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Abstract—A covering code is a set of codewords with the
property that the union of balls, suitably defined, around these
codewords covers an entire space. Generally, the goal is to find the
covering code with the minimum size codebook. While most prior
work on covering codes has focused on the Hamming metric, we
consider the problem of designing covering codes defined in terms
of insertions and deletions. First, we provide new sphere-covering
lower bounds on the minimum possible size of such codes. Then,
we provide new existential upper bounds on the size of optimal
covering codes for a single insertion or a single deletion that are
tight up to a constant factor. Finally, we derive improved upper
bounds for covering codes using R > 2 insertions or deletions. We
prove that codes exist with density that is only a factor O(R log R)
larger than the lower bounds for all fixed R. In particular, our
upper bounds have an optimal dependence on the word length, and
we achieve asymptotic density matching the best known bounds
for Hamming distance covering codes.

I. INTRODUCTION

Covering codes are a core object of study in coding theory
and discrete mathematics. While previous work has mostly
studied covering codes with respect to substitutions, recently,
due to the large amount of textual and biological data, there
has been a resurgence of interest in the Levenshtein distance
and in channels with insertion and deletion errors (e.g., [1], [2],
[3], [4], [51, [6], [7]). In this paper, we study covering codes for
insertions and deletions. Loosely speaking, we aim to cover a
space of words by the union of balls around a minimum number
of codewords. This means that the covering problem for R
insertions deals with finding a small set of codewords of length
n such that each word of length n + R is a supersequence of
some codeword. Similarly, for the case of deletions, each word
of length n — R must be a subsequence of some codeword. In
both cases, the codewords can be viewed as the centers of balls
with radius R under the Levenshtein distance. Notice, however,
that the codewords and the covered words reside in different
spaces as they have different lengths.

Although there is a rich literature on covering codes for
the Hamming distance [8], as well as recent improvements for
insertion/deletion error-correcting codes (e.g., [9], [10], [11],
[12], [13]), much less is known about covering codes using
insertions or deletions. Two key challenges are the (ir)regularity
of the balls and the asymmetry of the covering problem.
Insertion balls are regular, the number of words obtainable by
inserting R symbols into x (cf. [14]) only depends on the length
of x. In contrast, deletion balls are irregular, and their sizes
depend on many properties of their center &, such as the number
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of runs. This irregularity means that, compared to the Hamming
distance, it is inherently more challenging to derive bounds on
the minimum covering code size.

Covering codes for insertions or deletions are similar in
spirit to asymmetric covering codes for substitutions [19] since
they share the irregularity of the balls. Afrati et al. have
studied covering codes for insertions and deletions, motivated
by designing MapReduce algorithms for similarity joins under
the Levenshtein distance [17], [20]. Over an alphabet of size g,
they show the existence of single-insertion-covering codes with
size O(W%), while they prove a lower bound stating that
such codes must have at least (q_‘fw codewords.

In this paper we provide new upper and lower bounds on
the minimum size of insertion-covering and deletion-covering
codes. We primarily consider the size of such codes for fixed
alphabet size ¢ and covering radius R. Table I summarizes
our results. The bounds are stated separately for R = 1 and
general R > 1 because we obtain tighter bounds in the former
case. The first two rows of Table I also recap the best known
bounds for substitution-covering codes. Regarding R-insertions-
covering codes, we provide nearly matching upper and lower
bounds that differ only by a factor of seven for R = 1. This
improves upon the upper bound result of Afrati et al. [17] by
a O(logn) factor. For R > 2 insertions, we prove that R-
insertion-covering codes exist with size that is off by a factor
of O(Rlog R) from the lower bound (the dependence on the
dimension n and alphabet size ¢ are optimal). We remark that
the gap between upper and lower bounds matches the state-
of-the-art for R-substitution-covering codes [16], and it seems
beyond our current techniques to obtain a tighter bound.

