1)/2
|+ D@ —2p)2

and p < n/2. The code over graphs Cy, is defined as follows,
Cuy ={G = (Vu, Ly) | Ag €C}.

,n is odd,

,n is even,

The proof of the correctness of Construction 5 is identical to
the one of Theorem 10 and is stated in the next theorem.

Theorem 11. For all p < n/2 and
[n(n —2p+1)/2

,n is odd,

(n+1)(n—2p)/2

the code Cy, is a linear binary undirected p-node-erasure-
correcting code U-[n, ky].

, N is even,

This construction also does not provide optimal p-node-
erasure-correcting codes since

np ,n is odd,
““la+p
which does not achieve the bound in (4). For example, for
p = 2 the difference between the code redundancy and the
bound is one redundancy bit when n is odd and three bits
when 7 is even.

In Section IIT we saw constructions for optimal codes over
graphs over a field of size at least n — 1, and in this section
we saw binary constructions that do not provide optimal codes
over graphs. Our next task is to achieve these two proper-
ties simultaneously, that is, optimal binary codes over graphs.
In the next section we show how to accomplish this task for
two node failures, when the number of nodes is a prime num-
ber. The general case for arbitrary number of node failures is
left for future work.

,n is even,

V. OPTIMAL BINARY UNDIRECTED DOUBLE-
NODE-ERASURE-CORRECTING CODES

In this section we present a construction of binary double-
node-erasure-correcting codes for undirected graphs. We use
the notation (a), to denote the value of (¢ mod n).

Throughout this section we assume that n > 5 is a prime
number. Let G = (V},, L) be a graph with n vertices. Let us
define for h € [n — 1]

S, z[{wh,vf) |teln—11} ,heln-2],

{(ve,00) 1€en—11} ,h=n-2. ©)
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Fig. 3. The neighborhood and the diagonal sets. (a) Neighborhood parity
paths. (b) Diagonal parity paths.

and for m € [n]

Do ={(vok,00) 1k, € € [n1\(n =2}, (k+ €)= m }U {{vn—_1,00-2)}.
©6)

Each set S, where h € [n — 2], will be used to represent the
parity constraint on the neighborhood of node vj, which cor-
respond to row and column /4 in the adjacency matrix Ag.
Similarly, for m € [n], each set D,, will represent parity con-
straints on the diagonals of Ag. We first show the following
properties on the sets S, and D,,, which their proof appear in
Appendix A.

Claim 1. Forall h € [n—1], |Sy| = n—1 and for all m € [n],
|Dm| = %

Example 3. The sets S;,, D,, for n = 7 are marked in Fig. 3.
Note that the entries on lines with the same color belong to
the same parity constraints.

Recall that for ¢+ € [n] the failure set F; of the ¢-th node
is its neighborhood set which we denote by F; = {(vs, v¢)
| ¢ € [n]}. The following connections between the sets
Sy, Dy, Fy hold and will be used in the correctness of the
construction we present in this section.

The following claim will be in use in the proof of
Theorem 12 and its proof is given in Appendix B.

Claim 2. The sets Sy, D, F; satisfy the following properties.

(a) For all distinct h,i € [n — 2], S, N F; = {{vp, v;)}.

(b) Foralli € [n —2], S—2» N F; = {{vi, v;)}.

(c) For all pairwise distinct i, j,h € [n—2], SN (F;UF;) =
{{on, vi), (vn,0j)}.

(d) For all distinct i,j € [n — 2], S N (F; U Fj) =
{{vi, vi), {vj,v;)}

(e) For alli € [n —2], Djj—2), N F; =0 and for i =n — 1,
D3y, N Fy—1 = {{n—2, 0n—1)}.

(f) For all i € [n —2], s € [n]\ {(i —2)n}, Ds N F; =
{(v(s_i)n,v,-)}. For i such thati =n—1, Dy;NF,_1 =
{{o(s+1)0> n—1)5 (On—2, 0n—1)}

(g) For all distinct i, j € [n — 2], Diyj), N Fj = {{vi,vj)}.

(h) For all distinct i,j € [n — 2], Dj_2), N (F; U Fj) =
{{(v(j—i—2),, 0i)}

(i) For all distinct i,j € [n — 2], Djyjy, N (F; U Fj) =
{{vi,vj)}.

(j) Foralli € [n—2], D2, N(F{UF,_2) = {{y—1, 0p—2)}-

We are now ready to present the construction of optimal
binary undirected double-node-erasure-correcting codes.
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Construction 6 For all » > 5 prime number, let CL{5 be the
following code.

CMSZ[GZ(Vn, Lyy)

(a)z(v;,u_,-)es;,LZﬂUia vj)=0,hen —1]
(b)z<v;,u_,>eum Ly (vi,vj) =0,m € [n]

Note that in this binary construction we have two sets of con-
straints, (a) and (b). The first set has n — 1 constraints and we
call each one of them constraint Sj, & € [n — 1]. Similarly,
the second set has n constraints that will be called constraint
D,,, m € [n]. Note that the edge (v,—1, v,—2) appears in each
of the diagonal sets, and therefore for m # n—3 the constraints
D,,, are dependent on the constraint D,_3. We will need that
in order to have successful decoding when the failed nodes are
i €[n—2]and j =n — 2, as will be shown for this case in
the proof. Lastly, the correctness of this construction could be
proved using Theorem 6 by showing that the minimum graph
distance of this code is three, however, this will not provide a
decoding algorithm as we present in the following proof.

Theorem 12. The code Cy; is an optimal binary undirected
double-node-erasure-correcting code.

Proof: Assume that nodes i, j € [n], where i < j are
the failed nodes. We distinguish between the following three
cases.

Case 1: i € [n — 1], j = n — 1. Using the S, constraints,
h € [n — 1]\ {i}, the edge set F; \ {(v;, vy—2), (vi, vy—1)} can
be corrected by

Ly (vi, on) = > Ly(ok,on) = h#n =2,
(vk,on) €S\ {{vi,on)}
Ly(vi, v7) = > Ly(ok,o8) @ h=n-2,

(vk k) €Sp—2\{(vi,0i)}

since for & # i,n — 2 by Claim 2(a) S, N F; = {{vp, i)},
and for h = n — 2 by Claim 2(b) S,—> N F; = {{v;, v;)}. The
constraint S; then can be used to correct (v;, v,—2) by

2

(vk,0i)€Si\{{vi,0n-2)}

Ly{vi,v5—2) = Ly (vk, v;).

Notice that F;_; is the set of all the uncorrected edges left.
By Claim 2(e), D3N F,—1 = {{vy—2, vy—1)}, so we first use
the constraint D,,_3 to correct the edge (v,—2, v,—1) by

(vk>v0)€Dp—3\{(Vn—2,0n-1)}

By Claim 2(f) for m € [n] \ {n — 3},

Ly{vp—2,0n-1) = Ly (vk, ve).

D,NF,—1 = {<D(m+1)n; On—1), {(On—2,Un—1)},

and since the edge (v,—2,v,-1) is corrected, the D,, con-
straints can be used. Therefore, the remaining edges of the set
F,_1 are corrected by

(0k,00) €D \{{Om+1),,0n—1)}

Lyt (0im+1),> On—1) = Ly vk, ve),

and that finishes the decoding of this case.
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Case 2: i € [n — 2], j = n —2. By Claim 2() D2, N
(F; UF,—2) = {{vy—1,0n—2)}, so using the constraint D( s
the edge (v,—1,v,—2) is corrected by

2

290 \M(on—1,00-2)}

By Claim 2(f) for all m € [n] \ {{{ — 2)n}, D N F; =
{(v<m_i>n,v,~)}, and since (v,_1,0,—2) is the only edge that
intersects between constraints D,, and F,_», D, N (F; U

F,2)={{v (M-iyn 0i), (Vn—1,vp—2)}. Since edge (v,—1, Vy—2)
is corrected, the edges in the set F; \ {(v;, v,—2)} are corrected
by the constraints D,, as follows,

>

(Uk:U{)EDm\{(U(

Ly(opn—1,002) = Ly vk, ve).

(vk,ve)eD(i—

Ly (o, ve).
)naui>}

Ly (v gp-jy,» vi) =

-1

Notice that Fj,—3 \ {{vn—2,0,—1)} is the set of all the uncor-
rected edges left. Thus, it is corrected using the S, constraints,
h € [n — 1], similarly to the first case.

Case 3: j < n — 2. In this case we show an explicit algo-
rithm which decodes all the erased edges. First, we denote
the single parity syndromes for h € [n — 1]\ {i,j}

by
>

(vk,00)€SH\(F;UF})

S\h == LU(Dk’Df>a

and the diagonal parity syndromes for m € [n] by

2

(Uk>D€>EDm\(FiUFj)

Bm: Lu(vk9v€)

Algorithm 1

1: bprep <0 15: bprey <0

2: forr=0,1,...,x do 16: for t =0,1,..., y do

3: sp <« (—d@t+1)=2), 17: 51 < (d(t+1)=2)n

4 5o <~ (s1+jn 18: sy < (s;+i)n

5. if (sy ¢ {i, j,n — 1}) then 19: if (s; ¢ {i, j,n — 1}) then

6: Ly <”Sl ,vj) <_ADS2 +bprev 20: Ly <l)_y| L)) < 952 + bprev

7 Ly (vsy,vi) < Ssy+Ly (s, v5) 21: Ly {vsy, vj) < Ss;+Lyy (vsy, 0;)
8 bprev < Ly (vsy,v;) 22: bprev < Ly {vsy,0j)

9:  if (s; = j) then _ 23: if (s; =) then _

10: Ly (nj,uj) <« Dsz +b,m1, 24: Ly (vj,0;) < Dsz +bprev

11: LM(D,’,D,’)%S —o+Ly(vj,vj) 25: Lyg(vj,vj) < Sp—2+Lyy (i, v;)
12: bprev < Ly (vi, ;) 26: bp,w <« Lu(vj vj>

13:  if sy =n—1 then 27:  if sy =n —1 then

14: Ly (p—1,0j) < Dsy +bpreo 28: Ly (vp—1,0;) < Dsz +bprev

Letd = (j-i)p, x = (=1 —d™ V), and y = (=1 +d~1),.
The decoding procedure is described in Algorithm 1.

In order to prove the correctness of the algorithm, we define
an auxiliary parameter which describes the set of uncorrected
edges at the beginning of each iteration of the algorithm. More
specifically, denote F*) as the set of uncorrected edges in the
first loop and F© in the second loop, so FO = F,UF ;i and
FO — F®™_ Denote by s{t), sg) the values of sl, sz, respec-
tively on iteration ¢ in the first loop. The values of ) and 5 %f)
will be defined similarly for the second loop.

The values of s{t) and sg) are given by:

s = (—d(t + 1) = 2, 53 = (s + j)n = (—dt +i = 2)n.
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Similar expressions can be derived for s ~(t) and ’sé’). We also
denote the following sets,

A=iM0<n <xL,B=F20<n<y). ()

Before proving the correctness of the algorithm, we show
some more useful properties while their proofs are deferred to
Appendix C.

Claim 3. The following properties hold:

(a) x Zyand x+y=n—2.

(b) s =5 =n—1.

(c) i,j € Aori,j€ B but not in both.

(d) n—2¢ AU B.

(e) ANB={n—1}

) 1Al=x+1and |B| =y + 1.

(8) s\ #i and 5”0 # j.

(h) For 0 <t < x s = J if and only zfs(')
(i) For0 <t < x, sit) ¢ (i — 20, (J — 2)n)

According to Claim 3(c), the variable s; in Algorithm 1
gets the values of i and j either in the first or in the second
loop. Let us assume for the rest of the proof that this happens
in the first loop, i.e., i, j € A, while the second case is proved
similarly. We are now ready to show the correctness of the
first loop by induction while the proof for the second loop is
very similar.

Lemma 13. For all 0 <t

D If s\ ¢ {ijon — 1) then D 0 FO = ({00, 0))),
S 2 nFO — {(vsl(,),z),-), (vsz(,),vj)}, and thé edges
(z) OB vj), (z) 0, v;) are corrected on the t-th iteration.

2) 1fs(f) — then D 0 NFO ={(vj,0)}, SpaNFO =
{{(vi,vi), (vj,v))} andthe edges (v;,v;), (vj,v}) are cor-
rected on the t-th iteration.

3) Ifsft) =n—1 then Dsé‘) NFO = {{vn—1,v;)} and the
edge (v,—1,v;) is corrected on the t-th iteration.

< x, the following properties hold:

Proof: We prove this claim by induction on ¢. First note
that for all ¢ € [n], it holds that s1 ;é n — 2 as it was proved
in Claim 3(d).

Base: For t = 0 we have s(o) =(—=d—=2)n, s, o _ = (i —2)n,
and F© = F; U F;. By Claim 3(g), 51( ) £ We first prove
the case where s( ) ¢ {j,n—1}. Hence, we need to show that,

1) Dyji—z), N (F; U Fj) = {{v(-a-2),,vj)}
2) S(—a-2), N (F; UF)—{( —d=2),> Vi) (V(—d—2),, Vj)}.
3) The edges (0(—q—2),,0;) and (v(—d—2),, i) are corrected
on this iteration.
The proof consists of the following observations:
o According to Claim 2(h) we deduce that

vi)k={(

and therefore the edge (v(—g—2),,0;) is corrected in

Dyi—2y, N (F; U Fj)={{vi-j-2),,0 —d=2),5 0j)}

Step 6 according to_the constraint Dy—),, therefore,
Ly(v(-a-2),,vj) = D(i-2),-

o According to Claim 2(c) we get
S(—d—2), N (Fi U Fj) = {{v(=d—2),» Vi)» (0(—d—2),> 0j)}s
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and therefore the edge (v(_4—2),, v;) is corrected in Step 7
according to the constraint S_4_2),, by

Lyy(0(-d-2),5 01) = S(-d-2), + Lulv-a-2), 0,)-
Notice that Steps 6,10 and 14 are identical. Therefore, if sl(())
equals to j,n —1, the edge (vj,v;), (vy—1,v;) is corrected in
Step 10,14 according to the constraint D(;_7),, respectively.
It sfo) = j, according to Claim 2(d) we get

n’

Sp—2 N (F; U Fj) = {{vi,0i), (vj,0))},

and therefore the edge (v;, v;) is corrected in Step 11 accord-
ing to the constraint S,_», by

Lyg(vi, vi) = Sy + Ly {vj,v;).

Step: Assume that the induction assumption holds for ¢ — 1,
where t < x and we prove its Correctness for ¢. In this case,
by Claim 3(b) and Claim 3(f), only s9in A is equalton—1,
so we have that s(t b #n—1.1f slét b ¢ {i, j}, we assume
that the edges (v @-1,0;) and (v =, v;), were corrected on

the £ — 1 iteration. If s'™" = j, by Claim 3(h) it holds if
and only if sl(’) = i. Notice that the algorithm do nothing on
this iteration and it can be assumed that the edges (v;, v;) and
(vi, v;) were corrected on the ¢ — 1 iteration. Therefore, we left
to analyze the case where sl(’_l) ¢ {j,n—1}. We consider the

following cases:

1) s ¢ {j.n—1}: By Claim 3(i) 53" & {(i —2)u. (j —2)u}
and by Claim 2(f), we deduce that
Do N (Fi U Fj) = {(o0_ »vids (00 050}

= {{oge-n, vi), 0,0, v)}-

By the induction assumption (vS(H), v;) was corrected,
" O p® |
t !
Do N(FTUFT) = {0, )}

and the edge (v (,), v;) is successfully corrected in Step 6

by D (1) constralnt Furthermore, since s(t) #*n—1,
by Claun 2(c),

S, 0 N(F U Fj) = {{, (1),01'), (v (z),vj>},

so it holds that S (l)ﬂ(F(t)UF(I)) {{v (,) v;), (v ®,0j)}
and therefore the edge (v, vi) can be successfully
corrected in Step 7 by constraint S g and the value of

Ly (z) (t) v;). Notice that in this case s{ D can also be

e?ual to i.
2) s, = jor 51() = n — 1: Since Steps 6,10 and 14 are
1dentlcal we first correct the edge (vs(l), v;j) by the Ds(z)

1 2

constraint. In case that s(t) = j, by Claim 2(d), S,—2 N

(F; U F) = {{(vi, v;), (v,,v,)} so it holds that S,—» N

(F(’ U F ) = {(vi,vi), {(vj,v;)}. Therefore the edge

(vi,v;) is corrected in Step 11 by the S,_» constraint

and the value of Ly (v;,v;). |

A similar lemma for the second loop is stated as fol-

lows. We omit its proof since it is very similar to the one of
Lemma 13.
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Lemma 14. For all 0 < t < y, by assumption that i, j ¢ B
the following properties hold:

DIf 59 # n—1 then Dy N FO = {{v.0,0)}
1

S~(z) nrFO = {{vz0, vi), <DE{1)’DJ>} and the edges

(v~(,), vj), (v~1(,), v;) ailfe correcteld on the t-th iteration.

2 If 5 “") =n—1 then Dy N FO = {(vy_1,0;)} and the
2
edge (vp—1,0j) is corrected on the t-th iteration.

Let V1, V> be the set of edges which were corrected in the
first, second loop, respectively. Hence,

Vi ={{vs;, 0i), (05, 07) 51 € A\ {n — I} U {(vn-1,0;)},
Vo ={{v5,v;), (v5,, 0i) : 51 € B\ {n — 1} U {{0n—1, 0:)}.

We also define V = V1 U V,, and prove the following claim
in Appendix D.

Claim 4. The following properties hold:
(a) ViNnVy=40.

(b) |V|=2n—4.

(c) (vi,vj) ¢ V.

(d) (vn-2,0i) ¢ V and (vy—2,0v;) ¢ V.

Lastly, at the end of the algorithm the following property
on the set of uncorrected edges holds.

Claim 5. At the end of the algorithm,
FY = {(vi, 0)), (a2, v3), (052, 0;)}

Proof: Since the number of erased edges is 2n—1, we get
that

IFO=@n—1)—|V|=Q2n—1)— (2n —4) =3.