For the case of R-deletion-covering codes, we first provide a
new lower bound on the minimum size of R-deletion-covering
codes. Then, for words over a g-ary alphabet with ¢ > 2, we
provide a new explicit construction of single-deletion-covering
codes, where the number of codewords is within a factor of two
from optimal. Finally, for a fixed number R > 2 of deletions,
we prove that, R-deletion-covering codes exist with size that is
tight up to a factor of O(Rlog R) compared to the lower bound.

We note that our upper bounds for R insertions (resp. R
deletions) will depend upon the size of covering codes for a
single insertion (resp. single deletion). In particular, establishing
a better upper bound for a single insertion/deletion would
immediately lead to smaller codes for radii R > 1.

II. NOTATIONS, DEFINITIONS, AND PRELIMINARIES

For an integer ¢ > 2, let X, denote the g¢-ary alpha-
bet {0,1,...,¢ — 1} and ¥ = ;5o X5 We use len(x)
to denote the length of x. For & = (x1,...,7,) € D3N

7%e let p(x) denote the number of runs in i%nt%zois’



Table 1. Upper and lower bounds for covering codes C C 37 using substitutions, insertions, and deletions. We let ¢ denote a universal constant. We denote the

size of a radius-R Hamming ball by V{{ (n, R) =

R o (M) (g — 1), and the size of a radius-R insertion ball by V;?(n, R) =

’io (ntR) (g — 1)°. Entries

marked with “(c0)” are asymptotic results for fixed R and large n, where a factor of 1 & o(1) has been omitted for readability.

Covering Code Type Existence Size Lower Bound Reference
n n
1-substitution 4 (o0) 4 [15]
(g—1n+1 (g—1)n+1
Rlog R - q" n
R-substitution pakirs LIS W GO - [16]
VH (nv R) VH (n7 R)
7. qn+l qn+l
1-insertion B B T Theorem 4, Theorem 1
(n+1)(¢-1)+1 (n+1)(¢-1)+1
1 . m+R n+R
R-insertion % (o0) 37 Theorem 7, Theorem 1
2m A (c0)
1-deletion (binar R 17], [18
ion (binary) 1 1 [17], [18]
T n
-2
1-deletion — T M Theorem 3, Theorem 2
(n+1)|q/2] (@—Dn(n+1)
1 -q"R! "R!
R-deletion M (o0) L (o0) Theorem 12, Theorem 2
nfi(g—1)F nfi(g - 1)F

plx) =1+[{1<i<n:z;#zi41}|. For z,y € X}, the
notation xy denotes the concatenation of « and y, where
len(zy) = len(x) + len(y). For = € ¥, we abbreviate the
radius-¢ insertion ball obtained after exactly ¢ insertions by
Ball!(x,t) and its size is denoted by V;?(«,t). Similarly, the
radius-t deletion ball obtained after exactly ¢ deletions is
denoted by Ball} (x, t) and its size is VJ (, t). It is well known,
see e.g. [14], that insertion balls are regular, i.e., only depend
on len(z), ¢, and t. Thus, we denote by V|?(n,t) the insertion
ball size of length-n words over 3,. We will consider two sub-
problems, namely covering words with only insertions or only
deletions. Formally, we have the following definitions.

Definition 1. A code C C Xy is an R-insertion-covering
code, if for every y € ZZ*R, there exists a codeword ¢ € C
such that y € Ball (¢, R). That is, | J .o Ball!(c, R) = £ 5.
Analogously, a code C C X is an R-deletion-covering code,
if for every y € EZﬁR, there exists a codeword c € C such that

y € Ball}(c, R). That is, |J .o Balll(c, R) = X7 F.

The insertion (resp. deletion) radius of a code C is defined
to be the smallest R such that C is an R-insertion-covering (resp.
R-deletion-covering) code. We also denote by K (n, R) (resp.
K3 (n, R)) the smallest cardinality of an R-insertion-covering
(resp. I-deletion-covering) code, of length n over X,. When
discussing the binary case, i.e., ¢ = 2, we will typically remove
q from the above notations.