By Claim 4(c) and Claim 4(d), the edges that were not decoded
yet are {{v;,v;), (vn—2, Vi), (vn—2,0;)} and therefore,

F()Y) = {(Di’ Dj>’ (anz’ Di)a <Dn729 D])}

|
According to Claim 2(i) D4y, N (F; U Fj) = {{vi,0))}
and therefore the edge (v;,v;) can be reconstructed by
the constraint Dy j),, that is, Ly(v;,vj) = ’D\(iﬂ)”.
Since the only uncorrected edges of nodes v; and v; are
(vi,op—2), (v}, vp—2), they are corrected by the constraints S;
and S;. The number of constraints of this code is 2n — 1,
which meets the bound in (4) so it is an optimal code.
As mentioned before, each optimal code is also a systematic
code, and thus this code is systematic. [ ]
Note that for the systematic version of the code Cyy;, where
the last two nodes are the redundancy nodes, we sometimes
refer the first node among them by the single parity node and
the second one by the diagonal parity node. The decoding
algorithm presented in the proof of Theorem 12 is demon-
strated in the next example.

Example 4. In this example we show a decoding scheme of
Cuys code SU-[11,9]. We consider the case where the failed
nodes are 03 and vs, that is, i = 3, j = 5. Therefore d = 2
and x = 4,y = 5. The undirected graph is represented by a
lower-triangle-adjacency matrix. The yellow cells of the matrix
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First Loop (Red)
‘ 0 ‘ 1 ‘ 2 ‘ 3 ‘ 4 ‘ 5 ‘ 6 ‘ 7 ‘ 8 ‘ 9 ‘10 ‘ sy | st | (0s,05) | (0s,0i)

0 0 1 21'7, U5 (v7, v3)

| 10 | 5 Vs, Us V3,03
1|1 ]2 T3 - -

2 2 |3 |4 6 1 (v1,vs) 1,03)

3 | [ @ A 4 0 | {v10,v5)

a4 BN

5 @ @’ Xg E Second Loop (Green)

6 (6 |7 |8 |X)t 1 s | st | (05,00 [ (05,0))
I 7. 3 0 09, U3 Vg, Us
L7781 & 2| 2 512 | (00 03,05

8 ([ 8 |9 |10]|@I 3 145 7 [ 4 | (04,05) | (0,05

9 1S S |8 |® Lse &[S |5 | |5 g g (ve,vsS 2%:715)
.| K2 s, U3 08, U5
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Fig. 4. A decoding scheme of an optimal binary undirected double-

node-erasure-correcting code SU-[11,9]. (a) Simulation of the algorithm.
(b) Corrected edge order.
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Fig. 5. The neighborhood and the diagonal sets. (a) Neighborhood parity

paths. (b) Diagonal parity paths.

represent the erased edges. As mentioned before, the decoding
procedure in Algorithm 1 corrects all the erased edges using
two loops. The first loop is represented by Steps 1-14 and
the second loop is represented by Steps 15-28. In each itera-
tion of both loops we calculate s; and s, that we show in the
tables of Figure 4. Thus, we get the sets A and B, thatis, A =
{7,5,3,1,10} and B = {0, 2,4, 6, 8, 10}. Therefore, the first
loop starts with the edge (v7, v5), since sl(o) = (—d —-2), =
(—2—2)11 = 7 and ends with the edge (v19, v5), since s§4) =
(—d(x +1)—=2), = (=2-5—2)1; = 10. Similarly, the sec-
ond loop starts with the edge (v3, vg) and ends with the edge
(v10, 03). Notice that 5,3 € A, so the first loop corrects the
self loop edges (vs, v5) and (03, v3). At the end of this algo-
rithm the edge (vs, v3), (09, v3), (vg, v5) that is marked with
gray, is corrected with the constraint Dg, S3, S5, respectively.

We finish this section by showing another construction of
systematic binary undirected double-node-erasure-correcting
code SU-[n,n — 2] which is very similar to the code from
Construction 6. Here, we present this construction by show-
ing the constraints of graphs on their upper-triangle-adjacency
matrices. We have this construction since it will be used in
Section VI for the construction of optimal binary directed
double-node-erasure-correcting codes SD-[n,n — 2]. This
construction is almost a symmetric reflection of Construc-
tion 6 with respect to the main diagonal. However, we had
to introduce only a single modification in which we changed
between the roles of the redundancy nodes v,—» and v,_1.

Let G = (V,,, Ly) be a graph with n vertices. Let us define
for h e [n — 1]

{n,0e) | L €nI\{n=2}} ,heln-2],

{(vg,vg) |€e[n]\{n—2}} yh=n—-2, ®

S =

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 65, NO. 9, SEPTEMBER 2019

and for m € [n],

D}, ={(vx,00)k, € € [n — 11}, (k+€)u=m} U{(vn—2,00-1)}.
©)

As before, the sets S for i € [n—1] and D;, for m € [n], will
be used to represent parity constraints on the upper-triangle-
adjacency matrix of each graph.

Example 5. The sets S;, D,, for n =7 are marked in Fig. 5.
Entries on lines with the same color belong to the same parity
constraint.

Our second construction of optimal binary undirected
double-node-erasure-correcting codes SU-[n, n — 2] works as
follows.

Construction 7 For all n > 5 prime number let Cu(, be the
following code over graphs,

a vewLy(vi,0i)=0,he[n—1]
= {G= (Vi Lig)| g S0
(b)z<l),-,l)j)€D;n LM(”M Uj)ZO, me[n]
Theorem 15. The code Cy, is an optimal binary undirected
double-node-erasure-correcting code.

We will not prove here the correctness of the code Cy, since
its construction is very similar to one of the code (4. How-
ever, note that when constructing the code Cuﬁ, we switched
the roles of the last two redundancy nodes such that the first
node is the diagonal parity node and the second node is the
single parity node. We still present here a decoding algorithm
of this code for the more challenging case when the failed
nodes are v;,v; and i, j € [n — 2]. Its correctness is similar
to the one of Algorithm 1 and is thus omitted.

First, we denote the single parity syndromes for
heln—1]1\{i,j} by

- >

(vk,00) €S, \(F;UF;)

©)

Ly vk, ve),

and the diagonal parity syndromes for m € [n] by

b= Y

(vk,00)€D;, \(F;UF})

Ly {vk, ve).

Letx' = (—1+d~ "), and y/ = (=1 —d~!),. The decoding
procedure for this case is described in Algorithm 2.

Algorithm 2

1: bprep < 0 15: bprev <0

2: fort=0,1,...,x" do 16: for t =0,1,..., y' do

3 s < (—d@t+1) = 1)y 17: s; < (d@t+1)— 1)y

4: sy < (s1+ jIn 18: 59 < (51 +i)n

5 if (s1 ¢ {i, j,n —2}) then 19: if (s; ¢ {i, j,n —2}) then

61 Ly(vsy,0)) < Dg,z +bprev 200 Lyy(osy,0;) < ngz + bprev

T Lyfos ) < Sy HLyvsy,0p) 21 Ly(osy o) < Sy Ly (v 0)
8: bprev < Ly (vsy,v;) 22: bprev < Ly{vs,v;)

9: if (s; = j) then _ 23: if (sy =) then _

100 Ly(vj,05) < Déz +bprev 24: Ly (v, v) eADgz +bprev

11: Ly (vi, v;) <—§;172+Lu (vj,vj) 25: Ly (vj, v_/-)<—S’/1_2+LM (v, 0;)
12: bprev < Ly (v, v;) 26: bprev < Ly (vj,vj)

13: if sy =n —2 then _ 27:  if sy =n—2then

140 Ly(op_2,0j) < Déz + bprev 28: Lyg(0p—2,0;) < D§2 + bprev
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Fig. 6. A decoding scheme of an optimal binary undirected double-
node-erasure-correcting code SU-[11,9]. (a) Simulation of the algorithm.
(b) Corrected edge order.

The decoding algorithm presented in the proof of
Theorem 15 is demonstrated in the next example.

Example 6. In this example we show a decoding scheme of
the code Cyy, for n = 11. We consider the case where the
failed nodes are v3 and vs, that is, i = 3, j = 5. There-
fore d = 2 and x = 5,y = 4. The undirected graph is rep-
resented by an upper-triangle-adjacency matrix. The yellow
cells of the matrix represent the erased edges. As mentioned
before, the decoding procedure in Algorithm 2 corrects all
erased edges using two loops. The first loop is represented by
Steps 1-14 and the second loop is represented by Steps 15-28.
In each iteration of both loops we calculate s; and s, that we
show in the tables of Figure 6. Thus, we get the sets A and
Btobe A =1{8,6,4,2,0,9} and B = {1,3,5,7,9}. There-
fore, the first loop starts with the edge (vg, vs5), since s{ =
(—d — 1), = (=2 —1)1; = 8 and ends with the edge (v9, vs),
since sfs) =(—dkx+1)—1), =(=2-6—1)1; = 9. Similarly,
the second loop starts with the edge (01, v3) and ends with
the edge (v9, v3). Notice that 3,5 € B, so the second loop
corrects the self loop edges (v3, v3) and (vs5, vs). At the end
of this algorithm the edge (vs, v3), (v10, 03), (010, 05) that is
marked with gray, is corrected using the constraint Dg, S}, S&,
respectively.

Note, that the code Cy is also an optimal and therefore it
is systematic.

VI. OPTIMAL BINARY DIRECTED DOUBLE-
NODE-ERASURE-CORRECTING CODES

In this section we combine between Constructions 6
and 7 in order to generate an optimal binary directed
double-node-erasure-correcting code. The main idea here is
to use Construction 6 in order to correct the backward edges
(vi,v;) for i > j, ie. the edges in the lower part of
the matrix, and Construction 7 for the correction of the
forward edges (v;,v;) for i < j which are the edges in the
upper part of the matrix. However, since the self loops are
involved in both of these parts, we will have to carefully
interleave between the two constructions. In particular, this
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Fig. 7. The neighborhood and the diagonal sets. (a) Neighborhood Parity
Paths. (b) Diagonal parity paths.

dependency affects also the decoding of the two construc-
tions which will have to be combined as well. Throughout
this section we assume that n > 5 is a prime number.

Let G = (V,,, Lp) be a directed graph with n vertices and
let G» = (V,;, Ly) be an undirected graph. We use the same
definitions of the sets Sy, S,, Dy, D,,, h € [n —2],m € [n]
from (5), (8), (6), (9), respectively, and let F;, t € [n] be a
failure set.

For i, j € [n], not necessarily distinct, let (vi,vj>l be
the edge directed from vmax(i,j} tO Omin{i, ), 1.€., Vi, 1)]-)l =
(Umax{i,j},vmin{i,j})7 and similarly (l)i,l)j)T = (Umin{i,j}a
Omax{i,j}) 15 the edge directed from vmin(i, j} tO Omax{i, j}- Next
we define the constraint sets for G.

For h € [n — 2] the neighborhood-edge sets Si, S; are
defined by

Sy ={{vi, v} [(vi,v;) € Su},
St ={i,0) (i, 0;) € S}).
I

Furthermore, for m € [n] the diagonal-edge sets D, D,L are
defined by

(i, 0;) [(vi, 0;) €D},
(Ui,vj>T|(0ian>€D:n}a

and lastly for ¢+ € [n] the failure-edge sets F,i,F,T are

defined by
FY={(oi,0,)"[(vi,0}) € Fi},
F'={(wi,v,) [(vi,0}) € F).

Example 7. The sets S}f , S}T , D,ﬁ, D,L for n = 7 are marked
in Fig. 7. Entries on lines with the same color belong to the
same parity constraint.

The following claim for the directed case is very similar
to the corresponding one from Claim 2. Thus, we omit its
proof.

Claim 6.

(a) For all distinct h,i € [n — 2], S}T N FiT = {{on, 0i)"}.

(b) Foralli € [n—2], D;_p N(FYUF,) ) ={(0a-1,04-2)}.

(c) Foralli € [n—2], s € [n]\ {(i —2),}, DY N Fii =
{(D(s-i)na Ui>l}-

(d) For all distinct i, j € [n

and D(TH]-)” N FjT = {(vi, v)}.

=2, Dy NF) = (), 0))
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We are now ready to present the construction of optimal
binary directed double-node-erasure-correcting codes.

Construction 8 For all n > 5 prime number let Cp, be the
following code.

(a)z(vi,vj)es}fLD(l)i, 0;)=0, he[n-2]
L) (b) Z(ui,uj)el),,ﬁ Lp(vi,vj) =0,m € [n]
(C)Z(ui,v_/)ES,TLD(Di’ 0;)=0,he[n-2]
(d)Z(U,,,U_/.)eD;n Lp(vi,vj) =0,m € [n]

Cp;=16=(Va,

In this binary construction we did not use the con-
straints that were derived from the two sets S,_» and S;lfz
(i.e., the constraints on the main diagonal). We will show that
an encoding scheme of this code is also systematic. Assume
the first n — 2 nodes carry the information symbols on their
edges. It can be verified that for all i € [n — 2] the encoding
with each of the constraints Sii, SI.T, Di_3 and D2_3 is pos-
sible since each of them encodes its appropriate redundancy
edge using a simple parity code. For all m € [n] \ {n — 3}
the encoding with constraints D,i, and D,Tl, is also possible
since the edges (v,—1,v,—2) and (v,—2,v,—1) were encoded
with respect to Di_3 and D2_3. Hence, in the next proof for
the correctness of the construction we will refer to it as a
systematic construction.

Theorem 16. The code Cp, is an optimal binary directed
double-node-erasure-correcting code.

Proof: Assume that the nodes i, j € [n],i < j are failed.
We will show the correctness of this construction by splitting
it into three cases.

Case 1: i = n —2,j = n — 1. In this case the informa-
tion edges have not been erased, therefore, we can use the
encoding rules of Cp, to correct the failed redundancy nodes.

Case 2: i € [n—2], j = n—2. In this case, by Claim 6(a)
for h € [n — 2]\ {i}, S}T N Fl.T = {(vn, v;)1} so the following
n — 3 edges connected to the i-th node can be corrected by
constraint (c) of Construction 8, that is,

>

(Uk,w)ES,I\{(Dh,Di)T}

Lp(op, i) = Lp(vk, ve).

Notice that we corrected n — 3 information edges on the
upper-triangle-adjacency matrix of the graph, where the edges
(vi, v;), (i, vy—2) and (v;, v,—1) are not corrected yet. From
Claim 6(b) we get that Dj;_,, N(F;'UF, ;) = {(0a—1,0n-2)}.
Therefore the edge (v,—1,v,—2) can be corrected using con-
straint (b) of Construction 8,

2

©Ok:00€D};_p), \M©n-1,00-2))

Lp(p—1,00-2) = Lp(vk, ve).

By Claim 6(c) for all m € [n]\ {(i —2)u}, Dy, N F* =
{0ym-iy,»vi)*}. Since (vu-1,v,-2) is the only edge that
intersects between constraints D,i, and Fni_z, we get
that Dy, N (F' U FY ) = {opneq,» v 01, 00-2)},
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Therefore, the following edges connected to the node v; are
decoded by constraint (b) of Construction 8,

2

| .
(0r00)€Dm\{(v g _ji

Lp(vk, ve).
i)t}

LD(U(m-i),1 » Ui >l =

It can be verified that we corrected another n edges on the
lower-triangle-adjacency matrix of the graph, where there are
no uncorrected information edges left. Thus, the remaining
edges can be successfully decoded according to the encoding
rules of the code. For j = n — 1 the proof is very similar and
thus we omit its details.

Case 3: The neighborhood syndromes :S;f , TS‘\Z are
defined by

o~

Sy = > Lp(vk, v¢),
k00 ESH\(FHU FY)
St = L
= p vk, v¢),

@xv0)es\(FU Fl

and the diagonal syndromes 5,%,, ’D\,Tl are defined by

>

(0k,00)€ Dy \(FUF)
S

" 2

(©k,00)€DJ\FUF])

D}, = Lp(vk, v¢),

Lp(vg, ve).

Letd = (-i)p, x = (=1 —d Y, y=(=14+d7 ), x' =
(=14+d~", and y/ = (=1 —d~!),,. The decoding procedure
for the code Cp, in this case is described in Algorithm 3.

This algorithm consists of four loops marked as
Loop LILII, and IV. For Y e ({LII,1I,1V}, denote
by sl(t)y the value of the variable s; on iteration ¢ of Loop Y.
®
LY

These values of s,y are given by:

s\) = (=d(t + 1) = 2)u, s\ = (d(t + 1) = 2,

sih = (=d( + 1) = D, sy = (d(e +1) = 1)
Next, we denote the following four sets:

A={s{]itelx+ 11, B={s{} 1t ely+1]}

A= e+ LB = s\ e Y + 1)

Claim 7. The indices i, j satisfy the following property: i, j €
ANB ori,je A'NB, but not in both.

Proof: Notice that sets A and B are defined similarly
to (7). In Claim 3(c), it was stated that i, j € A ori,j €
B, but not in both, and it is possible to show that the same
property holds for A’ and B’. Without loss of generality, let
us assume thati, j € A. Let 0 <t < x — 1 be a step in which

sl(t% = j and therefore s1(t1+ D — i, Therefore we can calculate
Sl

(x=(t+1)) (x=@+1) _ ()

IXIV —J :sl)fIV S =

S
dx—@C+D+1D)—1), —(—d@t+1)=2), =
dx—0)+dt+ D)+ 1), =dx+1)+1), =
d(=1—d H+D+1),=—14+1=0,
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Algorithm 3

Loop I Loop II Loop IIT Loop IV

1: bprep < 0 15: bprey <0 29: bprep < 0 43: bprey <0

2: fort=0,1,...,x do 16: fort =0,1,...,y do 30: fort=0,1,..., x' do 44: for t =0,1,..., y' do

3 s < (—d(t+1) =2, 17: 51 < (d(t + 1) — 2, 310 sy < (—d(t+ 1) — 1), 45: 51 < (d(t+ 1) — )y

4 s < (s1+jn 18: sy < (51 +in 32 sy < (s1+Jjn 46: 59 < (s7+i)n

5. if (s; ¢ (i, j,n — 1)) then 190 if (s; ¢ (i, j,n — 1)) then 33 if (s; ¢ {i, j,n — 2}) then 47: i (51 € (i, j,n — 2)) then