We now turn to establishing lower bounds on the size of
insertion- and deletion-covering codes based on a sphere cov-
ering argument. As in the case of substitution-covering codes,
the argument relies on the union bound and on the number of
words a codeword can cover. For the case of insertions, the ball
size is known and is independent of the center and we directly
obtain the following theorem.

Theorem 1. For all n and R, it holds that
qn+R anrR

K{(n,R) > Vi(n, R) = Zio ("':R)(q, 1)".

ceC

Furthermore, for fixed R and large n,

R!qn+R

K (n,R) > W(l —o(1)).

For the case of deletions, deriving a sphere-covering lower
bound is more involved due to the fact that the size of the
deletion ball Ballp (x, R) can be different for words of the same
length. To overcome this difficulty, we use a technique due to
Applegate et al. [21] that enables the computation of a bound
even though the ball sizes are irregular by bounding the solution
of a linear program. We state the resulting lower bound on
deletion-covering codes in the following theorem.

Theorem 2. For all n and 0 < R < n, it holds that

n—R _ r—1(n—R—1
Kb(n,R) 2 q ) - 50

r+3R—1
r=1 ( R )
In particular, for R =1 we get that
"(n—2
Ko (n, 1) > — L —2)

(¢ = Dn(n+1)°
Furthermore, for fixed R and large n, we have

Rlg™
———= (1 —0(1)).
g e o)
The proof of this theorem is omitted for brevity and can be
found in the full version of this paper [22].

Kp(n, R) >

III. SINGLE-INSERTION/DELETION-COVERING CODES

Having lower bounds on the sizes of R-insertion- and R-
deletion-covering codes in hand, we now prove existence of
these codes for single deletions and insertions for both binary
and non-binary alphabets. For the case of deletions, we prove
the existence of codes using explicit constructions. For the case
of insertions, due to the lack of small explicit constructions,
we resort to proving the existence of codes based on a random

72cA‘fonstruction and a recursive construction.



A. Single-Deletion-Covering Codes

The well-known Varshamov-Tenengolts (VT) [18] codes are
perfect binary single-deletion-correcting codes and thus also
single-deletion-covering codes. VT codes have a non-binary
extension, presented by Tenengolts in [23], which can correct
a single deletion in the non-binary case. However, this family
of codes is no longer perfect and therefore not single-deletion-
covering. Our main result in this section is another non-binary
extension of the binary VT codes, which does satisfy the single-
deletion covering property.

Definition 2. For all positive n, ¢ > 2, 0 < a < n, and
0 <b< |q/2], let C{gyr(n;a,b) C X7 be the code

Clpyr(n;a,b) = {c exy | Zi(ci)g =amod (n+1),
=1

5[] =omn (1)),

where for m € Ny, we denote by (m)s the value (m mod 2).

For ¢ = 2 and b = 0 this definition is equivalent to that of
the VT code and we abbreviate Cyt(n;a) def Cigyr(n;a,0).
The following theorem proves that Cyg1(n;a,b) is indeed a
non-binary single-deletion-covering code.

Theorem 3. For all positive n, ¢ > 2, 0 < a < n, and 0 <
b < |q/2], the code C{g\r(n;a,b) is a single-deletion-covering

code. Furthermore,
n

q
(n+1)[q/2]

The theorem is based on the fact that the VT-code is a
single-deletion covering code and can be found in full detail in
[22]. Lastly, we note that this construction improves upon the
construction in [17]!, which provides single-deletion-covering
codes of size ¢"/n.

Ki(n,1) <

B. Single-Insertion-Covering Codes

In this section, we study single-insertion-covering codes.
Interestingly, in contrast to the case of a single deletion, the VT
code is not a perfect code for a single insertion. In fact, this
can be verified by simple counting arguments using that the VT
code has size only roughly half the size required by Theorem 1.
This missing factor of two can intuitively be explained from
the point of view of the covered space X5 7! Let y € X5*!
be a word with checksum b = 37" i(y:)2 mod (n + 1) that
shall be covered by the VT-code Cy(n;a). Then, y is covered
by Cyt(n;a) if there exists a deletion position j such that the
resulting checksum, after deleting bit j, is equal to a. Now,
it is known that most words y have only roughly 5 possible
results after a single deletion. However, there are n+ 1 possible
checksums b for y, which means that roughly half the words y
will not be covered by Cyt(n;a).

It can further be seen that, while the tasks of correcting a fixed
number of insertions, deletions, or a combination of insertions
and deletions are all equivalent [24], this sort of equivalence
does not extend to covering codes. This makes the problem
of finding good single-insertion-covering codes an intriguing

'The result is stated in Corollary 5.5 in [17]. However, note that the authors
of this paper refer to deletion-covering codes as insertion-covering codes and
also note that their result is stated over length-(n + 1) codes.

question that will be addressed in the following. Our main result
is stated in the following theorem

Theorem 4. For all n > 1 and q > 2 it holds that
n+1
q

where py < 7.

Note that our result is stated as a fraction of the sphere-
covering lower bound in Theorem 1 and implies that the size
of optimal single-insertion covering codes is at most a factor of
7 from the theoretical lower limit. Our proof is inspired by and
follows the strategy of the existential construction of asymmetric
covering codes due to Cooper, Ellis, and Kahng [19]. The
argument proceeds in two main steps. First, we use a random
subset S C X7t of an appropriate size to cover all but a
small fraction of words T C E;““ with a single insertion.
(This is analogous to the patched covering code in [19].) Then,
we “fix up” the set S using a “good” single-insertion-covering
code to generate a covering code of larger codeword length. By
picking the size of .S and T" appropriately and using good codes
inductively, we show that we will not have to pay too much in
efficiency in this process.

We begin by introducing the set operation that will be used in
the “fixing up” operation. The main utility of this tensorization
is that it allows us to handle the uncovered words efficiently.

Lemma 5. Lert S C ¥, T C Yt be such that
S covers XU\ T with a single insertion. Let Cp, C
Y72 be a single-insertion-covering code. Then, the code
(S @22t U (T ® Cp,) is a single-insertion-covering code of
length ny + no + 1 and of size at most |S|- ¢+ +|T|-|Cp,|,
where A® B ={ab|a € A,b e B} is the tensor product of
two sets and ab is the concatenation of a and b

We next find a suitable (S, 7T) pair by randomly selecting the
subset S. The words in S are non-uniformly sampled from 37,
which reduces the overall code size by a constant factor com-
pared to uniform sampling. The motivation for this is that some
words in E;“H are harder to cover because their single-deletion
balls are smaller. Non-uniform sampling ensures that the words
in S cover words in EZI“H in a more equitable fashion.

The following lemma provides a bound on the sizes of .S and
T'. Although we could bound the sizes of S and T directly, the
formulation in the lemma scales the size of the uncovered set
T by pu/V,?(n2, 1) because this is the factor saved by the use
of induction later in the construction.

Lemma 6. For all n > 1 there exist integers ni,ns with nq +
ny + 1 =n and sets S C EZI“,T C EZI“‘H such that S covers
SN T, that is, T = S\ U, g Ballf (s, 1), while the
sizes of S and T satisfy

ses

w|T| g™t

q(nQa 1) B qu(n7 1)’

|S|+VI

where ) < 7.

Proof. For n < q(’;'_—_lq, the statement is fulfilled by S = X}
and T = (). Assume that n > qq‘“%lq. We prove the existence
of an (S,T') pair with sizes satisfying the lemma by means of
a random constrcuction. Include each word = € X in S with

probability g, = cVZ(z,1)~! for a constant ¢ > 0 to be set
later. Let T" be all remaining words that are not covered by 5,

ke T =S\ U, g Ballf(s, 1).