6 Lplvs.0/)¥ < DY, +bprev 200 Lposy.0)b < Dy +bpre 3 Lpls.0)t < DY+ bprev 48 Lplos.0)" < Dl +bpren

7 Lplos o) b <8 +Lp s o)t 21 Lo, o)V S +Lplos o)t 35 Lplog o)< S] +Lplog o)t 49 Loy o) PS8l (0 o)
8 bprev < Lp(vs;.vi)t 22: bprev < Lp(vsy.0;)¥ 36:  bprev < Lp(vs;. o)t 50:  bprev < Lpvs;.v;)"

9: if (s; = j) then 23:  if (s; = i) then 37 if (s; = j) then SI:if (s =) then _

10: Lp@j,vj) < 5} +bprev 24: Lp(v;,v;) < 5} +bprev 38: Lp@j,vj) < 5; +bprev 52: Lp(lJi, 1{,-) <« DST + bprev

11: Wait until (v;,v;) 1s corrected. 25: Wait until (v}, nJg is corrected. 39: Wait until (v;,v;) 1s corrected. 53: Wait until (v}, u_,% is corrected.
12:  bprev < Lp(v;,v;) 26:  bprev < Lp(vj,vj) 40:  bprev < Lp@;,v;) 54 bprev < Lpj,v))

13:  if sy =n — 1 then 27: if sy =n —1 then 41:  if sy =n —2 then 55:  if sy =n —2 then R

14: Lpp—1, Uj) e 532 +bpren 28: Lpy—1,0;) < 532 +bprev 42: LD(U_/" Op—2) < bjz +bprev 56: Lp©j,v5-2) < Dst +bpren
and therefore s{fg,(ﬂrl)) = j. By definition of s{f%\, we can see  Notice, that the number of constraints of this code is 4n — 4,

that
(x—(t+2)) _ (x—=(t+1)) _
Sl)flv = sl),CIV —d =i,

where 142 < x and therefore i, j € B’. The opposite direction
is proved similarly. [ |

The decoding Algorithm 3 for this case combines
Algorithm 1 and Algorithm 2, where Algorithm 1 is used to
decode the lower-triangle-adjacency matrix and Algorithm 2
is used to decode the upper-triangle-adjacency matrix. How-
ever, since we did not use the constraints of the two sets S,,_»
and S/ _, on the main diagonal, we had to replace Step 11,
25 in Algorithm 1, Algorithm 2 with the command wait
until (v, v;) is corrected, wait until (vj,v;) is corrected,
respectively. According to Claim 7, the indices i, j satisfy
i,je ANB ori,j € AN B but not both. Without loss of
generality, assume that i, j € A N B’. Therefore, in this case,
Loops II and IIT of Algorithm 3 will not be affected by the
main diagonal constraint. This holds since the edges (v;, v;)
and (vj,v;) are not corrected in these two loops as the con-
ditions in Steps 23 and 37 will not hold. Hence, these two
loops operate and succeed exactly as done in Algorithm 1
and Algorithm 2. This does not hold for Loops I and IV.
Namely, Loop I, IV operates exactly as Algorithm 1, Algo-
rithm 2 until Loop I, IV reaches Step 11, 53, respectively.
Here we notice that according to Algorithm 1, in Step 11,
the algorithm was supposed to correct the edge (v;,v;)
according to the constraint on the mail diagonal. Similarly,
in Step 53, the algorithm was supposed to correct the edge
(vj,vj) according to the constraint on the mail diagonal.
However, since the edge (v;, v;) is corrected in Loop IV and
the edge (v, v;) is corrected in Loop I, all we need to do in
Step 11 is to wait for the edge (v;, v;) to be corrected and
in the same way in Step 53 for the edge (v;,v;) to be cor-
rected. Then, the rest of these two loops proceed to correct
the remaining edges as done in Algorithm 1 and Algorithm 2.

Lastly, from Claim 6(d), Dil/i‘l’j)n N Fji = {(vj,v)}
and D(TiH)” N FjT = {(vi,vj)}, so the last two informa-

tion edges (v;,v;) and (v;,v;) are corrected by constraints
Bt i and B(Tl I respectively. Since all of the information
edges were corrected, we can correct the remaining uncor-
rected redundancy edges (v,—2,v;),(vp—2,0;),(vi, vs—1) and
(vj,vs—1) using our encoding rules. ]

which meets the bound in (3) so it is an optimal code.
The decoding algorithm presented in the proof of
Theorem 16 is demonstrated in the next example.

Example 8. In this example we show a decoding scheme of
the code Cp, for n = 11. We consider the case where the
failed nodes are v3 and vs, that is, i = 3, j = 5. There-
fore d = 2 and x = y) = 4,x’ = y = 5. The decoding
procedure in Algorithm 3 corrects all the erased edges
using four loops, where Loop L IL III,IV is represented
by Steps 1-14, 15-28, 29-42 Steps 43-56, respectively.
We use here the lower-triangle-adjacency matrix for Loop I
(red) and Loop II (green) and the upper-triangle-adjacency
matrix for Loop II (black) and Loop IV (blue). The
yellow cells of the matrix represent the erased edges.
In each iteration of both loops we calculate the values of
S1,1, 82,1, S1,1T, $2,1T, S1,IT, $2,111, S1,1v_and sz 1v, that we show
in the tables of Figure 8. Thus, we get the sets A, B, A’ and
B’, where A = {7,5,3,1,10}, B = {0,2,4,6,8,10}, A’ =
{8,6,4,2,0,9} and B’ = {1,3,5,7,9}. Loop I starts with the
edge (v7,v5), and ends with the edge (v10,vs5) and Loop II
starts with the edge (v3, vo) and ends with the edges (v19, v3).
Similarly, Loop III starts with the edge (vs5,vg), and ends
with the edge (vs,v9) and finally Loop IV starts with the
edge (v1,v3) and ends with the edge (v3,v9). Loop I,IV
corrects the self loop (vs, vs), (v3,v3), respectively. At the
end of this algorithm, the edge (vs, v3), (v9, v3), (v9, vs) that
is marked with gray in the lower-triangle-adjacency matrix,
is corrected using the constraint Dg , 83,85, respectively.
Similarly, the edge (v3, v5), (v3,v10), (v5, v10) that is marked
with gray in the upper-triangle-adjacency matrix, is corrected
using the constraint Dg , S3T , SST , respectively.

VII. BOUNDS ON OPTIMAL UNDIRECTED p-NODE-
ERASURE-CORRECTING CODES OVER F,

In this section we study necessary conditions on the exis-
tence of optimal undirected p-node-erasure-correcting codes
over F, with n nodes. For the special case of p =n —2 we
will show a necessary and sufficient condition and explicitly
find the number of such codes.

Every linear code over undirected graphs U-[n, kylF,
can be represented by a generator matrix G of dimensions
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oo [1 ]2 [@d4 6 |7 |8 [ps]ss
1)1 |2 |3 X 7|8 | 9 [Dioll Si
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] A K
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()
First Loop (Red) Second Loop (Green)
sy | st | (v, o)t | (vs,00) s2 | s1 | (os, 00t [ (og,0p)t
1 (v7,05)" | (v7,03)" 3 [0 [ (vo,03)" | (vo,05)"
10 | 5 | (vs,05)" - 5 2 | (0,03)" [ (02,05)F
8 3 — — 7 4 (v.1,v3)L (224,v5>l
6 | 1| (o,o5)" | (vg,05)" 9 [ 6 [ (veus)r | (ve0s)*
4 | 10 | (v1p,05)° 0 | 8 | (vs,03)" [ (vg,05)"
2 |10 [ (v10,v3)"
®
Third Loop (Black) Forth Loop (Blue)
S2 | 51 <Us.,v/>T <v51,17x‘>T 52 S1 <v51,11x'>T <Usllvj>T
2 [ 8 | (vs,05)7 | (vs,v3)T 4 [ 1] (o,0)7 | (vg,05)7
0 [ 6 [ (we,v5) [ (v,03)" 6 | 3] (v3,09)7 —
9 | 4] (vy v;/T (vg,03)" 8 |5 — -
7 [ 2 [ (wo5)T | (og,03)7 10 | 7 | (v7,03)T | (v7,05)7
5 | 0 [ (vo,05) | (0vg,035)7 1T | 9 | (vg,03)7
3 | 9 | (vg,05)7
()
Fig. 8. A decoding scheme of an optimal binary directed double-

node-erasure-correcting code SD-[11,9]. (a) Simulation of the algorithm.
(b) Lower tringle corrected edge order. (c) Upper tringle corrected edge order.

kyy X (";1) over F,. We denote the columns of the genera-
tor matrix G by the indices of the set {(i, j) € [n]* |i > j},
in their lexicographic order, so the column indexed by (i, j)
is 8ij- For all 1 < € < n, let Sy be the set of all subsets of
[n] of size ¢, that is,

S¢e={B | B C[n],|B|={}. (10
For each B € S;, denote the column set Vp by,
Ve ={g; |G, j) € B%,i > j}. (11)

Clearly, the size of Vp, where B € S, is |Vp| = (“1) The
following lemma states a necessary and sufficient condition
on the generator matrix of codes over undirected graphs to be
optimal codes.