For a fixed word y € Z;““, we have that y is covered by S
unless all of the words covering y fail to be included in S. The
number of words that can cover y is exactly V(y, 1), the size
of the single-deletion ball. Note that Vi (y, 1) = p(y) [25], and
observe that for any « € Ball}(y, 1) the number of runs cannot
increase as a result of the deletion, i.e., p(x) < p(y). Hence,
Go = cVi(x, 1) = cp(x)™ > cp(y) & ¢y We bound the
probability that S misses y as follows:

I

zeBalll(y,1)

(@)

Ply is uncovered] = (1—gz) < (1—g,) @D,

where (a) uses that ¢ > ¢y, as discussed above.
We now compute the expected weighted size of S and T
under the above random selection.

et T BT
=E — "l | =E [kt 1 el VO
W B IS+ >] US0 na, 1)
ZL %=+ a1 1) Z Ply is uncovered].
zET,? GE’;L2+1

Plugging in the bound for Py is uncovered] and recalling that

¢z = cp(x)~1, we obtain
H V5 (y,1)
w < 1-— bl .
> s ¥ 0w
mez yeE'VL1+1

It is well-known [25] that the number of words x € E”l with
p(x) = r is given by q("'~ 1)(q — 1), which allows us to
group terms in the first sum by p(x) = . Using 1—2z <e™ % for

all z € R, we have (1 — )VDq(y’l) < e~¢ and we bound W by
o (0 -1
H —c
W <
< qcﬁg : T V1) Zme
r= csy
n1 n1+1y —c

g n\, e ¢ et
‘m(ql);(r)(q D i, 1y

Finally, we use > (})2* = (1 + )™ and obtain

ni+1 ni+1 —c
W< C T
ni(g—1) = V(n2,1)
_ gt ( Vi'!(n, 1) qu(n,l)ec>
‘/Iq(nv 1) H'nl(q - 1) ‘/Iq(n27 1) ’

Abbreviating the term in round brackets by v and setting n; =
| Bn] for some 0 < 8 < 1, we derive the upper bound

Vii(n,1) ( cn e n >
= +

n(g—1) \wn1  n—m
(b) >
< Hi

( o L e ‘n )

=1 \plBn]  n—|pn]/)’
where we used in equality (b) that V%(n,1)/(n(qg — 1)) is
monotonically decreasing in n and thus V,*(n,1)/(n(¢—1)) <
/(o — 1) for all n > (g —¢)/(g — 1). Note that this bound
is convenient to handle as it is independent of g. To conclude,
we find the smallest 1 such that there exist some ¢ > 0 and
0 < 8 <1 for which v <1 for all n > (g1 —q)/(¢—1). A
quick computer search yields that ;4 = 7, ¢ = 3 and 8 = %
fulfills this requirement. By definition of the random sets S' and
T, any realization of them will have the desired property that
S covers 221“ \ T. As the expected weighted size W is at
most 41¢" 1 /V,%(n, 1), it follows that there exists an (S,T)
pair satisfying the desired bound.

Putting everything together, we prove Theorem 4 for single-
insertion-covering codes.

Proof of Theorem 4. We proceed by induction on n. As the
base case, for all n < 94=1 it suffices to take Cp, = 3.
Assume now that the statement is correct for all lengths up
to n — 1, so that there exist codes C,, with size at most
g™tV (ng, 1) foralll <ny <n—1.Letni+na+1=n
and S C Eg“ and T' C Ef}l“ denote sets guaranteed by
Lemma 6. Note that clearly ny < n in Lemma 6, which will
be useful later. As these sets S and 7' fulfill the requirement of
Lemma 5, we define C,, = (S ® X721) U (T ® Cy,,), which is
a single-insertion-covering code C,, C 37 of size

©)
C,l < ¢ YS|+IT]- ] < g™+ 18]+ ——|T
Cul < ST 160l < 7+ (ISH g 171

where in (¢) we used the existence of a covering code of
length no < n and size g™ " /V,%(n2,1) by the induction
hypothesis. Using the existence of good sets S and 7" from
Lemma 6, we obtain the desired bound on the code size

not1 g™ gt
Vin,1)  Win,1)

ICn| < ¢

O

Together with our existence result from Theorem 4, we can

infer that the size of the smallest single-insertion-covering code

lies between ¢"*/V,%(n,1) and 7¢"*'/V,%(n,1) and thus is
known up to a constant factor of 7.

IV. MULTIPLE-INSERTION/DELETION-COVERING CODES

We now turn to multiple-insertion/deletion covering codes.
We begin by defining the optimal density of insertion- and
deletion-covering codes, by analogy with the notion of density
often used in the context of classical covering codes.

Definition 3. For R-insertion-covering codes of length n, the
optimal density ] (n, R) is defined as

Ki(n, R)V;*(n, R)
qn+R

M?(n, R) =

For R-deletion-covering codes of length n, we define the opti-
mal density pf (n, R) as

K8 (n, R)nfi(q — )7
q _ _D\'"

Finally, for fixed R, we define the corresponding asymp-
totic optimal densities p/""(R) and pL™(R) as " (R) =
limsup,,_, o p1{ (n, R) and pf™(R) = limsup,,_, ., pp(n, R).

Note that we define the optimal density of deletion-covering
codes slightly differently than that of insertion-covering codes
since the deletion balls are non-uniform and the density is thus
defined with respect to the lower bound obtained in Theorem 2
for large n. A powerful tool in building covering codes of larger
radius is to take the tensor product of two short covering codes
of small radius. For example, taking the tensor product of two
covering codes of length n and radius 1 gives a covering code of
length 2n and radius 2. However, a straightforward application
of this technique only gives covering codes whose density is
at least exponential in R. We therefore refine this technique to
obtain codes that have a density that is almost linear in R. In
the following sections we prove our results for binary words for
simplicity. The proofs for ¢ > 2 are obtained by only a slight

O 72glodiﬁcation and are omitted for brevity.



A. Multiple-Insertion-Covering Codes

Our main result about R-insertion-covering codes is stated in
the following theorem.

Theorem 7. For any fixed R > 2 and q > 2,
wl*(R) < e(Rlog R+ /2Rlog R+ 1) (1).

Recall that according to Theorem 4, we have that u/"* (1) < 7.
Before proving the theorem, we give a short outline of the proof,
along with the intuition behind it. As in the proof of the upper
bound for single-insertion-covering codes, we start by proving
in Lemma 8 the existence of a small almost-covering code S,
i.e., a code that covers all words in {0, 1}"T% except for a small
subset 1". Then, in Lemmas 9 and 10, we combine this code
with small covering codes to recursively build larger codes. By
computing the size of the resulting codes, we can then prove
Theorem 7. The following lemma gives an upper bound on the
sizes of the almost-covering code S and the complement 7" of
its coverage.

Lemma 8. For every n > R and every positive constant ¢ > 0
there exists a set S C {0,1}"~ & of size at most

c2" f
Vi(n — R, R)’™"
such that S covers {0,1}"™ \ T with R insertions for some set
T C {0,1}™ of size at most |T| < e~ 2™, for some function
frn,r with lim, o fnr =1

IS| <

The proof of Lemma 8 is, similarly to that of Lemma 6, based
on a random choice of S and 7', where in our random selection
of codewords, we favor codewords that cover words with small
Vb(y, R) to ensure that each word is covered with high enough
probability. For a detailed outline the reader is referred to the
full version of the paper [22]. Analogous to Lemma 9, we
define the operation that allows to assemble covering codes
given shorter covering codes.