Lemma 17. Let Cyy be a linear code over undirected graphs
U-[n, ky = (k+1)]]F and let G be its generator matrix. Then,
Cy is an optimal undlrected (n — k)-node-erasure-correcting
code over Iy if and only if for all B € S, the columns of Vp
are linearly independent.

k+1

Proof: Letu = (uy,us, ..., M(k+1 ) € F(g 2) be an infor-
mation vector encoded with the matrix G. Assume that there

was an erasure of p = n — k nodes and let B € S be the set
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of k remaining nodes. Let ¢y, c2, ..., cx+1y be the informa-
tion symbols on the edges of the k rema12n1ng nodes in their
lexicographic order. Similarly, let g¢, g, ..., 8k be the
columns of Vp in their lexicographic order. Finding the infor-
mation vector u = (uy, us, ... (k+1)) is achieved by solving

the following equations system

[ur,ua, ..., u(kgl)]'[gl, 8o, g(kgl)] =[c1,c2, ..., C(k;l)],
that has a unique solution if and only if the columns of Vp
are linearly independent. [ ]

A. The p =n —2 Case

In this section we show necessary and sufficient conditions
for the existence of optimal undirected (n — 2)-node-erasure-
correcting codes over I, and we also find the number of such
codes.

Theorem 18. For all positive integer n > 3 and prime power
q, there exists an optimal undirected (n — 2)-node-erasure-
correcting code over I, if and only if

*+q+2>n, (12)

and in this case, the number of such codes is

) (> +q+ 1)
(¢*+q+1—n)

2@ (g — 1)(

Proof: Let C be an optimal code over undirected graphs
U-[n, 3]]Fq, and let G be its generator matrix. In this case, for
0<i < j<n-—1each column (i, j) of G is a vector from
IF;. According to Lemma 17, for all i, j € [n], the columns
8ii>8&i -8, are linearly independent. We will first find the
number of possible columns for g;; and then for g; ;. For all
distinct i, j € [n], the columns g;;, g; ; have to be linearly
independent. First, for g, we have g — 1 options, all the
vectors of IF?] except for the zero vector. Then, for 1 < i <
n — 1 we deduce that the number of valid options for g; ; is

@ -1 —(g— i,

since it cannot be a linear combination of any previous column
gkk for 0 < k < i. Hence, for i = n — 1 we require that
(q - 1)—(@—-1)n-1)>0, thatls

> +q+2>n,

which is a necessary condition for the existence of the code C.

Next, for all 0 <i < j < n — 1 the column g;,j cannot be
linearly dependent on the columns g; ; and g; ;, and therefore
there are

@-D—-(@-D=q¢*@-1

options to choose the column g; ;. Together, we conclude
that the number of such codes will be the composition of all



YOHANANOV AND YAAKOBI: CODES FOR GRAPH ERASURES

possible options, that is,

n—1
l4*(q — VIO []i@* - 1) - (¢ - D]

i=0

n—1
=l¢*(q — DI []1g = D@ + g+ 1)~ (g - Di]

i=0

n—1
=l¢*(q — VIO [Jlg — D@+ g +1—0)]

i=0

n—1

=lg*(q = DI (g — )" []i> +q + 1)
i=0
2

_ 20— piH e rat+ D!

g~ (q—1) e E——

Since for n = g?+¢+ 1 the number of such codes is a positive
number, the condition in (12) is necessary and sufficient. H

B. Arbitrary p

In this section we study a sufficient condition on the exis-
tence of optimal undirected p-node-erasure-correcting codes
over F,, where p = n — k. For the rest of this section,
we assume that k is even, t = k/2, and we let Czy be an
optimal undirected (n — k)-node-erasure-correcting code
U-n, (k“le)]]Fq, and G is its generator matrix. In order to find
a necessary condition for the existence of (4, we find a lower
bound on the number of vectors in the set | Bes, Span Vs,
which is then translated into an upper bound on the value
of n, since |J Bes, Span Vg C Fq(k;l). We first prove the
following claim.

Claim 8. For all two distinct By, By C [n], such that |By U
Bs| < k, the columns of the set Vg, U Vp, are linearly inde-
pendent and

(span Vg, N span VBz) = span (VBl N VBz).

Proof:  According to Lemma 17, for all B € S,
the columns of Vp are linearly independent, and this property
holds for any set B of size at most k. For all By, By C [n],
such that |B; U B| < k, the columns of Vp,up, are linearly
independent and in particular also the columns of the set
Vg, U Vp,.

To prove the second part of this claim, first note that Vg, N
VB, € Vp, and hence span (VBl N VBz) C span Vp, and sim-

ilarly span (VB1 N VBz) C span Vp,, that is,
span (VBl N ng) C (span Vg, N span VBZ).

Next, assume that v € (span Vg, N span VBZ). Denote
the vector set of Vp,,Vp, by {uog,ui,..., ”\VBIM}’
{wgy, wy, ..., w|sz|_1}, respectively. Therefore, there are
coefficients ag, ai, ..., %|Vp,|~1 Over IF, not all of them zero,
and coefficients fo, f1, - .-, :BIVBZI— 1 over I, not all of them
zero, such that,

Ve, -1 [Vi,|—1

v= D> o= Y Pw,
i=0 i=0
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or equivalently,

Vg, -1 |Vay |1

Z oiu; — Z ﬁiwizO.
i=0 i=0

Since |B1 U By| < k, the columns of the set Vg, U Vp, are

. . . [V, -1 Vg, |—1
linearly independent. Since > .,  aju; —>,_5 fiw; =

0, we deduce that for all u; € Vg, \ Vp,, a; = 0 and for all
w; € Vg, \ Vp,, Bi = 0. Therefore, v € span (V;g1 N VBZ). |
Next we will prove the following Lemma.

Lemma 19. For all r such that 2 < r < |S;|, and r distinct
sets B, By, ..., B, € §;,

( ﬂ spanVBi):span( ﬂ VB,»)~
1<i<r 1<i<r

Proof: We prove this lemma by induction on the value
of r. The base case was already proved in Claim 8.
The step case for r > 2 is proved as follows. Suppose that

ﬂ span VB,.) = span( ﬂ VB,.),
1<i<r—1 1<i<r—1
and we will prove that
ﬂ span VB,») = span ( ﬂ VB,»)~
1<i<r 1<i<r
Since
( ﬂ span V3i> = ( ﬂ span V3i> N span Vp,
1<i<r 1<i<r—1
we use the induction assumption to get that
( ﬂ span Vgi) M span Vp, =span ( ﬂ VB,.) N span Vg, ,
1<i<r=1 1<i<r=1

and now we apply Claim 8 on the sets ﬂlgigr—l Vp, and Vp,
to get that

span ( ﬂ VB,.) N span Vg, = span ( ﬂ VB,»),
1<i<r—1 1<i<r
which concludes the proof. [ ]

Next, for all 1 < r < |8, let f(n,t,r,s) be the number
of options to choose r sets from S; where their intersection is
of size s, that it,

foutrs)=1{{B1,....B} S S || [ Bel=s}l.

1<e<r

The value of f(n,t,r,s) is calculated in the next lemma and
its proof appears in Appendix E.

Lemma 20. For 1 < r < ||, the value f(n,t,r,s) satisfies

_ (" N TS (7:5:311)
S G

m=0

In the next claim, we list several combinatorial identities,
which their proof is omitted as an exercise for the reader.
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Claim 9.
(a) For all positive integer a it holds

C ik (4 _
S ()

(b) For all positive integers a and b such that b >

. (b JfP—1
S ()= (')

(c) For all positive integers a,b and ¢ such that c > b > a

T OE-00)

(d) For all positive integers a, b and ¢ such that c > b > a

it holds
c—a—1 _(c—a c—b
b—a T \b—a)c—-a

We are now ready to prove the main result of this section.

a it holds

Theorem 21. For all positive integer n, prime power q and
even k, t = k/2, any optimal undirected (n — k)-node-erasure-
correcting code over I, satisfies

S () )it

Proof: Let Cy be an optimal undirected (n — k)-node-
erasure-correcting code over I, and let G be its generator
matrix. We will use the inclusion-exclusion principle to cal-
culate the number of columns that are not in | Bes, Span Vg,
where Vp is defined in (11).

We denote by W the number of options to choose every
column of the matrix G, that is, W = q(szrl) = q(ZI;l).
We will calculate | |J g s, span V| by the inclusion-exclusion
principle,

| U span Vg| =
BeS;
8¢
= Z( 1)’+1( Z | span Vg, N --- N span VB,|)~
B1,B),...,Br€S;

Next, we present the following calculations and explain each
step afterwards.

| U span Vp| =

BeS;
|t

= Z(—l)r+1( Z | span Vg, N --- N span Vgrl)
r=1 B1,By,..., Br€S;

o 1S

= Z(—l)”‘l( Z |span(Vp, N---N VB,)|)
r=1 B1,By,...,Br€S;
|t

(g) Z(_l)r+l( Z q(s+l))
r=1 Bi,By,...,Br€S;

| ﬂ]gigr Bi|=s
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15,1 !
(1) Z(_l)r+1(zq(ﬁz—l)f(n, tr, S))

r=1 s=0

(IV)Z( 1)r+1(zq( )( )(Z( 1)'"( S)((;l_jr_::))))
SN CAE )

(.
(l)stzzloq(s;l)(z)gz} 1,”( )( lig 1)r+l((rtl — Z;))))

=S ()
|

t
VID 5~ (51 s (M _1)
gq ( (—1) ( S
VI < Y AV
Dy ()

s=0

(IX) s (A+1) n—t
e ()()i=

Equality (I) holds since by Lemma 19, |( N 1<i<r Span VB,.)| =
| span ( ﬂlgj <r VB,») |. Equality (IT) holds since for 0 < s < ¢,

if [Nygi<r Bil = s then |span(ﬂ1<i<r VB,.)| = ¢,
Equality (III) holds since by definition the number of
options such that |ﬂ1<i<r Bi| = s is f(n,t,r,s). Equal-
ity (IV) holds by Lemma 20. Equality (V) holds since
150 = (1) > ((=5°7), and for r > (12571, ??:Z

will be zero. Equality (VI), (VID), (VII), (IX) holds by
Claim 9(a), 9(b), 9(c), 9(d), respectively. .

.

(29 that are

Denote by E, the number of columns of Fy

not in (Jpcg, spanVp, that is, E = W — | UBE& span Vp|.
Therefore, the code Cys exists only if E is not smaller than 0,
or, W > | UBEs span Vp|, that is,

(2z+1 f—s (v+1) n—t
0 3O () ()
]

For k =2 (¢t = 1) the bound from Theorem 21 states that

! s+1 N\Nn-1
> (—1>”q(2>(")()
g 1J\s/)n—s

n—1

n—1
n—1
=—n+1+qg-n=1+(q— Dn,

= —n-

or, ¢> — 1 > (g — 1)n, that is equivalent to

q2+q+2>n,

which is the result of Theorem 18. For ¢ = 2 we get that there
is no binary code for n > 7. Similarly, it can be verified that
for k = 4, there is no binary code for n > 20, and for k = 6
there is no binary code for n > 69.
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In the next corollary, for fixed values of k and g, we find
an upper bound on the value of n for the existence of optimal
undirected (n — k)-node-erasure-correcting code over IF,.

Corollary 22. Let k be a fixed positive integer and let g
be a prime power. For all n such that log,(n) > %k +
log, (k) + % there does not exist an optimal undirected
(n — k)-node-erasure-correcting code over F,.

Proof: We present the following calculations and explain
each step afterwards. From Theorem 21 we get that for 1 =
k/2 the following inequality holds.

47D > Z( 1)~ Sq(”l)( )(S)Z:;
) ()3 ()
)= ()3 ()
) ( )(r ss)elélevenq(sgl)(;)
)-“0) = (%)
)
)
)

(t+1

(I) (z+1

(H) (z+1

(
(
(
w5 (
i
(
i
i

se(t]
(t—s) 1s even

()% ()
_q(»( )21 !
_ _q<2>( )
() 1)
=)

nt

Inequality (I) holds since 0 < s < ¢, so ;= < 1. Inequal-
ity (IT) holds since we remove all the cases where (—1)'7% is

z+1
—q(
(IV) (z+1

n
t
(V) (z+1 n
t
n
t

negative. Inequality (III) holds since for all s € [7], q(sgl) <
¢® and (1) = (,,)- Equality (IV) holds based upon the for—

mula ZW 2l (5;) = 2"~ Inequality (V) holds since 2' <
Therefore, we deduce that for any optimal undlrected
(n — k)-node-erasure-correcting code over F,

g s L),
2 k/2
Since for positive integer a and fixed b, such that b < a, (Z)

b
%, we get that

g3 5 l(k'/lz) >
g2 > (n — )M,
g3 k2! > n—k,
M“f%ﬁ@ﬁi+k>n

WV

(n — k)k/2
2(k/2)!
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Since MY2(k/2)! < 2 MYk /2)! <
gk k>
(¢34 Dk

2k/2 we can write
n’
> n.
and
3p+L
log,(¢3" "2 + 1) + log, (k) > log, (n).

Since for all a > 1, logq (a)+1>
that

logq (a + 1), we conclude

%k + % + log, (k) > log, (n).
Therefore, for all n such that log, (n) > %k + log, (k) + % an
optimal undirected (n — k)-node-erasure-correcting code over
F, does not exist. u
For odd k by the same method we can deduce that for all
n satisfying the same inequality log,(n) > %k + log, (k) +
% an optimal undirected (n — k)-node-erasure-correcting code
over IF, does not exist. Moreover, for directed graphs and any
fixed k, for all n satisfying the inequality log,(n) > %k +
log,, (k)+1 an optimal directed (n—k)-node-erasure-correcting
code over F; does not exist.

VIII. CONCLUSION

In this paper we proposed a new construction of codes,
called codes over graphs. We studied here complete undirected
or directed graphs and the goal was to construct codes over
graphs which are capable to correct the erasure of node fail-
ures. We built upon previous constructions of product codes
and rank metric codes. The former set of codes provided us
with optimal codes with linear field size and the latter was used
for the construction of non-optimal binary codes. We were then
aspired by the construction of EVENODD codes in order to
construct optimal codes over graphs correcting two node fail-
ures over the binary field. Lastly, we studied upper bounds on
the number of nodes of optimal codes.

APPENDIX A

Claim 1 Forallh € [n—1],
|Dm| = %

|Sh| = n—1 and for all m € [n],

Proof: The first part of the claim is readily verified. For
m € [n], by the definition of D,,,

{{(vk, ve) | k, € € [n]\ {n =2}, (k + )y = m}
N{{(vn—1,0n-2)} = 0.
Note that,
{{or,ve) | k, € € [n]\ {n =2}, (k + €), = m}]
={{vk, Vm—r),) | k, (m — k) € [n]\ {n —2}}|
={{vx, Om—r),) | k € [n]\ {n =2, (m + 2)n}}|.

If (m+2), # n—2 then k gets n —2 distinct values and there
are n — 2 options for edge (vk, O(n—k), ). For each of the n —2
options either k # (m — k), and we get each edge counted
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twice since (0k, Vn—k),) = (Om—k),» Vk)» OF k = (m — k),
and we get the self loop (v, vx). Therefore,

[{(vr, vm—k),) | k € [n]\{n =2, (m +2),}}| =
n—3 ! n—1
2 T T

If (im +2), = n — 2 then k gets n — 1 distinct values and
there are n — 1 options for edge (v, vum—k),). For each of
the n — 1 options if k # (m — k), we get each edge counted
twice since (v, Vn—k),) = {Vm—k),» Vk). Notice that there is
no option for self loop (vg, vg) since it can be generated only
for k = n — 2. Therefore, in this case we also have that

n—1
{{ok, om—1),) | k € [n]\ {n —2}}| = —

Therefore for all m € [n] we have that

|Dm| =l{(vk, v¢) | k, € € [n]\ {n —2}, (k + €)n = m}|+

n—1+1_n+1
2 o2

{{on—1, vp-2)} =

APPENDIX B

Claim 2 The sets Sy, Dy, F; satisfy the following properties.

(a) For all distinct h,i € [n — 2], S, N F; = {{vn, v;)}.

(b) Foralli € [n —2], S,—2 N F; = {{vi, vi)}.

(c) For all pairwise distinct i, j,h € [n—2], SsN(F;UF;) =
{{vn, vi), (vn,vj)}

(d) For all distinct i,j € [n —2], S N (F; U F}) =
{{vi, vi), (vj,vj)}

(e) For alli € [n —2], Djj—2), N F; =0 and for i =n — 1,
Du-3), N Fp—1 = {{on—2, vn—1)}.

(f) For all i € [n —2], s € [n]\ {(i —2)n}, Ds N F; =
{<”(s—i),,»vi>}- For i such thati =n—1, DN F,_1 =
{({(v(s+1)0> Vn—1), (Vn—2, Vu—1)}

(g) For all distinct i, j € [n — 2], Dyj), NFj = {{vi,0;)}.

(h) For all distinct i,j € [n — 2], Dj_2), N (F; U Fj) =
{{v(j—i-2),, i)}

(i) For all distinct i,j € [n — 2], Djyjy, N (F; U Fj) =
{{vi,vj)}.

(j) Foralli € [n—2], D(i—2), N(FiUFy—2) = {{on—1, 0p—2)}.
Proof:

(a) Assume that there is an edge (vj,v¢) € Sp N Fj. Since
(on,ve) € F; such that h # i, deduce that £ = i. There-
fore S, N F; = {{vp, v;)}.

(b) Assume that there is an edge (vg,vx) € Sp,—2 N Fj, thus,
k =i. Therefore S, N F; = {{v;, v;)}.

(c) Using (a) deduce,

SN(FUFj) = (ShNF)U(SNFj) = {{vn, vi), (vn, vj)}
(d) Using (b) deduce,
Sp—2 N (F; U Fj) =
(Sp—2 N Fi) U (Sp—2 N Fj) = {{vi, vi), (v, v)}

(e) Fori <n—2, (vp—1,0,-2) ¢ Fj, it is enough to show
that

{{vk, v¢) | k, € € [n]\ {n —2}, (k+ €)p = (i —2)p}N
{{vi,ve) | € € [n]} = 0.
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Assume that there is an edge (v, v¢) € D(i—2), NF;, where

k,€ € [n]\ {n —2} and in particular k, £ # n —2. Accord-

ing to the definition of the set F; we have that k = i

or £ = i. Without loss of generality assume that k = i

and according to the definition of the set D(;_3), we have
that (i + ¢), = (i — 2), and thus £ = n — 2, in contra-
diction. By the same concept, it is easy to verify that for
i = n—1, the only edge in intersection of D,,_3 and F;_1
is (Un—1,0n-2).