Lemma 9. Let S C {0,1} %1 T C {0,1}™ be such that
S covers {0,1}"* \ T with Ry insertions. Denote by C; C
{0,1}"2+ R gn Ry-insertion-covering code of length ny + Ry
and by Co C {0,1}"2 an R-insertion-covering code of length
ng. We have that (S ® C1) U (T ® C3) is an R = Ry + Ra-
insertion-covering code of length n = n1 +no with size at most

IS] - 1Cal + |T] - |Cal-
Based on Lemmas 8 and 9 we can now derive a recursive
bound on the optimal density u(n, R).

Lemma 10. For any n > R and ¢ > 0,
(1+2R/n)f
1—R2/n
+ Rfe % (n/R, R)(1 + 2R/n)E.

m(n, R) < ce(n/R+ R —1,1) fr1n R

Proof. Let S C {0,1}m =R T C {0,1}™ with ny > R; be
such that S covers {0,1}"* \ T' with R; insertions. Denote by
C; C {0,1}"2F 51 an Ry-insertion-covering code of length o+
R; and by C2 C {0, 1}"2 an R-insertion-covering code of length
N9, where nq+ng =n, n; = %ln, ny = 2 and R1+Rs = R.
We compute the size of the tensorization (yS ®C1)U(T'UCy),
which, by Lemma 9, is an R-insertion covering code of length

Using Lemma 8 and optimal codes C; and Cs, we can bound
the size of S and T to obtain

2"t f pou(na + Ry, Ra)
Vi(ny — Ry, R1)Vi(na + Ry, Ra)
e 2" (ng, R)
V|(722, R)
Since (S ® C1) U (T ® Cy) is a covering code of length n and
covering radius R, we obtain

Vi(n, R) fry ry i1 (n2+Ri, Ro)

(S®C)U(T®C)| <

+

VI(”? R)MI (n27 R)

n, R)<
i R S G Ry R)i(na t RuuRa) | e Vi(na, )
(i) en®u(ng + Ry, Ro) (1 + 2R/n)Rf
— 17R1
ning? () 1o Ri/m T
o () 2R/ Y, )
2

where in (a) we used the well-known inequalities (”;R) <

Vi(n,R) < ("%2%) and (n — R)®/R! < (3) < n%/R!

Inserting Ry = R—1, Ry = 1, and y = R yields the lemma. [

With this recursive expression, we are ready to prove the
theorem with the help of the following lemma.

Lemma 11 (cf. [16]). Let (un), (1), (an) and (by,), n € N be
sequences of positive numbers with

limsupb,, <b,

n—oo

limsupa, < a,
n—oo

limsup p;, < 1t/

n—oo
and
P < an:u/n/R + bntin/ R,

where R > 1. Then

I
lim sup p,, < an .
n—o00 1-0
One convenient property of this lemma is that it incorporates
the recursive assembly of the covering codes, without having to
perform a thorough analysis of the induction start. We are now
in a position to prove Theorem 7.

Proof of Theorem 7. Using Lemma 10 and 11, we obtain
i (R) < =gre=—=p (1). Minimizing ;—%7-— over ¢, we can
directly verify that min. +—gr-=s = e(co + 1), where ¢y is the
solution to ¢ + 1 = e“R~%. Using standard bounds on cj, we
obtain the theorem. O

B. Multiple-Deletion-Covering Codes

Proving the existence of small covering codes for deletions
follows basically the same steps as the proof for the case of
insertions. However, there are some subtle differences, such as
the different definition of density for deletion-covering codes.
Our main result is as follows.

Theorem 12. For any fixed R > 2 and q > 2,
ps*(R) < e(Rlog R+ v/2Rlog R+ 1)pd™(1).
In particular, for ¢ = 2,
i (R) < e(Rlog R+ \/2Rlog R+ 1).

The outline of the proof is similar to that of insertions and
is omitted for brevity. Details can be found in [22]. Note that
compared to the case of insertions, we could use in Theorem
12 that for the binary case pf(1) = 1, which results in a tighter

n. To begin with, [(S®C1)U(T ®Cq)| < |S]-[C1] +|T| - |Cal. 7ohound also for the case of R > 1.
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