(f) Since i < n — 2, (vy,—1,0p—2) ¢ F;, so it is enough to
show that

{{ok, ve) [ k, € € [n]\ {n =2}, (k+€)p = s}N
{{vi, o) | € € [n]} = {(vi, v5.5,)}-

Assume that there is an edge (v, v¢) € Dy N F;. Accord-
ing to the definition of the set F; we have that k = i
or { = i. Without loss of generality assume that k = i.
By definition of the set Dy we deduce that (i + £), = s,
so £ = (s-i),. In case where i = n — 1, we simply add
the (v,—1, v,—2) edge to the intersection between Dg and
F,—1, and the remaining proof is similar.

(g) Lets = (i+j),.Since j <n—2,5s = {i+j)n # (i —2)n,
therefore according to (f) we deduce that D), N F; =
{{vi, vj)}.

(h) Lets = (j —2),. Since i # j, s =(j =2 # (i =2,
therefore according to (f) we deduce that D; 2y, N F; =
{{(v(j—i-2),>vi)}, and since j € [n —2], by (e) deduce that
Dj-2), N F; = . Therefore:

D(j—), N (F; U Fj) =
(Dyj—2), N Fi) U (Dyj-2), N Fj) = {{v(j—i-2),, i)}

(i) Let s = (i + j)», therefore,

Dt jy, N (F U Fj) = (Diis jy, N FD) U (Diigjy, N Fj) =
{{vi, vj)} U {{vj, vi)} = {{vi, v)}
where equality holds according to (g).

(j) Since i € [n — 2], by (e) we get that D;_3), N F; = .
Since the set D(_3), has only one edge connecting the
node v,—2, we get that D2y, N Fy—2 = {{vn—1,0n-2)},
and therefore:

D2y, N(F;UF, )=
(Dyi—2y, N F;) U (Dyi—2), N Fu—2) = {{n-1, 0p—-2)}.

APPENDIX C

Claim 3 The following properties hold:

(a) x Zyand x+y=n—2.

(b) s =5 =n—1.

(c) i,j € Aori,j€ B but not in both.

(d) n—2¢ AU B.

(e) ANB={n—1}

f) |Al=x+1and |B|=y+ 1.

(¢) s\ #i and 5\ # j.

(h) For 0 <t < x, s{til) = j if and only ifsf') =1.
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(i) For 0 <t <x, s ¢ {(i =20, (j — 2)u).

Proof: First we remind that » is a prime number.
(@) Since x = (=1 —d~ 1), and y = (=1 4+d~1),, we get

x—y={(-1—dN, —(=1+d ", = (=2d7",.

Since 7 is a prime number, we deduce that (—2d 1), # 0
and so x # y. By definition of x and y,

A= (—1=d Y+ (=1+d7 "), = (=2)s.

Since x,y € [n] and x # y we conclude that x +y =
n—2.
(b) According to the definition of sl(t) we get for + = x that

59 = (—d (x4 1) = 2 = (—d(~d ) = 2), =
1=y =n—1.

The proof that Efy) =n — 1 is identical.

(c) Assume that j € A. Since j #n —1 = sfx), there exists

t1 < x such that sf”) = (—d(t; + 1) — 2), = j. Hence,
S = (s )y =~ (= D =

and we get that i € A. The proof thatif i € A then j € A
is similar.

Assume again that j € A, and on contrary that i € B,
Since i #n—1= Efy), there exists 7 < y such that
ﬁfz) =i, that is

dtr+1)=2), =i.
Therefore
d=ji=(=d(ti+1)=2), — (d(t2 + 1) = 2)n,

and
dtir+6+3), =0

which leads to a contradiction since t; +fH +3 < x — 1+
y — 143 =n — 1. Similarly we prove that if i ¢ B then
Jj € A.

(d) We will prove without loss of generality that n — 2 ¢ A.
Assume in contrary that n — 2 € A, then there exists 0 <
t < x such that

s =(=d(t+1)=2), =n—2.

Therefore, (d(t+1)), = 0, which leads to a contradiction.
(e) By (b), n — 1 € AN B. Assume on contrary that exists

h#n—1suchthathe ANB. Since h #n—1=s" =
~)

577, there exist f; < x,# <y such that
h=(-d(ti+1)—2), ={d(t2+1) = 2)n.
Hence we get

{dti+10+2)), =0,

and again we get a contradiction.
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(f) Assume that |A| < x 4 1. Therefore there are 0 < 7 <

t1 < x such that sl(”) = SYZ). By definition of sl(”), SYZ)

we deduce,
(=d(t1 +1) = 2), = (=d(ta + 1) = 2),.

Hence we get
(d(t1 — 1)) =0,

and since 0 < ;] — 1 < x < n—2 we get a contradiction.
The |B| = y + 1 is proved similarly.
(g) Assume that sfo) = i, therefore
(=d=2)p=(—Jj—2n=1,
(n—j—2)p =0,
n-2=j,

and that is a contradiction. The Efo) # j is proved simi-

larly.
(h) 1f 5"~ = j then,

s =5V _d=j—(G-i=i
If sl(’) =i then,
sV =D d—ir i) = .
@) If sy = (j —2), then
sO = (60 = = (=D = jla=n—2,

and we know that SY) #n—2by (). If0 <t < x and
s = (i —2), then

. . . 0
stV =4y = =G =D = = (~d = 2 = 5"
but since |[A| = x + 1, s{t) = sfo)
is a contradiction.

only for + = 0 and that
|

APPENDIX D

Claim 4 The following properties hold:
(a) ViNnVy,=4@.

(b) |V|=2n-—4.

(c) (vi,vj) ¢ V.

(d) (on—2,0i) ¢ V and (vn—2,0j) ¢ V.

Proof:
(a) According to Claim 3(e), AN B = {rn — 1} and we get
{<1)31’Di>9 <Dsl,vj> t81 € A \ {n - 1}}0
{(v5,,0;), (v5;,0) : 51 € B\ {n—1}} = 0.
By the definition of V| and V5,
{{on—1,0;), (vi, i), (vj,vj)} S Vi \ VW,

and (v,—1,0;) € Vo \ V1, therefore Vi NV, = .
(b) Since |A| =x + 1 and since i, j € A we get that,

{{vsy, vi), {vs,05) 251 € A\ {n —1}}|
=2(Al - 1) —2=2(x+1-1)—2=2x -2,
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thus, |Vi| = 2x — 1. Similarly, since |B| = y + 1 and
since i, j ¢ B we get that,

I{(vs,,0)), (05, 0i) 151 € B\ {n — 1}}]
=2(B|—-D=2(y+1-1)=2y,
thus, | V2| =2y + 1. By (a), V1 NV, = @ we deduce,
[VI=|VilU V2| = |Vi| + | V2]
=2x—142y+1=2(x+y)=2(n—2)=2n—4.
(¢) According to the definition of Vi and V2, (v;,v;) ¢ Vi
and (l)i,l)j) ¢ Va.
(d) By Claim 3(d), n — 2 ¢ A U B, therefore by the def-
inition of Vi and V2, (vy—2,0;), (vn—2,0;) ¢ Vi and

(on—2,0j), (Vy—2,0;) & V2.
| ]

APPENDIX E
Lemma 20 For 1 <r < |S|, the value f(n,t,r,s) satisfies

_ (" N S (rtl:j:rrnn)
) )

Proof: Note that f(n,t,r,s) is the cardinality of the set
H={B....B)CSS || [] Bel=s}
1<e<r

For a fixed set B C [n] (e.g., B = [s]), we denote by Hp the
set

Hg={{B1,...,B}< S | () Br=B)
1<e<r

Since there are (g’) options to choose the set B, we deduce

that
n
|H|= > |Hp| = (S)IH[s]|~
BC[n]

For the remainder of the proof, we find the side of the set H.
We denote the set

W={Bi,....B}S S |[s1< () B
1<e<r

where |W| = (('tl;ss)). For i € ([n]\ [s]) we also define A; as
follows

A ={{B1,...,B} e W|,i € ﬂ B¢},
1<e<r

where it holds that |H[s)| = [W]—| Uie([n]\[s]) A;|. Therefore,
we calculate | Uie([n]\[s]) A;| by using the inclusion-exclusion
principle

LU al=> e

ie([n\[s]) m=1

Forall<m<n—sand0<i; <---

n—s—m
o na = (C1),

2

S < <ipy<n—1

|Aj ﬂ‘“ﬂAir|).
< i, <n—1, it holds

r
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since the intersection A; N---N A;, includes at least the set
[s1U{i1, ..., im}. Notice that form > t—s, |[A;;N---NA;,| =0
so we can take only the cases where 1 < m < r —s. Therefore
we can write

2

s < <ipy<n—1

_ Z(_Dmﬂ (n; ) ((;’:))

Finally, we conclude that

|Higl =W -1 | Ai|=Z(_l)m(n;s)((f_sr_m)),

ie([n\[s]) m=0

and since f(n,t,r,s) = |H| we get

()52

U A= e

i€([n\[s]) m=1

|AilﬂmﬂAir|)
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